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• r . • PREFACE ' 

This calculus is ofrered to. you as a book, not merely as ,a marxuai or 
instructions. "There is no int--tion oT presenting the subject as a loosely 
strung-together .sequence of topics cornposed only as a crib to help you recite 
the "right" answers -to traditl:^.. . examination questions. - • . 

The authors have trr^^ to convey their own attitude about the subject as 
'it j!S irega^ed maturely; a| development based upon a very small number of- 
major theses, with many lesser themes all tightly interwoven with the majo'r 
ones. Thi3^ sense of plot or total .structure is worth your effort to compre- 
hend. When the calculus is seen in this perspective, the multitudinous 
details no .longer confuse- but take- their proper place in relation to the ' " 

grand structur^\^ ^ ^ 

Although calculus is an old part of the body of human thought it remains 
alive and useful. To us-, i..^ auti^s, who have had to think hard about what., 
we wished to say about the calculus (and even whether it was worth adding 'yet 
another book to the 'dense population), it has been a high intellectual adven- 
ture. Even though the subject is old and well-explored, each of us gained 
new insights in re-creating it for hdmselfl We envy you, to whom the subject 
is entirely new; you will .have the* pleasure of re-creating it entire. • We 
hope that you will find the task of re-creation .as we did, always absorbing, 
sometimes amusing, and often exciting. - * . . 
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. ' ' Use or the Text 

The sections, definitions, theorems, examples, figures, and exercises" 
in the text are labeled according to the chaptex. For example. Section 6-U 
is the fourth section in Chapter 6, and Example S-ifc is the third example in 
Section o-i^. 

ir only one corollary follows a theorem' or lemma the corollary is not - 
numbered. If more than one follows,' then the corollaries are numbered in-, 
order without numbered reference to the theorem; thus. Theorem 5-2b is 
followed by Corollaries 1 and 2. " ^ 

Sections and exercises marked with the symbol A (for a Himalayan peak) 
will generally present an extra challenge. You will want to work through 
this material ^^because it is there.*' , ^ 

It is expected that a handbook of mathematicaLl' tables .vill be readily 
available and, hence, no extensive reproduction cif tables and formulas is 
provided^ here . * ' , *\ 

A general summary of prerequisite . material is given in appendices* 

Some of the^^symbols used "in-the text usually have a restricted denotation 
(e.g._,._the early letters of the alphabet are generally reserved ^f or constants, 
n for an "integer). We shall use the Greek alphabet (Appendix 0) as well as 
the- English. ; " 

Appendix 1 treats the general properties of real n-umibers. A thorough 
understanding of those properties discussed in Sections Al«2, Al-3, and Al-4 
is essential to the work on limits". For most -readers, the material in 
Section A1-<U, "Intervals, Neighborhoods,'* is new and will require special 
attention. Section Al-5 treats th^ completeness , of the real number system > 
and is essential for "reading in appendices which aurplify the text (App. h ^ 
et seq*. ) . . , , ^ ' ,. - . 



^^^lyi 2 sumrnarizes "basic ideas involving functions and the properties 
"^^ai ^yjictions. The "text presupposes familisLrity vith functional termin- 
• ^-"^'^^^ ^ot&'tion. In par"ticular, Example 2-5c and Section k^U assume knov- 

:iec?^ ^ii^^ular (^i^igonometric) f-urictions, 

^ ^ ^^.^ix 3 gi"^^s an account of proof by mathematical induction, a method 
^'^^^^r) ^"^^ useful the solutions of many exercises (e.g.. Exercises *3-4, 



^'^tetiori (A3^2) is ^^irst used in Section 6-1. A working knpvledge 



^^^"boiism is Essential for facility in the work on integration, 

^e^a * ^ 

^, ^tipen^^i^^^ '^e^also Used to supply information which is not ordinegrily 

giV^ ^^j,5t calculus course- For the sake of more complete under stajjtiing 

^vJect^you may vlsh "to read some .6f this material, i" ' 
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^ . Chap-ter 1 

IMTROrUCTION 

The calculus is a powerful and flexible instrument for obtaining useful 
solutions to Eua astonishing variety of problems in science, technology, and 
industry. It is also a mathematical discipline in vhich theorems are^deduced 
from carefully stated postulates and definitions and for which faultless logi^ 
is primary. These are con5)lementary aspects of the subject. To be capably of 
making the most efficient practi^ral use of the calculus it is important to 
understand the reasoning upon vhich its techniques are based. To -understand 
vhy the concepts and theory of the calculus are significant,-^ even to care 
about developing the theory in the first place, it is ,inrportant to be able to 
interpret the concepts and theory in terms of models, whether geometrical, 
physical or other, to wiiich they apply. In this text we shall find the origins 
of the ideas of the calculus in practical problems; we shall attempt to express 
these ideas precisely so that, we may reason about them logically; finally, we 

fi^fti 1 return to problems and apply the theorems resiilting from our reasoning. 

t 

The two basic ideas of the elementary calculus are "derivative*' and 
"integral". It is easy to appreciate these ideas intuitively and know why 
they are useful before . formulating them precisely. Hero^we shall consider 
these, ideas asthey arise in the solution of specific problems. 
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1-1. " Be St ■ Value" - Problems , The Derivative . 

^—^^^ ► 

-Sr^ Is in the nature of the human enterprir.e to try to get the "best of 
everything: a manufacturer seeks the smallest unit cost Tor his product d 
the highest possible price; a student tries to complete his homework assi^--:- 
ment in the shortest possible time; a demagogue expounds the political phi- 
losophy which he believes will garner the gro'atest number of votes. It is 
seldom clear what must be done to get the beijt value. We may even fail to 
. make the observation that we have a problem 6f this kind. Immediately bfelow 
the surface of daily life there are countless "best-value" problems which are 
often overlooked because ach our consciousness cloaked in a wealth of 

detail which must be strl; . .^ay before the central problem is perceived- 
Not all of these problems can be solved by the calculus alone^, but many of 
them cap, and i^ is just 'such a problem which we now consider. 

In the solution of this. problem^ we shall go far beyond the casual acci- 
dent of humdznim experience from which it came. The solution introduces some 
of the deepest ideas in the history of human thought and in understanding the 
solution you will gain en intuitive appreciation or ideas. Fuirthermore^ 

the systematic approach by which the problem is scl . oe appreciated not 
oi^y for the particular solution of this very sper_ -~ - •■ .am^ but for the 
possibility of using the same method for the solutions of an extensive, impor- 
tant class of "best-value" problems.* Eventually (Charter 5)^ we shall see how 
this systematic attack can be sharpened to give an extremely simple and direct 
method of calculation for obtaining best val^:en* • 

This is a problem from m;>^ g rlen-^??. I am fond of 

books to the point of avarice and In uime ;._ve acquired a sub- 
s-tantial nujnber* Several years ago^ whe I had to move ray ' 
hdushold- from one city to anc ner I was arpallcd at the cost 
of moving the enormous dead -i:igh^ of rr^' books by interstate 
van* Upon in^/;estigating a nurr ber ofl sltez^native.- ^. 1 found 
that there is a special book rate for parcel pes* and that 
this offered by far the 'cheapest method of shipping books. ^ " 
The post office restricts the r'ze of parcels. To keep the 
effort of packing to a minimum^ Z cough' ::;ut "tihe largest pos- 
sible qartons complying with the pest office requirement at 
that time, - - ' 

The post office regiilations for parcel post state^ "Parcels mailed at^^a^ 
first-class post office in the United States for delivery at ... any first* 
class post office . . . must not exceed 72 inches in length and girth combined.' 
To apply this regulation we must know that the length of a rectangular carton 
is that of its longest edge and the girth the*perimeter of the cross section 
perpendicxilar to that edge. Our problem is to determine the dimensions of the 
cartas of largest size 'complying with the post office^ regulation. 



For simplicity we consider only cartons vith a square cross section. I 
in-particuletr, the box were a cube and e the length of an ed£;e in inches 
then the girth woul^ be ke ^ and for the cube of maximum size permitted by - 
postal regulations * • , 

e + i+e = 72 

Does a cube give, us the largest cartori that can be sent by parcel oost? 

In order to answer tbis question we let x denote the length, in inches^ 
of a side of" the square cross section, and y - the length in inches of the 
longest side of, the carton^ -so y, > k. Taking x as large as, possible for a 
given y we require that 

(1) - y +>x = 12 , ' . (y > x) 

UiKier ■these conditions we at-terapt "to maximize "the volume of the ceLrtonj 

\ V + x^y . 

Setting y = 72 - ij^x in the expression for V we obtain 
{2) V =.x^(T2 - iix) , 

a fornrula .valid so long as y > x > 0, that is^, from (l)^ so long as 

72 ' " ^ ^ 

0 < X < — ^ These conditions define a function f : .x V . 

' Our ^problem is not 30 much- to determine the ISLrcest value V ' in the 

. max 

raii§§, of the function, although that information may also be useful, but_ to 

find a value of a in the domain of f for which f (a) = V — the maximum 

max_ ^ 

value of the volTime is less relevant for our -Durpose than the dimensions of - 
the box having that capacity- 

m 

In order to estimate- the location 'of a maximum value, we sketch a graph 

TO 

of the function* The following table of values (extending beyond x = 
for convenience in sketching) gives u's the coordinates of a few easily 
calculated points of tjie graph of f : ' . ' 



To see thsrt: a square cross section is best for a given girth g , we set 
s = g/4 and obtain expressions for adjacent sides of a rectangular section in 

the fora s - c and s + c. For a given girrth, hence, for a given s , the 

2 2 V 
area s - c of a cross section is clearly xsar^st when c = 0» It follows 

that for a given girth the volume is largest when the cross section is square^ 
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1300^ 3200 27.00 ■ a . 

We plot thfe correspojiding points of the graph' and' sketch "smooth curve, _Jt)in-^ 
ing thetri. (unbrolcen curve in Figure 1-la) . • _ - ■/ • 
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The curve does sugg:es"t the approximate location or a pea3c or the jgraph and the 
, table does give some precise ihJTormation^ such as ' 

r ' V > f (10) = 3200 . . 

' max — ^ ^ - • 

No jnatter how much information ve get this way we shall always 'be soniewha"t 
dissatisried. . In the. first place, we have exact inTormation about the function 
only at a few calculated points so that even if we stumbled upon the maximum we 
^ might not be aware of it. In the second place ^ the idea of drawing a smooth 
curve through the "calculasted points has its limitations. Foi^^exauiple^ wi-thout ^ 
further calculation we could not be siir«x..yhat the unbroken curve in Figure 1-la 
more reasonably represents the funct,ion t^han the dashed one^ and, furthermore, 
we cannot eliminate this kind of a^ibiguity completely by calculating more 
points. One of our objectives Is to devise systematic methods for resolving 
ii^he.se difficulties. - ^ \ 



Thinking of the problem in visual geometrical terms we se^ that tbe con- 
dition- for a maxitmim, r(a) = V , means that the graph of* f cannot cross 
> over the horizontal line throiJgh j^a , f (a)) to a hi^^her point. The dired^ibn 

of -the graph at . (a , i*(a>) must therefore- also be horizontal/ Tor if the \ 
■ graph met the lirie at an aiigl^, the tvo would have 'to cross. -We conclude ^ 
' that to locate a peak of the graph, we see^ it among the points where, the 
dire (^t ion of the graph is horizontal- 

* In order to make some general use of this geometricail idea we express it 
numerically so that it may serve as a basis for computation^ The direction of 
the grapb at (a. \ f{aS) is determined by the angle the graph makers with the 
line y = f(sb-) parallel to the x-axis» For our purposes the ^direction is ^ 
most convenitntl/ measured by the tangent of this angle, the slope of the 
graph. We repi^sent the direction of the graph numerically in terms of slope 
and reformola^e^ur idea: at a peak of the graph the slope is zero. 

' We int^2X)duce the function f where f'.(x) is ' the slope of the graph of 
f at the poi^ rx'jfpe^. The function f is called the derivative of f 
(meaning' -"derived^om ^f"), and the slope f'(x) of the graph of f- at 
(x ,f(x)) is called the derivative of f at x. When there is a peak of the 
grVph of f at (a/f(a))," w& have f'(a) = 0 ; to locate a peak, then, we 
lo^ among the zeros o^f fl. - ^ ^ . . 

' Turning batk to our original problem we find that tjius far we have only 
replaced.it by new problems. In particular, we have not ~ clearly defined the 

^lope of the graph of f ^t a given point, the derivative at the point. 
Furthermore, even if the derivative at the^ point is defii^ed^ there remains the 

-problem of describing the ^\iiiction f in such a^way that we can find its 
zero's* in order to" locate a peak of -^he. graph of f. } 

By noy you, m^y feel- that ve are very far from the .point of 
beginniiig and that^you would like to know what we have accomplished* 
What we have done Is this: ,we have replaced a problem about , which 
we know very little with a problem about 'which- we know a great deal: ' * 
to locate a ^eak of one function we look among the zeros of another 
- function (the^^derivative) . It may seem to you that the line of 

approacii^ is indirect and it is sti 11 'not^ clear that it will be fruit- 
ful. We promise that it will be fruitful. You should not think that 
the^ discovery of such an avenue of investigation requires superhuman 
■povers. Whenever you become unduly impressed by the ingenuity and " ' ■ 
power of mathematical methods, reflect that an investigator will try' 



. Here we are making anvou;^ight assumption, that the graph has *a definite 
direction at each point. In particular, the grat)h may not have a sharp corner 
at ^a , f\a)J . 



not one bux Tspny approaches. , To his admiring audience\;j2e;-wrl:ai pre- 
sen-t the one idea that worked and never mention the failirr^ that ^ 
filled his waste basket with reams of paper* In fact^- we Jbrief ly 
considered and rejected one idea already, the^t of f ind±ng-\the . 
maximum value of . f(x) "by examining a number of its values.. - 

Before we go on to solve our best- value problem,/it should \ 
be said 'openly that the method of splution we rejected vas. a per-.^ " 
fectly practical one.< Wir.hout knowing what you are no,w learning •• . * > . 
about such problems, you might have proceeded by calculating values 
and come very close. to the optimum solution.* The point is /that/, . _ 
problems of this kind arise often, and if we have a great many 
similar problems it pays to devote some attention to more refined , " 
methods of solution. Similarly, if. you wished to ^ make Just . one pin"^^ '^^ 
you would be content to do it by hand, but if you wi-shed^ to produce: 
- pins by the million you. would put .a great deal of ef f o"rt into de- '^"^ / 
signing suitable machiner;>^ for the ptarpose^ You will soon leajc;p ' 
methods that will make the .solution of our present problem 'appear ■ - ^ , 
. no more consequential than the producti^ooi of a single pin in" the . / ; 
operation -of a 'pin factory* "-^^ 

To attack the problem of .defining the derivative we resort to^ standard 
method of the calculus. , ^ . . - ^ 



We seek a- number. This number will be described, by approximations* 

The set of approximations must be adequate; that is, there must- always r 

be an approximation which is closer to the number than any error we ^- 

m^ tolerate, no matter how small the specified error tolerance^ In 

the language of the c^culus wie say .the number is the limit of the" "7 

set bf approximations* . 

To approximate the slope of the graph of ^ f at a point (a , f(a)} we 
consider the arc of the graph between the point ^a , f (a)) and another point 

(x y f(x)). The statement that the 
graph of f at, (a , f (a)) has a cer- 
tain slope f'Ca) will mean now that 
it is possible to approximate f'(a) 
closely by the slope of the chord bet- 
ween (x , f (x)^ and ^a , f (a)). More 
precisely, the error in approximating 
f*(a) by the slope of the chord can 
be reduced below any given: tolerance * 
by taking x close enough "to a 
(Fig^e 1-lb).. » . - 



^ (x,f(x^ 




Figure 1-lb - 



Since the ^raph ^is nearly horizontal in* the neighborhood of a peak, the 
penalty for missing .the -exact location of the peak can be expected to be quite* 
small- We shall return -to this point later in the text. 



1-1. 



Now ve are " ready "to attack the box problem diree-tly. For 



f(x) = x^(72 - 4x) the slope of the chord between (x , r(x))- and (a, f(a)) 
is the' ratio ' * v 

f(x) - f(a) ^ x^(72 - ^x) - a^(72 -. ha) , , 
x-a . x-a 

x-a 

I » " ^ ■ 

: 2L^i-S [72(x 4- a) - + ax > a^)] . 

When X -"a the ratio is algebraically meaningless since tSfe denominator is 
zero. This is to be expected since the geometrical *^nteirpretation of the ratio 
as the slope of the chord joining two points loses its meaning if* (a , r(a)) 
and ^x , f (x)) represent the same point- For any value of x~ other than a , 
ve note that ve have. ' . * 

X - a ~ ' 

and the other factor 

72(x + a) ^ i4-(x + ax + a ) 

2 . 

is a polynomial which at x = a has the value Ihha - 12a . " We shall prove 
later for , a polynomial function p(x) that it is possible %o approximate* p(a) 
to within any fixed margin of error by talcing* x sirff iciently close to a» 
It follows that the slope of the graph at (a,f(a)) is 

f ' (a) = Ihha - 12a^ . • 

Now ve use the criterion that the slope of the graph at a peak is zero. The 
zeros of f occur at a =. 0 and a'= 12 ; clearly^ f(0) = 0 is not tha 
best value. Having eliminated every other possibility, we see that the desired 
maximum rmst occur at x = 12 In conclusion the largest carton with length 
•plus girth of 72 inches has square ends with 12- inch sides and a length of 
2h inches. . ^ ^ ' 

You will have noticed that the actual computation l^eading to the. . solution 
is quite short* Mast of, the effort and time was spent in explaining the con- 
siderations. underlying this method of solution. Later we shall see that ve may 
vrite out f\{a.) on sight and the labor of solution will then be almost neg- 

ligible. Finally, ve have produced, ^et another problem: if we want to ^f ind 

if 

the maxl4m^m of • f (x) and ve .know the zeros of f ' , then which of - these 
zeros--if any — yields the best value ve are ^seeking? ' This question ve shall 
Vn^i^-eave to be-enswered later in the text-. ' 
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Exercises 1-1 



This set of exercises is to provide practice in formulating applled^rob- 



/ 



lems mathematically. 

1/ Express, the area of a semicircle as a function or its oerime'^ter 

^ *^ ^ ^ // 

2^. A rectangle is itiscri^bed in a c^ircle of radius R . Expres/ the sLrea of 

the rectangle .as a function of the length of one side. 

3» A. tank' has 'the form of a right 

circular^ cylinder capped "by hemi- 
spherical ends. . If its taj^al volianie 
is V , express the length of the 
cylinder as a function c^f its radius. 

Determine the edge of a regular tetraiiedron inscribed in a sphere as 'a 





fxmctiqn of the radius R . 



/ 



(You will be askecJ to solve the problem later on 



PIKECTIOHS: Numbers 5-11. Trajislate the given' information In such a va^' as 
to discover a function ' f which may be maximized or minimized and vrite an 
" equation d.ef ining f ( x ) 
in tbe coii^rse.) - ^ 

Illustrative Example : 

Find the right circular .cylinder .of greatest volume that can be'^nscribed 
in a sphere^- of radius R . ■ / ' " 

■ Solution: . - * / • ' ^ 

Consider a plane cross-section of / 
the figure containing the axis of the/' 

* ^ i 

cylinder and let r -and ^h denote /the 
radius and height of the cylinder^ / " 
respectively. The volume of this / 
cylinder is > 

^ V = athr^ • \ 




V 



vhere 

-; 



2 ,2 ^2*^ 
r + h = R . 



Thus -we have to maximize - 



V = f(h:) = -arh(R^ - h^) , 0 < h < R 



5. What point^on the ellipse + = 9 is nearest the point (1,6) ? 



7. 



8. 



10. 



1-1 



A r^ctsLngie has tvo of i"ts ver"ti^es on "the x-axis and the o1:her two above, 
^the axis on the parabola y = 6 - x ✓ Wbat axe the dimensions such a 
rectai^gle if it?6 area is to be a maximum? ' 

A rectangular sheet of galvanized metal is .bent to form the sides and 

_i ■ 



bottom of a trough so that the cross section has this shape: 
If the metal is 1^ inches wide, how deep mast the $rough be to carry 
the most water? ^ 

The tank described in exercise 3 above is to be in the most economic 

cal way* If the material j^r the hemispherical enSds costs twice as much 
per square foot as tliat f or **the cylindrical part , 'find" the most economical, 
dimensions- (That is, find "cost" as a function of^ either the radius'^or 
the length', ) ' . - 

Find the right circular cylinder of greatest volume that can be inscribed 
in a right circular cone of rad.ius r and heights h • ^ 

Find the length of ~the longest rod which can be carried horizontally around 
a comer from a corridor 10 ft, -wide into one 5 wide, ^ 



11. .The lower right-hand conaer of a 
•page is-« folded over so as to reach 

V 

the lef t^ edge in . such a way that one 
end point of the crease is on the 
right edge of the page^ and the" other 
end point is - on the bottom edge of 
the page, as in the^ figia;^e- If the 

dth t3f the page, is c^ inches^ 
find the minimum length of the crease. 




12. For f (x) = 14.4 + 4x - I3X + l8x"^«^>- 9x we give certain of the functional 
values and a graph on which the points of the table are shown. SKetch a 
graph throizgh the points- Where do you think the maximaim value of f ' is? 



X 


-2 


-1 


0 


1 


2 


3 


f(x) 


-SOU 


" 0 




hh ' 


0 


-3014- 
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13* Approximate' ^he maxxmum . value of "the runction 

' • f(x) = 39 - 640x^.- 1280x^ - ShO^ . 
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1-2. Area . The Integral . ■ 

The general concept of plane area is another of those geometrical ideas — 
like that the direction of a curve at a given point — vhich remains elusive 
unless conceived in terms of limits. We already know a great deal about axeas 

from geometry. We know how to calcu- 
late the areap of triangles and, hence^ 
the areas of all figures huilt up.. or 
triangles, that is, ot all polygons. 
It is a problem ot another kind to 
determine the axea ot* a region .with 
curved "boxindaries like the shaded 
region in Figure l-2a. 

""n 

Figure- l-2a 

You may know ahout the ancient Greek approach to the problem of determin- 
ing, the area of a circle: the area is described, as the limit of areas of regu- 
lar inscribed and circumscribed polygons • The Greeks were also able to calcu- 
late the areas of sections of ^a parabola — that is, regions bounded by a line 
segment, and a parabolic arc. This was, in substance, the Greek Contribution to 

the -theory of area, , 

' y 

In the modem theory of area we . successfully make general 'use of "the basic 

ic^a of det^ermining the area of a given region as the limit of approximations 

"by polygonal regions.' You may wonder, ' then, why the Greeks vere not able to 

generalize this method. Historians usually attribute the limitations of the 

' Greeks in thi-s field to- a. lack of 'adequate general schemes for operating with 

numbers. It seems that the Greeks customarily thought of real numbers as 

magnitudes of geometrical objects rather than as entities, studied independently 

of geometry, ifowadays ve have a broad base for thinking' both geometrically and 

numerically, and^ we. take Trfiigrhever point of viev is the more convenient for- the' 

problem at hand. The enormous flexibility of this dual approach will enable ^ 

you to solve handily' problems which would have baffled the greatest Greek ' ^ 

mathematicians. , ; ' - - ' - 

To turn' the geometrical description of the problem into .a numerical ^pne 
we int2;oduce a coordinate system in* the plane. For simplicity we prace' the 
axes so that the region in question is contairied in the u;^er halfr-plane, 
y >^ , as in Figure l-2a. Next we attack the, problem of describing 'tlie iregion 
numerically- We, know that some curves, are , the 'graphs . of functions, and we, are' 
thus led to 'think of describing the boundary coi^ve in terms of functions. The 
only difficulty is that the boundary curve is closed, so that a vertical line 
jwill generally meet the curve more than once. In Figure l-2a, the vertical 
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^ t-jj \ n^ee^s the curve in tx^ points P and Q . For this special 
^oxiiidary curve can be divided £nto a lover arc APB and an upper 
that a Ver^iiial.. line, in-tersects each arc no more* than once. Each 



■ -n^j^. cotisidered as ^be graph of a nonnegative fYmction defined on- 



i ^^^^ ' ^'^^'^ if' defiaed-ifor all valueis of x satisfying • 

•^^^i^' * vnere a^ the abscissa of A and b the ahscissa of B . The 
^"^^ 0, ^ description the bound^ curve is now given in terms of tvo func- 
t^iQi» ' ^ 1q^^^ functjr^ :/^_^f>^^x) corresponding to the arc APB and an 



"^^^^^xoi^ ^'^^ion ^2 ' ^—^^2^^^ c6rj.esponding to aQB - Since we have two 
tw^^ "^^ deal vlth^ we are led to separate the calculation of the area 
^^^^o V, ^® ^ea ve s^eK is simply the difference hetveen the areas 

°^ * ^^"^ns of same type. rThese axe regions cut out of the- stric be- 

^ "^^rtical littes through A and. 

1 

^^e'uy -t^s graph of f^ snd below hy- the x-axis (Figure l-2a)- 



V/e 



havt 




B :. the smaller region is bounded 
and helov hy the x-axis; the larger region Is 

2 



^ ^ - - V "*^he pro'bletn of detei^nining the area of the given region 

^^fls ^^^^^^ °~ deierminlng, the of regions of a certain standardj type, 

T^gi^' .^_^'^^scril3able in terms of a single function. Of course, the region we 
t^g^^^^th. especi^iy sinS'le, In more complicated cases a vertical; line 
^■C.ii^^^ bo-undajry ^urve in more than tvo points and we shall then need 
^cii function's to desct-ihe.the curve (Figure l-2b). We can still • 

^^.^^^th ""^^^ prot>lera hy introduciing standard regions, one Jfor each f\inction; 

^js "^"^ doing- So in■■|'^e^.al is left for you to think about since! the 

S.e\^ ^e j^^^ reiev^t at the momeni?^ . " "I 




^ Figxtre ,l-2b 

-"-^ft v^-^^ ^he probleoi of calculating the area of 'a Standard' region, 
^> the shaded region in Figure l-f- 



-2c 
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.Figure l-2c 

In general^ given a nonnegative runci:ion f on an interval [a^l?] , we 
define the corresponding standard region as the set of points (x,y) Tor 
which a < X < "b and 0 < y < r(x) , (Figure l^'2c). Again we are Taced -with 
the problem or determining a number^ the are,a or the standard region "based on 
the interval: [a'^b] , and the problem is apparently insoluble bg^ any of the 
old meihods unless the graph of t is composed of line segments, Again ve 

approach the problem by treating the 
^ area as a limit. We approximate the 



y ^= M 




y = m 



Figure l-2d 
contained in the rectangle of height M 
the region >e then have estimates from below and above: 



^^a by polygonal areas as the Greeks 
/ did;, but we are looking for a system- 
atic scheme of approximation, one that 
\ ' - do^s not depend on the particular func- 
■ ' tion inyolved. * 

' . ' A first crude estimate of the 

area A of the standard region on the 
interval [a^b] can be given in terAs 

y = f(x) "^^^ minimum^ value m and the maxi- 

— . mum value M of 5(x) . (See Figure 

l-2d.) Clearly, the rectangle of 

height m based on the interval [j^^*^] 

X 

• is contSLined in the given standax^. 

region; the given region, in turn, is 
on the same base. For the area A of 
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m(h - a.l^< A < M(Td" - a) 



If we approximate A by either of these estimates or "bi; any vilue in between, 
then we cannot be in error by more than (M - m) (b - a) ; that is/ by the area 
of the hatched region indicated in Figure l-2d. 

" ' "^^ 

This simple method of estimation can easily be refined in a straightfor- 
ward vay.__ For this we only have -to observe that the' minimum m* of f(x) on 
any subinterval [^^.^x^] cannot be less than the overall minimum m (see 
Figure l-2e); similarly the maximum of f(x) 'on the same subinterval ' 

cannot be greater than the overall maximum M that is^ " 

m < m* and '< M . 



y = M 



y = M 

y = m 
y = m 







* 



















y = r(x 



ir rollovs Tor "the aarea 



Figiire l-2e 

of the standard subregion based on the interval 



m(: 



- x^) < m*(x2 - x^) < A* < M*Cx2 - x^|^ Mfx^ - x^) . 



From this we see that the largest possible error in estimating the Wea of the 
subregion on [x^^x^J___^s -been reduced from the former value of 
(M - m)(x2 - x^) to (M^ - m*)(x2 - x^) 



This suggests that w4 can reduce the maximum^ error in estimating the 
entire area A by subdividing the, interval [a,b] into smaller 'intervals and 
making the sajne sort of estimate of area separately for each subregion. The 
sum of these estimates will be a better approximation to the area A than the 

■ * 14 - . ' 
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rir St. crude estimate* For the subdivision of Figure. l-2e this means reducing 
the margin of error txom the area of the hatched region in Figure l-2d to the 
area of the hatched region' in Figxire l-2e. . . 

The process of subdividing the interval [a^b] can be repeated indefin- 
itely, and this suggests that ve now try to reduce the maxinium error below any 
given tolerance by making the subdivision fine enough. ' If we do so the area 
will be given as the limit of both upper and lower estimates. The general 
limiting process by which we have characterized area, in particular, is called, 
integration, and the corresponding limit is called an integral., 

A good way to see how this general approach works^ is to try it out on a 
specific function. For this piirpose we try to find the area of the shaded 
region in Figure l-2f . That is, we try to evaluate the integral A of 
f : X m^-Zx from 0 to 1 . 
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0.5 



1.0 



Figure l-2f 

For this f\inction we observe that f (x) increases as the value of x 
increases. It follows that in any interval the minimum value of f (x) occurs 
at the left endpoint and the maximum value the righ"4. Hence, for the entire 
interval [0,1] , the minimum value of the function is f(0) = 0 and the maxi- 
mum is f (l) =N,1 * The areas of rectangles with these values as "heights and a 
base of 1 are* respectively, 0 and' .1 * Thus, as a preliminary estimate, 
we know that the area A we seek is between 0 and 1. - - 



In order to refine the estimate, we subdivide the base into n 
denote the successive endpoints of the n subintervals by x^," x^, 
where 0 = Xq < x^ < . • • < x^ = 1 • For simplicity ^in dealing wit 



<x^ = 1 



parts and 
f(x) = y^. 
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we choose the endpoints so that vx, 

•3^2 



'1 = (i'^ 



- c|)^ 



- V—/ ^ ^3 ^ ^n^ ^ * . . We illustra-te this procedure Tor 
n = 2 and n = 3 in Figure l-2g, and "^hen calculate lover and upper estimates 
of the integral A for each of thesis cases by adding areas of rectangles. The 
area of the hatched region in each figure is the difference between the upper 
and lower estimates of the area A and represents the margin of error for the 

7 r • 

pajTticiilar subdivisions. ^ ^ - 




0 » 



n = 2 




FigTore. l-2g 



n = 3 



For n = ^ ^ 



^ 7 

5 <^5h • 



We have reduced -the maximum error, of 1 obtained without subdivision • (n l) 



Taking n - 3 ^ "we obtain similarly 



A-,i.3^2..5^^^1^1^2_3^1.^ 
9 3 9. 3 9-^-3 9 3 9 ^9 
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or 



27-^-27/ 
9 1 

the xDaximuin error is reduced to ~ 3^ * 

In general, Tor *n subdivisions we have 



■ 



: . A >-i[^0 • 1 + 1 • 3 + 2 -'5 + . + (n - l)(2n - l)J 
Similarly, . * 



or 



A 



<^[^1 • 1 + 2 * 3 + 3 - 5+;... + 'n(2n - l)J 



taking the difference "betveen these resxiltSj ve find ^or the -majjcinium error. E 
for this subdivision that C 

= 1 . 1 + 1 . 3 + 1 . 5 . + . . . + 1 . (2n - 1)1 



= ^ Tl + 3 + 5 + ... + (2n - 1)1 



The expression in "braces is an arithmetic progression for, which w^ know the 
sum. We obtain, finally . ' ^ 

J? — ' " 

For this method of ^^hdivision^ then^ we can reduce the error heloy any given 

tolerance siinply by taking n big enough: given an error tolerance a , we 

simply take n > — . ' ^ 

a « 
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It may seem that we have not solved the problem or finding the niimber A. 

^^All we know is that we can approximate A to within any given margin of error. 
Nonetheless, in describing the integral A of f from 0 to 1 as the limit 
of a set of approximations we have left no room for ambigxiity^ We still may 
feel 'Cheated. We would like to have a familiar representation for A like, 
say, = 3' (which, by the way, is exactly idiat A is in this case). Later 

.we shall see how to obtain such a number in cases like this. Still, it is 
important to know that we cannot always expect the solutions of our problems 
to take a familiar form; often the simplest and most con5>rehensible descrip- 
tion of a number is- its description as the limit of a set' of appf-oximations. 
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Exercises 1-2 



Sketch 'the graph of f 



(a) 
(b) 



(d) 
(e) 



— ^ rrom 

X 



Estimate the integral A of 
that^you vish. 



^ = 
r rrom 



1 to X = 2 • ' . 

1 to 2 using any method 



Xf you use the method of Sectiorr 1-2 and .approximate A "by 
rectcLngular areas, vhat are upper and loweiT estimates for tvo 
subintervals? What is the maximum error E-^ for this subdivision? 



(c) Using the same procedure,' subdivide the base into .n equal parts 



and find the maximum error 



n 



for this subdivision. 



Hint: Denote the successive endpoints 



X - = , 1 = — 
0 n 



-^1 n + 1 
^ ± n . n 

n 



^2 = ^'^ n = 



n -H 2 - 

n s 



X -where 
n 



How can the maximum error 
0.03? 

How can the maximum error 
tolerance? - 



E be bro\:ight belov the error tolerance 
n 



n 



be brought be'lov any given error 



9 ^ 



1? • 



A circle of unit radius has an area of jr square units. Consequently, 
ve can approximate jr by using the same method as in No. 1. Here ve - 
shall use a. quarter of a circle and obtain an approximation for rr - If 
ve use five equal subdivisions the 
rectangles 'enclosed in the .desired 
region vill have heights '-of y^ , 

> ' ' ^5 vhile the 

rectangles containing the desired 
region will have altitudes of 



where y. 



^0 

is 



the ordinate of the quarter-circle 



y = • VI - X 
i := D, 1, 



at 



" = 5 



The "baise of 




± 2. S. ± 
5 5 5 5 



each rectangle is — 



So 



i (yn y- 



1 



yg + y^ + Yi^) 
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The difTerence •between these larger U) and smaller '(s) estimates is 




Then the average or- the larger and smaller estimates can only differ fi-om 
^ by less than half this difference; that is, . 

3t £ + s 

' ^ — ~ 

How many equal subdivisions should one take to obtain an approacLmation of 
It correct to withiji ± .01^ of « ?. 




1-3* The Scope of Calculus 

Calculus is the study of the derivative and. the integral ^ the relation-' 
ship "between these concepts and their applications. The derivative and the 
-integral may "be interpreted geometricaJLly as slope and as area, but these are 
only tvo among a vide range of interpretations and applications- We eniphasized 
slope and area in the preceding sections in order to introduce parts of the - 
subject in an intuitjive^ geometrical vay. Hovever, the concepts of derivative 
and integrsLl are universal^, and their incorporation into a calculus, a system 
of reckoning, enables us to solve significant problems in allv branches of 
scie1?c^e. The intuitive approach ve followed to this point is useful and sug- 
gestive, but it needs to be and will be supplement ed^by more careful study that 
indicates the broad range of application 'of these methods as well as their 
limitations. B^ore starting our systematic development of the subject, we 
want to emphasize the universality of the concepts of derivative and integral. 
We also want to- stress that the problems considered in the initial chapters 
are primarily vehicles for the development of theory; they do not begin to 
suggest the full scope of applications of the calculus. ^ 

' An intuitive geometrical introduction must necessarily be based on very 
familiar- steps. Hovever, the steps axe so familiar that it may not seem that 
they 'could lead to entirely new methods for solving completely different prob- 
lems than those encoxmtered ij^ earlier courses — problems that range from the 
spreading pf rumors to the motions of the planets- No methods of the earlier 
courses would help you to answer questions such as: How did you first hear 
about calculus? Hov did you first hear about Helen of Troy? To frame such 
questions mathematically, we must first isolate som§ essential features: Some 
stories spread iil?^ diseases; others die out- If. the story is too dull, nobody 
bothers to repeat it. But if the story is good, some^ of the people who hear* 
it (and remember' it) pass it along. Starting from these ideas, how far could 
you get by famili^ methods? 

The ssjne concepts that are basic to the spreading of stories are also 
basic to the processes of forgetting and learning- So many of the facts' we 
stuff e,d into our heads to pass a test and never used aft ex-wards seem to have 
vanished- Others, that we' met repeatedly and actually vorked with have become 
so much a part of ourselves that ve can hardly remember not having known them. 
Our first exposures ;to these facts niay not have taken, but repeated encounters 
in different contexts finally left their mark- ' ^^ 

Can we find a scientific explana-tiop for -the way that stories spread — the 

* ■ . ■ ■ ' ■ 1 

.way -that we learn, and.forget, facts Starting from appropriate' as suirrptxons 
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(the mathematical model ) ve can and later, shall descrihe some aspects of^such 
. precedes with the aid of the calculus. Such processes illustrate a broad. 

class of phenomena whose unifying features are the basic- niathema.=tical models^ 
" for growth, decay, and competition. Besides helping to describe the spreading 
■ ^ of rumors, a^d learning or ^forgetting, thfese same mathematical models serve to 
clarify such ' natural phenomena as radioactive "decay, ' the attenuation of sun- 
/light by a cloudy sky, the progress of chemical reactions, the growth of bac- 
terial colonies, or the spread of disease through a city. In each of these 
situations," the essential feature is that the amount of some quantity is -Qr 
changin^Jw?-th respect to time, , or distance, or whatever^ at a rate proportional 
to the amfiunt already present. A process of this sort can be mathematically 
described by a certain type of equation (a differential equation) ^ose ^ ' 

solutions, at least in the simplest cases, are combinations of exponential 
functions. 

■ ■ • ■ Other processes of nature change in a cyclic or periodic wayj they repeat 
in identical form, each year, each day, perhaps each second! Tiie plaiietary 
motions, the tides, the daily routine of life j the harmonious chords of' music, 
the 'propagation of X-rays through crystals- -even the colored sheen of butterfly 
wings--all depend on"periodic phenomena. ' For such processes, the rate of 
j ^ change of the rate of .change of some -quantity is (negatively) proportional tc^ 
the quantity itself, and our mathematical model leads to a different class of* 
■ differential equations' i^ose solutions, in the simplest cases, are combina- ' ] 
tions of trigooometrie functions. • . ' 

With the calculus we may also investigate more complicated natural ' 
. processes that involve ' a combination "'of growth or, decay with -some 'sort of 
cyclic behavior. We may also solve much simpler problems:' How. much time ' 
will it take to drive 1000 m^les if you start at a speed of 30. miles 'per hour, 
but increase your speed by 3 miles per hour for each hour of driving? At what 
angle shoiild you throw a ball for it to travel as f ar ^as possible? In what 
directions with respect to the sun .are the rainbow colors strongest? 

These problems and many others which the calculus solves involve^ rates of 
changsj this is.. the province of the differential calculus. A second broad 
_ variety of questions is concerned with totality — the summing of "^mall effects; 
this is' the province of the integral calculus. Ey recording your speed during' 
. a long trip, with many accelerations and decelerations, can you calculate how 
far the trip has taken you? If we know how a single drop of ink spreads on a 
blotter, can we predic^t what happens if we spill the whole bottle? With the 
differential calculus we can construct a mathematical model radi^abtive 
processe's; how do we go about shielding a' nuclear reactor? ^o explain th^ 

* . - * . 
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sunbiurn we acquired on a cloudy da^, how mu^h light reaches us rrom the entire 
overcast sky and "by rerrection from our surroiondings? • 

Such summation or integration problems are closely related to the rate- 
of-change or differentiation problems: the totail effect s^^^ suit from an 
addition of- small variations. Therefore vfe 4o not study separately an integral 
calcxilus and a differential calculus. /We study a calculus comprising both 
differentiation and integration^ and each aspect helps us to, understand and 
apply the other. ' . ' ' . ' - 

• ■ ^ • ■• y " - . . 

In this course we strongly emphasize applications, not only to show thal^ 
calculus provides useful methods and concepts for the sciences, but because 
so much of the calculus was developed to solve specific problems- Most of the 
Applications of mathematics we now consider differ from^those of previous 

h 

courses in that they en^jhasize the' effects of variation or summation, 

5. ■ ^ , ' 

"Calculus" was tailor-made to treat such problems. Except for the simplest 

-problems of this type, the methods of arithmetic j geometry^ and algebra are 

inadequate, and- even for the Simpler problems the methods of calciilus sore the 

more efficient. 

The calculus was invented to treat problems of physics. As the calculus 
grew into the larger branch of mathematics knows as analysis its range of 
application expgjaded enormously. To analysis we owe- much of the progress in 
the physical sciences and modem engineering, and more recently in the bio- 
logical and social sciences. Kie concepts and operations introduced by the ' 
calculus provide the right language and the riglit tools for the major part of 
the applications of mathematics to the sciences. 

The great; advance which takes the calculus beyond algebra and- geometry* is 
based on the concept of limit. Ghir" initial exac^les were chosen, not Merely 
because they were simple, but because they" illustrate the essentials. 'The 
basic limit procedure of ^he differencial calculus is typified by the pr<5blem.- ' 
of finding the slope of a curve; the basic limit prqcedure of the integral 
calculus is typified by the problem of finding the area enclosed by a curve. 1 
The slope is found as a derivative, the area as an integral, ,and superficially 
these appear to be xinrelated. But there* is only one calculus : clerivative and 
integral are complementary idea^. If we take the slope pf the grap;h of the 
area function, we are: brought back to the curve itself. If we take the area 
un(3er the graph of the slope function, we find the original curve again. The 
limit concept, in its guises of derivative and integral, together with this 
inverse relation between the two, provides the fundamental framework for the 
calculus. 
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In this first chapter, we have irxtroduced 'the calculus by elementajry 
-^-exampies that motivate the study ofd^erivative and ^integral • Having started 
intuitively;, we go on to indicate the^^snathematical problems that axise when we 
try "to give a precise foundation to otir intuition; we solve these mathematical 
problems^ develop methods for obtaining solutions to basic problems involving 
variation and summation^ and then apply these solutions systematically to 
illustrate .the interrelations of the calculus and the sciences. 

•In our approach^ we have" tried to maintain a balance of topics and of 
viewpoints that will meet the requirements of students- who will become mathe- 
maticians, others who will become scientists primarily interested in applica- 
tions, and stili others for. whom mathematics will become simply one of many 
deep intellectual experiences during their education*- For the, stud^^nt of 
science, a fluent intuitive grasp of the subject may often seem to be his 
primary need; for the student of mathematics, it may seem that a caref\il : 
deiiuctive development is more essential. These different viewpoints neces-/ 
sarily conflict on occasion, but more frequently they supplement "each other in 
providing .an overall picture of this new mathematical subject. Both the 
scientist and the mathematician gai.n by a complete command of both points of 
view, and we regard this as an ideaJ. worth striving for; the serious student 
should , carry away a deeper appreciation of both these views and of theii-^ 
interrelations* " - ^ ' 

Historically, 'the replacement of an intuitive basis for the calculus (the 
method of infinitesimals) by/a careful logical structure (the method of limitsX 
marked a vitaJ. phase .in the' development of mathematics* This phase is f^^ ' 
from complete* We are still . learning how to combine the' inspired us4 of 
xntuition in approaching new problems with .the effective use of logic,, hot 
only to verify' our intuition, but to permit generalizations of broader applica- 
bility. Today, most mathematicians appreciate the essential roles of both 
intuitive and deductive procedures, not only for creating the calculus but for 
learning it, and we have tried tp make both equally available to you, 

In summsLry,* we wish to show you how the effort- to solve important problems 
leads to methods of .the. calculus; how the attempt to make the ^est use of these 
methods and "to'imderstand thei:r full scope leadsr. to the development of the 
"calculus as 'an- independent -study; and how the products of this study an turn 
lead 'to deeper insight into the original problems,' Just -as science enriches^ 
mathematics by providing concrete models and significant problems, mathematics 
enriches science by providing system and organization, as well as solutions of 
problems. 
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\ Exercises 1-3 

,fche following is a qTaf/t>ation from G- Polya: "ir you cannot solve the 
proposed problem^ try trf solve first some related problem," In the problem 
of Section 1-1 concerning the shipping of books, a "related problem" is con- 
sidered vhen we svitch our unfocused interest in the problem of finding the 
• dimensions of a box vith maximum capacity to the specific related problem of 
determining properties of the function f given by 



f (x) - V = x^072 - 4x) 



A final related problem. is considered \^en looking for the point of the graph 
of this function at which the slope is zero. 



Tfliat are the related problems in 



(a) 
•(c) 
(e) 



Ex. 
Ex. 
Ex. 
Ex. 



1-1, 
1-1, 

1-1, 
1-1, 



number 5« 
number 7? 
niAber 8?. 
number 10? 



Ex, 1-2, number 1? 



r 



Polya, G., How To Solve . It , 2nd ed._,New York: Doubleday, 1956; p. 10.-, 
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' • ■ Chapter 2 ^ ' • ' 

'•THE IDEA .OF nERTVATTVE • . - 

2-1. Introduction - • 

' ' 

^ \ — ■ 

Althoizgh intuitive geometrical thinking may serve as a 'guide to the 
creation of* a mathematical^ concept or proofs it is not alvays reliable. There 
is the danger or reading properties or a picture into a precisely formulated 
mathematical* concept .vhen those properties csuinox "be logically derived. 

Example. Consider the function f , 'defined hy 



f (x), = 



, X > 1- 

, -1 < X < 1 



■1 J X < -1 



The graph of f is "exhibited in Figure 2-1 in three different scales inhere 
thej'unit is " ' 

* (a) 1 inch, , ^ . ^ 

(b) i inch, 

(c) . 10" inch. V 
' The'v^siope of the graph of f at x = O must certainlS^de defined as the 

slope* of ^-ttie- line given by -^3?^= x thus' the slope at' x^^. 0 is 1 . iTet 
in Figure 2-lc the gi'aph of * f is not perceptibly distinguishable from the 
X-axis, vhich has 'the ^lope 0 . 
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If, as in this example, an accident such as a petrticularly unfortunate 
choice of scale can otscure exactly those featixres which we are trying tp 
explore, it makes sense to try to put oux ideas in a form which enables us to 
reach conviction hy precise logical ajrgument rather than by appeal to our 
fELlllble' perceptions. For this reason, without rejecting geometrical intui- - 
tion as a guide in directing our thoughts, we shall express our concepts 
analytically in terms of number ajid take mjunerical concepts as the basis of 
proof in all that follows. 

The treatment of the parcel post problem in Section 1-1 shows in a par- 
ticular case how the geometrical concept of direction for a curve can be given 
a precise analytical interpretation in terms of slope.. The slope of a curve 
at a given point is a local property in the sense that it is cotrS>letely 
determined by any arc containing the point, no matter how small. For the pur- 
pose of describing such a local property, the idea of limit is especially 
appropriate. The slope of a curve at a point is defined as the. limit of a set 
of slopes of chords to the curve. In ^his cjsaptier 'we shall introduce this 
limit in terms of a purely analytical concept, ^^he derivative of a function at 
a point- The analytical concept, divorced ^Jiu^ its geometrical in'Cerpretation 
-'as slope, will be seen to have other realizatiohs.- Next, for some simply 
examples we shaill see how to conipute such limits, but we shall not treat tiie 
general con^jutational problem until* we have developed a clearer understanding 
of limit (Chapter 3). _ ^ ^\ . * 

It should not be thought that the methods /of geometry are entirely power- 
less in the present context, .The ancient Greeks treated the problem of 
defining the direction of a curve^ at. a point by finding the tangent line at 
the point, the tangent being the line through the point which has the direction 
of the curve the^-e. They were able to construct the tangents to all the coni-c . 
sections (circle, parabola^ ellipse, hyperbola) and even to such complicated 
cui^'es'as the spiral of Archimedes. In the end, though, the. Greeks were 
-unable to solve the problem of drawing tangents to more than a limited class 
^of curves whose special geometrical- properties made the problem tractable; 
What limited them was the fact that they had no general way of defining a 
ciirve, say, in terms of functions; that had to wait until the ^invention of 
analytic gej^^metry by Descartes. ^ ' , . ^ 
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Slopt 



The idea of slope for a curve at one of its points is a generalization of 
the idea of slope for a straight line. In coordinate -geometiy, the direction 
angle or angle of inclination of a straight line is defined as the angle 
measured in the co-unterclockwise sense from any horizontal line g±ven by 
y = constant. (Figure 2-2a.) Although direction axigle is the more, intuitive 
geometric concept, 4 1 is simpler analytically to vorX with the. concept of 
slope, the tangent x>f the direction angle. ?or a straight line the'^slope m 
is defined by any tvo of its distinct points (x^,y^) and U^,y^) , namely 



m = 



-^2 - yi 

- X, 



2 1 

vhere the value m given by this formula is independent of tie choice of the 
tvo points and also of the order ii? which they are given. We "remind you that 
■ehe slope defines the . direction angle unambigiiOUsly, .and therefore serves 
adequately as 'a numerical characterization of the angle. 





Figure. 2- 2a 



Figure 2- 2b 



For a curve that is not a straight line the ^ direction angle changes ^rom 
point to point (Figure 2-2b), ani we must define this angle, and therefore 
the slope, separately at each point, ^e suppose that an a^c of the curv4 
containing the point is the graph of a function f . Following the' idea of 
the exaii55le in Section 1-1, we expect the slope of the graph at the point 
(a,b), where b = f(a) , to be approximated by the slopes of chords joining 
(a,b) to nearby points ' (x,y) on the graph, vh^Te y = f(x) ^gure 2-2c). 
If these chordal slopes are adequate approximations to a single number m , 
in the sense that it is p^ossible to maie the error in the approximation smiller 
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than .any prescribed tolerance by k choice of x sufriciently near to a , 
th^n ve accept m as the slope of* the curve at the point (a,b) . In other 
vords, ve define the slope at (a,b) as the limit of the set of Approximations 
riirnished by the slopes or chords to nearby points. 




Figaare 2-2c_ 

To see how this idea of approximation works, in practice^ let us try it 
for the simplest nonlinear' graph we know^ the curve with equation y ^ x^^ 
at the poiiit ^ (l,l) v,-For the chord Joining the points (l^i) and (x^y) , 
we calculate the slope " - . . 



y - 1 

X - 1 



-for a number of values of x , taken successively closer to 1 ^ and obtain the 
table 



X 


1.1 


'0..99 


1.001 


0.9999 \ 


1.^0001 ' 


r(x) 


2.1 

« 


1.99 


2.001 


i.9999 


2.000001 



.Prom this table it 'is hard to- escape the conclusion that the values of rCx) 
are successively closer to 2 and tibat the error of approximation remains 



within any prescribed tolerance if ^ x is close enough to 1 . We may well 

2 

y at the point 



believe that the slope- m of the ctirve with equation* y = x' 
(1,1) , is m = 2. 

Belief on the basis of a critical .appraisal of the evidence is an excel- 
lent "fcray to find the correct approach to a mathematical question; but no mathe- 
matical investigation is complete until the belief is substantiated i)y deduc- 
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tlve, logical proof. To prove that the slope is actually 2 ve* must show 
that the error in approximating 2 by the slope r(x) of the chord Joining 
(l,l) to (x^y) can "be controlled by a choice of ^ , sufficiently close to 
1 • In numerical terms, the error in e5)proximat6ing 2 by trie slope^ r(x) 
is |r(x) - 2l, and for any prescribed tolerance . c > 0 ve must be able to 
ens-ure that ^ 

(1) • - ' . ^(x) - 2l < € . " 

if the distance between x and 1 is small enough. We have 

2 



/\ y. -1 x-1 x-1/ 

^Cx) = =- = =- = ^ (x + IJ • 

x-l x-1 x-1 



The distance between x and 1 is defined as the absolute 
value- of their differences, namely |x - l| = [l - x|. See 
Appendix 1-3 • ' • 

* ■» . 

We stress xhe fact that r(x) has no meaning when x = 1 ; when- x 1 , the 
denominator of the expression for r(x) is zero. However, since r(x) is 

defined sis the slope -of a chord, the value x 1 is excluded from the domain 

(x - l) ^ ' 
of r * In^Jiiiat domain the ratio ^ oAiich . appears in the last expres- 

' ■ sion for ^r(x) is constant and has the value 1" , so that 

r(x) = X + 1 ' ^ . ^ ' ^ (x / 1) • 

It follows that . - " ^ . . p 

. lr(x) - 2| =-ix - ll .'" • • 

'We see at once that by taking the distance between x -and 1 smaller than € 
we can guarantee that the inequality (l) holds. 

Because we wished to exhibit clearly the procedure for verifying that a 
given value - m is the slope vof .the graph of f" at one of its points, we 
have kept the, preceding example very simple. In certain respects it is too 
sin5>le« In the first pl^e, we assumed that the curve had a slope m , i-e., 
that the slopes of the chords, had a definite limit. Then we wer« able to 
S»^^sfy oTor selves tliat such a' limit exists by actually exhibiting its ;^value 
m = 2'^BL?id showing thai: it is^ in fact, the limit of the slopes of chords. In 
general, t hi^N^roce dure poses • a second difficulty; we must, find the humeri casL 
value of the slo^^before we can prove that it is the appropriate limit. • Sow. 
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does one find this value Tor a less 5i25)j.e fvmction? Certainly the idea of 
discovering the value by inspectiD^ a^^tie of approximations is- not alvays 
practical^ as ve may see from Exercis^^^^elow. ' ■ ' " 

Finally, the choice of the point (1,1) is too- special for our purposes 
It will he better to Miyestigate the slope of \th€ curve y = at any point 

(a,b) vhere b = a^^ without specification of -a . For the slope r(x) of 
the chord Joining (a,b) to another point (x,y) of the graph we have 

■ ■ "-22 

•^(^\ y - b x-a x-ar ^\ 

= ^3 — — - = — (x + a} , 

v\ x-a x-a x-a ' 

where, of course, x / a . ; As before, . the chordal slope r(x) is defined for 

all real x except x = a , and so- we have, on the domain of r, ^ ^ = i 
' ^ X - a ^ 

- and 

(2) r(x) = X + a • ' 

We want to find the limit j:^f- r(x) for values of x close to a , and it 
seems perfectly clear ^ that this- limit, is a + a = '2a • In fact, if we accept 
2a tentatively as the slope m of the graph at (a,b) , and set a tolerance 
of error e , we can easily enforce the condition |r(x) - 2aj < e ^ for we 
have ' , - 



|r(x) 2a|.= [(x a) - 2a| = 



X ^ a 



We see that the error of approximation can be kept within the tolerance € if 
we choose ■ x^.so that O < [x- - aj < g . In words, we choose x- at a dis- ^ 
tance less than e from a , but we must exclude the choice x = a because 
it def ines no member of the set, of approximations— the values of r(x) - We 
a^^e^ sure now, 'not only that the curve y = x^ has a definite 'slo;pe m for 
X ='a , but that we have also foiind its. valUe, namely m = 2a, 

In reviewing the argument Just^^^mpleted, we- observe' that (-2) defines r 

as a linear function except at the one value x = a . The graph of r is 

thus a straight line with the one p^int (a, 2a), .deleted^ It is intuitively 

o 

reasonable to take ^a as the slope of y = x^ at x = a . However we 
reject intuition as our- sole criterion, especially after considering examples 
like that of Figure 2-1* We insist on supporting our intuition with firm 
mfcLthematical; argument: we have verified that the value of the slope obtained 
on intuitiVfe groxmds agrees with the mathematical limit deten^ined-- analyti- 
cally. . , ' 
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In addi1:ion -to the need Tor. logical conviction, there is a more conipel- 
ling reason for pursuing . oxir argument in such detail - We wish to employ 
methods that are general, applicable to any function f and not merely to the 
very, special case' we have examined* In general, we may attempt to evaluate 
the slope of the graph of f at (a^h) , where " b ='r(a) , as 'the limit of 
the - slope's ^ . 



of chords* Joining (a,b) to nearby points (x,y) ^of the gra^fe', (-Again we 
observe that r(x) is not defin^.d at x ='a .) Without knowing the function 
f explicitly, we cannot tell whether it is possible to proceed as before to 
obtain a simple expression for- r(x) , valid on its- domain, which will enable 
us to Evaluate' the slope. In fact, we shall give an exarriple in Section 2-5 
where such a simplification is in^sossible. For this reason, a treatment of 
slope as a limxt must use the kind of argument that we have given.-* ^ ' 
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^ \ - — ^ : . ' ' Exercises 2-2 

'jhlnd -the slope of- y = "^(x) = 1 at the point (3,8) Tby constz-ucting 

a tatle of* values ot r(x) Tor x successively closer "to 3 • Verify 
that your answer is the limit of the slopes of the chords. 

For the l^inctioh given hy f (x) = x - x + 1 , tabulate "the slopes of the 

chords Joining , f(^)) to^ , f (x)) for x = | + ^ % f^""^ ^ . 

T-^T5o^f-lio^f^l^^'7"l^ ^■'^^ far as your time, ^ 
energies, and inclinations permit. Can you predict the limit of the 
appTOximations from an . inspection of the tahle? 

^Each of ^t he following cxurves pass'es through the origin, - ■. 

(a) y:=-f(x) = ^ _ • , . . . . " ' 

(b) y = f(.x) = x^i^^ • •. . " ; ■ ■ 

(c) y = f(x);fe|x!.V^ . ■ ' - - ■ <• 

For each curve construct actable listing the slopes of chords with one . 
endpoint at the' origin and the other at nearby points, 

these poinlLs are taken successively doser to the origin (e,g<., jxj < O.l, 
I x| < 0. Ol)> what information do ypu . obtain^ about the * slope of the curve? 
In your opinionV is 2rt possible to define the slope of the graph at the / 

origin? If so, what is the slope? / If not,/ Justify your answer. - 

* ■ - • - . ■ * ■ ■ * - 

(a) At each- of the points . (1,7) and (2,l6) ,. find the slope of 

y = g(x) = 3x + ^4- by- constructing a table of values;, then verify 
that your answer ^ is the limit of the- slopes of^ chords* 

(b) Find the slope of. -y - g.(x) at the point - (a,b) on'its graph, 
where b = g(a) • . - 

(c) Find the lowest point on the graph of g by methods of coordinate 
geometry, 

(d) Check your answer to (c) by using the resiilt of (b)- (If a hini: is , 
needed, one may be found in Section 1-1.) 

(a) Find the slope of y^x^ at (a^b) where b = a^. "(If a hint for 
the simplification of •r(x) xs needed^' one "may be found in Section' 
ItI-.) . " ■ ' 

(b) Is there any lowest point on the graph of y = x^ ? Is there any 
highest point? Is there any point vihexe the _graph is horizontal?- 
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6. ^What is the relationship , betveen the slopes of the runction in Ex. 5,-. 

coiresponding to the points x=a'and x=-a?. Interpret this re^t 
graphically. Give exas^le& of other ftmct ions having this property.' 

7. Waat is tjae relationship between the slopes of the function in Ex. 4 ' 
corresponding- to the points," .x=a and x=-a? Interpret this result 
graphically. Give exan^les of other functions having this property. 

8. (a) Find the slope of the graph of h : x- — » 4x^ _ 3x^ at (a,b) , 

■vdiere _b = h(a) . . ' 

(b). Find all poihts vhere the graph of h is horizontal. Can you 

characterize these points as . "highest" or "lowest," perhaps in a r 
restricted sense? . ' - ' \ •* 
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2-3- General Qu.ar3ra-tlc Function . 

. .ffei:^w apply the procedure, of the las-t> section to the class ot al±' 
■* • " * 

quadratic functions. ^ Consider 



f X. 



• Ax + Bx + C 



■where A , B^, C" are constants and A ^ 0 . Whpn x = a , the graph *of f 
passes through the point (a,h) vith b = Aa + Ba + C , and ve propose to' 
calcoilate its slope there. Again we shall prove -our result to he correct "by 
showing that it is truly the limit of the approximations that define it^ 
naitiely the slopes * 

■ • rCx) = - l-Ca) 

X - a 

of chords through ' (a/ f (a)) and (x, f(x)) ^ wxth x a . For the genial 
quadratic function we obtain . - . \ - • 



Ax"^ + Bx C - (Aa*^ -i- Ba 4- C) A(x^> a^) + B(x - a) 



X - a 



X - a> 



X - a 
X - a 



[A(x + a) + B] , 



(x / a) 



When. X ^ a^ the function r coincides with the simple linear function 
X- — ^A(x + a) + B ; As before^ we immediately guess that the slope at the ' 
point (a,b) must be m = 2Aa +. B. We verify* .this, guess by prescribing a 
tolerance e and showing that the error of our approximations can be brought 
within the tolerance. For x sufficiently' near to a the error in the 
approximation is jr(x) mj ^ namely . 

|A(x + a) + B - (2Aa + B) | = jA(x - a) | . *- 
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In order to bring this error within the tolerance € , we see that' we must 
make a choice of allowable values of x depending on thfe coefficient A .of 
the quadratic function. To ensure that, we stay within the tolerance, that 
|r(x) - m| < € , we must restrict x to values for which Ix - a| < ^ 
so that 

|r(x) - m| = |A(x - ..a)I = |a| fx - al < jAi < c . 
We have proved, that oiur calculation or m gave iis the correct slope the 

■ ; .37 
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limit of -the chordal .slopes . 

Exaa^le 2-3. • Consider the parabola given by. y = f(x) = -ix^+ x-f-^ , 
•wbery A =.i , B = 1 , and C = | . The lowest point on this graph may be 
found algebraically from the standard form (x + l)^ = 2(y - 2) of the equa- 
tio^ of the CTirve; it is the vertex (-1,2) . Alternatively, using the idea • 

- introduced in the best- value' problem in Section 1-1, ve may find the lowest 
point directly as a point of zero slope. The slope at (a,b) is 
nx = C^) 2a + 1-= a + 1 , and it is zero for a = -1 , where b = f(-l) = 2 . 
(Note^, however, that we do not as yet have ' a way to prove by the calculus that 
this _is the lowest point; but the standard form does show that y cannot go 

below ■ 2 on the graph. ) 
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Exercises , g-3 

Find the slope for x = a .of the general linear function f : x »Ax + B 
(where A and B are any constants except that A / O) and compare your 
resizlt to that obtained from the. standard slope- intercept form of the 
. equation of a straight line in coordinate geometry*. 

For -what values of k does the line y = k intersect the parabola . 



y = Ax^ 4- Bx + C (A ^ 0) 



in * . . 

(a) no points? - *. " 

(b) 1 point? , 

(c) 2 points? . 

(d) "What is the lowest or highest point of the given parabola? 

(a) Find the highest point on the graph of 

g(x) = 5 - 6x - x^ 

using Ex. 2. 

(b) Explain geometrically lAiy the point in (a) can also be obtained by 
finding where the slope of .g(x) is zero. . ' , ■ 

(a) "What is the greatest possible number of points where the graph of a 
quadratic function Ax + Bx + C may be horizontal?- 

(b) Is it possible for the graph to be horizontal at less than the maxi- 

.- mum number of points, or nowhere horizontal? If the answi^^to either 
question is affirmative, give an example (in the form of a specific 
function). ^ %^ 

(a) Given y = f(x) = 20x 3x . Find the slope of the curve ^ at the 
point (a,b) , where b- = f(a) • . ' 

(b) '^Where is the slope zero? Hov can you use thJ^s information in plot-, 

ting the graph of f ? 

(a) Find the slope of the curve with equation- y ^ h(x) = 

Ax^ + Bx^ + Cx + D (the graph of the general cubic function) at 
(a,b) , * where b = h(a) ; here A , B , C, , D are any constants, 
except that A ^ 0 . (If you need a hint for the simplification of 
r(x) it may be found in Section 1-1.) 

(b) What is the, greatest possible number of points ^ere the graph of a 
cubic function h may be horizontal? 

^ a ... 

- ■ 47 . 

■ 29 ■ 
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(c) 



(d) 



Is it possible for a cutic function to have its gr^ti horizontal at 
less ttiaa ^^^P maximum .number of points? If the answer is "Yes," 
give an example of such a function. 



Is it possihle for a cubic function to have its graph noiriiere hori- 
zontal? If the answer is "Yes," give an exaaiple of such a function. 
?• Show that tne curve of Ex* 6 is cen-trosymmetrlc about the point 

Centro symmetric means that given 
the above point as a center, a line 
segment starting at any. other point 
on the curve going through the center 
• and extended vill intersect the curve 
again so that the center is the mid- " 
point of this segment. 

, PC Cq' 'and 

KC = CS . 

8.. A function b is defined by the fonnulas 




y X < 1 

2x , X > 1 



the ^sJ^ppe of the graph -of h for x < 1 and.for x > 1 . - Is it 
possible in' 3^ur'opl,nioh to define a slope for the' -graph at- (lyl) ? Give 
an arguinent to- sTipport your answer. (A sketch may be helpful in answering 
the question- ) 

UnH;il now oiir discussion of the idea of direction and slope for a curve 
^.has Taeen geherally at a theoretical level. Althotigh we know from Sectidn 
y^-l that the concept of . slope will ultimately be useful in '^est- value" 
problems it is satisfying to have another more ' immediate application. You 
are probably familiar with the fact that large telescopes and automobile 
headliglits use parab.olic mirrors. A parabolic reflector can bring a brmdle 
Of parallel rays like, tbose from a star to a sharp focus. You are nov 
able to demonstrate the sharp focusing property of the parabola. - ^ 



\ At stellar distfemces the deviation from paralleli-sm of all rays reacliing 
the earth f^rom a given star is utterly negligible. . . 
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Accoz^dlDg *o Heron' s Lav of reflection far a ray of light incident 
upon a^Btooth mirror, the incident ray aijd the reflected ray make equal 
ang^s^^th the mirror. Su^jpose the shape of the cross section through 
the axis of^the mirror is given by the graph of y = x • Prcjve for all 
incident rays parallel to the y-axis that the reflected rays hav'e a^common 
^ point of intersection as in the figure. This common point is called the 
focus of -^e parabola* It can also he shovn that this property character- 
izes the parabola; i.e., if the curve is such that all parallel rays pass 
through a common point after reflection, then the curve must be a parabola. 



2-k-. Velocity . - ^ 

The kind of limit vhich is used to define 'the concept of slope is appro- 
priate.for other pui^oses. Now we shall see how it m4y te used to describe 
hov rapidly an object is moving at a parti ctaar instant. 

As a means of getting at this concept we compare the distance moved ' 
during a given time interval to the time elapsed; we introduce the' average 
velocity: if the object is at a distance s^ along its path at time t ' 
and a distance s^ along Its path at tTime t^ , thon the average velocity ' 
is the rate or ratio ( s^ - - t^) . Unfortunately, the average 

velocity tells us very little about the comparison of distance to time o*er 
any specific smaller time interval of the motion, or at any particular instant 
knowlecige that a motor trip' was completed at an average velocity of 5O mlljes 
per hour gives no indication of the maximum\peed or whether there were any 
stops . 

■ i .4 ■ . 

.1 

We describe the course of the motion by measuring the distance s along 
the path from some reference point s = 6 , setting a clock to the time t = O 
at some convenient instant of ' the .motion (say its start), and then expressing 
the location of the object at time~ t by a function given by s = 0(t) 
Since a-di.fference of values of s may be erther positive or' negative, the 
distance between two locations s^ and s^ is | - s^[ ' . , The difference \ 
- -indicates both the distance and direction of s from s 

Example 2-4a. A certain motion is described, from, the time t = 5 until 
the time t = 8 , by the equation s = 0(t)'= 2t^'- 59t^ + 252t - 535 

The distance measurements s in a motion of this' sort may be graphed 
a single straight line, an ^-axis, and for this reason we ' simplify . our 
■sion by talking as though the motion actually took place on a straight /ine, 
although the path of the motion may make many tuirns, go up and down hills, 
etc. The moving object, which may, for example, be a large automobile,) is 
represented as a single geometric point on 'the s-axis. 

Vfe need a concept similar to average velocity but valid for a pr* 
instant t. = t^ ; by way of distinction, we cal-l it the instantaneous velocity , 
or simply the^ velocity. Once again we have introduced a concept which cannot 
be defined exactly without methods of the calculus. We try to approximate the 
instantaneous velocity at time t^ for a motion described by s = JZf(t)^ . We 
ta.ke the average velocity over a time interval between the time t^' a^d " 
another; time t of the motion, that is • ' . 
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If ithese approximations have a limits this limit is the velocity ^at time t^ 
of the motion described by s = 0(t) . That is^ ve shall define the velocity 
to be 'the number to whi'ch-this ratio approximates -within any prescribed error 
tolerance e fpr values of t chosln sufficiently near to t^ . 

Example 2-i£b. FoA the motion of Ibcan^^le 2-4a a calculation similar to 
that of Section 2-2 yields the velocity 6t^ - T8t + 252 • (proof -left as an 
exercise). At the time t ^5.5 9 for instance, the instantaneous veloc'ity is 
4.5 (distance unit3=^er time' unit).* This positive number cannot possibly be 
approximated within a small tolerance by negative average velocities; therefore 
over any sufficiently small time interval containing t = 5.5 , the average 
velocity was positive, so that a distance in the positive direction of motion , 
was covered during the time. It follows that- the motion at t = 5.5 was in 
the forward direction. 

We see that the velocity helps us to answer such questions as: Tdien 1:5 
the object moving in the direction' of increasing s , when in "Ghe direction of 
decreasing s ? Vhen is the object, at least momentarily, standing still 
it nnist do, for example, at an instant when it is Reversing direction)?. 

To check for reversals of the motionj we factor the, expression for the 
velocity: 6(t - 6)(t - 7) . We discover that the velocity was zero at times 
t = 6 *and t = 7 , but at no other times during the motion. The corresponding 
locations are s^ :^6) = 5 and s = 0C7) = ^ - "Shis is possible only if the 
motion during the time interval 6 < t < 7 "was in the direction of decreasing* 
s , and the velocity -I.5 obtained for t = 6.5 ^ checks this assertion. The 
motion ended at time t =^ 8 , and the final location "was s = 0C8) f 9 • This 
is possible only if the point s 5- was reached twice dtiaring the motion. 
(How does this conclusion* follow?) ^ 



We tabulate omt f indings-; 



Time 


5.0, 




6,0 


6.5 


• 7^0' 


T-5 


8.0 


'Loca"tlon 






5-0 




h.o . 




9.0 


Velocity 






0.0 




. .0.0 
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^ As the example siaggests, the velocity is positive at a time when the 
motion is in -the positive direction and negative at 'a time when the motion is 
in the negative direction. At each instant when the direction- of motion 
reverses, ihe velocity must necessarily be zero, hut it may a^so he zero- during 
a motion that never goes backward (see Exercigies No, 7 below). 

.The representation s = ^(t) of motion on a strrdght line has 
-a somewhat different character from the representation y = fCx) of ' • 
the graph of a function ^f in a plane with coordinates x .'"^ and y 
In the representation of a graph, t^ cc5o:rdinates x and y from "t ' 
w the. geometrical point of view ^ssxune equal importance, and are 
^ - essentially equivalent. In the representation s = 0(t) of a 
motion, 'the quantity t assumes the role^> not of a coordinate 
, equivalent to s , but of a parameter ^ a secondaory mathematical < 
- quantity inarms of which the primary quantity, the distance 

s , is expres^d. Look carefiilly at the contrast between coordi^ 
. nate and parambtric representation as employed on a single ^axis, 
an X-axis or s-axis. Jn the former, a -poirit P is specified by 
, a number x which directly pinpoints the location' of P ' on the 
"^^^ latter, allocation'' Q ^ is specif ied Iby a'' number t 
• Tiaving no direct geometrical significance.- The'^ quantity of geo^ 
metri-^ significance is the number ^ '0(t). , -the value at^ t of fche^ 
parametric function 0 , and "it reveals the location s Th4 
. advantage here is that a description such s.s that of Exanrple 2-4a 
, tfells us not mefPely the location of the moving object, but also 
the specific time at which it occupied the stated location. The. 
^description ^ = 5 would not distinguish between the two times 
when the .moving object passed through this location, but t = 6 
precisely describes the first time, ^d t = 7-5 the second, time. 

Parametric representation has' many other applications; the 
parameter may in. another context represent 'distance, or ten^jera- 
ture, or heat, or fluid speed- , As will be seen in Chapter 
the parametric representation of a curve xxi the plane may be far 
sin5)ler than its coordinate representation in term^ of x and 
y , and enables us to study motion on plan^' curves in a much more 
^ efficient way. 



Exercises 2-^ 

Let us assume that a jfellet is projected straight up and after a vhile' 
comes straight dovn via the same vertical path to the place on the ground . 
from Tiiich it vas launched. After , t seconds the pellet is s. f eet< ahove 
the ground. Some of. the ordered- pairs (t^s) are given in the folloD/lng 
table. ... 





- 0 


1 


2 


3 


If . 


5 . 


■ 6 


7 


8 


9 


10" 


s 


p 




256 


336 


,■'384 ■ 


400 


384 


335 






0 ■ 



( 



We shall intentionally avoid certain physical considerations such as 
air resistance. MDreover, we shall desLl vlth 'sitr5)le ^Lumbers rather than 
quantities measured to some prescribed degree of accxiracy vhich might, 
arise from the "data of an actual projectile problem in engineering. 

(a) Interpolate from- the data given to determine ttpe .height of the pro- 
, jectile aft^r eight and nine seconds respectively. (Guess, using . 

■ symmetry as your guide.) Does extrapolation to find values of. ' s- ' 

for. t.= ^ or t =^ 11 make sense on physical grounds? After how 

many seconds does the projectile ^appear to have reached its- maximum 
height?^' What seems to be the maximum height? 

(b) Does s appear to be a func'tion of t ? If so, discuss the domain 
: and range, taking physical considerations into account. • ^ 

.(c); ' If we were to plot a graph of^-.s = f(t) , ^ ^ , 

- ' ' • - * ~ " ^ ? ■ 

(1) is it plausible on physical grounds to restrict our graph ^to ; * 

the first quadrant? _ 

(2.) I>3es the data suggest that the scale on the s-axis (vertical) 
. Should.be the same eis the scale on the .t-axis (horizontal)? 

(d) Keeping in mind yoxir responses to part (c), plot^ the ordered pairs 

(t,s) from the table. Connect the poirits with a smooth c\zrve. What 
is the name of the, function suggested by the graph? On physical ^ 
grounds is it feasible, that there would be a real value of s for 
eveiy real number assigned to t over the interval 0 < < ^0 ? 
Were we probably justified in connecting the- points? 

(eX Assuming that, the equation s = f (t) = At^ +. Bt + C ; was used' to 

develop the entries in oirr table, find values for constants A , B , 
and C . 



(h) 



2.4 - 

(f) ■ Sk^ch the graph giveia hy the equation ' s = l60t -"l6t^ over the " 
, interval O < t. < 10 . Using k ni.re careful^ plotted graph of the 

above set, connect the point 'irfiere t '= i . ,wlth the point where * 
J; = 2 vlth a chord. What Is .the slope of this chord? Estiniate the 
slope of the curve at t = 1 and t = 2 \ - 

. (g) If the. units of B are feet and the -units of t are seconds, what 
are the units of slope? What vord is connnoniy associated with this 
ratio of units? What _vould you guess are the physical interpreta- 
tions ofpositlve, zero, and negative values of this ratio? r 
Drav the graph of v = l6o - 32t over, the interval 0 < t' < 10 
Co«5>are. the values of v for t = l and t=.2 respectively vith 
your estimate for the slopes of the graph of ' s = i6ot agt^ in 
part (f). r 

(i) Average the -vallaes of v -for ..t =1 add t = 2 and coji^^are this 
average vith the slope of the chord connecting' the points vhere 
t = 1 and t = 2 , in part (f). ,^ 

(J) If the units 'Of V are ft, /sec. and the units of " t are seconds, 

lAat are the unit? of the slope of the line v = l6o''- "32t? What' • 
vord from physics is/commonly associated vith this ratio- of .units?. - 
Itoea^the minus sign along with the particular nuaericaX. value of this 
^ special- connotation from your 
(a) Derivejjie velocity function^f or . the motion as given in fec'ample 2-4a. 
;/(h) Sketch the graph .of s'= ^zfCt) , (called the world line) and- the^ 
t curve (i.e., the graph of the velocity as a function o?" 



V vs. 
time). 



(c) Con^are the times when -s equals a maximum or. a minimum and^^en the 
velocity V = 0 . Explain this physically. 

(d) Given only that -^{S) = 5 for the function f> that describes the 
motion, show that there is a second time t when ^(t) = 5 , and 
find that value of t . (This is not done by calculus.) ' • ~ 

(e) Find the time of greatest ^ speed between t = 6 and 



t = 7 



0> 
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Find the veidtsdty of an object lAose location along a straLLght line is 
^described by thefequation s = 128t - l6t^ '^Slsetcb the cvcrves ot ' 
s ys, "t and v vs. t * on the same s^t of axes, 

,(a>) During -v^at time interval <5t intervals is the object moving toward 
the location s = O ? . . 

(b) What are the values of v *and .'t-.^en s i-^Ja maximum ? 



A^ball iiB thrown upward with a velocity of 32 ^feet per second. Its 
height h in feet after t -seconds is described by the equation 
h = 32t - .r6t^ ^ _ „ 

(a) . What is the veloc^^of the ball when its. height first "reaches 12 
feet? Wherf it again reaches 12 feet^ 
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(b) How high does it go, and at what time does -the ball reach its highest 
position? 

An object is projected iip a smooth inclined plane in a straight line. Its 
distance s in feet from the starting point after t seconds is des- 
cribed by the equation s ^ 61ft ^ 8t^ After the object reaches its""- . 
highest point it slides back aloa^g its original path^to the starting point 
according to the equation .s = 8(t - tO^ . . Here is the d^'steace of 



n' 



• the object from thef ;^iighest point and t^ is the time it took the object 
to -reach the highest point. - ' '* 

(a) ^Determine how long it took for the object to make the up and down 

C't^) ^^etc^ the s vs. t curve for the up and down mo\ion usiisg one set of 
.coordinates. Do likewise for the v vsi t curve". ^ 

The location of an object ..on a straight line is given by the formula 
s = pt -4- qt + r , where -p ^ .q'"', and r' are^eal constants. Find- all 
instants of time T^en the objebt is at i^-est^ Ja&wf' atiow how' the number of 
such ins^tants depends on the constants * p ^ q ^ and r r ^ . 



For any "but the very sin^iiest motions^ the function 0 describing the' 
location at time t is unlikely to be e^cpressible in tenns of a single 
fornnila for the entire duration of the motion. Heire is a more plausil^le 
description of a motion: * ' 



(c) 

id) 



It 



szf(t) = 



29 



5 

2 ' 



CJ < t < 1 ; 



1 < t ; 

2 — — 2 



^ < t < 6 ; 
6 < t < 8 ; 

8 < t < 10 . 



Con5)ute ohe function , ^t) that describes' the velocity of the motion 
vith location 5=0-3;. 



(a) 

1 \ 

(b) It «^ w aided what s - ^(^ ^ and -v = "ijf(t) axe functions. "What has 

to ~re checked to verify thir? Does it check? Showy•^the graph of each 

T . . ■ . ' ■■ • . :. ^ 

01 "::nese funct::.ons on the s^e axes. 

During vnat time intervals io you think the speed of the inotion is - 

* - . / ^ 

increaslr.g? ' decreasing? JKf 

Does- th^'OGj^-^t- spei^d :Uiy time between t = 0^^-and'. t = 10 standing 
» still? 'Does it have any other instants of zero velocity during ttie 
motion? 



2-5- Derivative of a Function at a Point, \ ... 

Slope and velocity are tvo concepiss with seemingly unrelated origins in 
geome-try and physics; yet we have ohtained each in the same way as a limit. 
Oliis sort of limit is one of the most important ideas of mathematics, and also 
appears in countless ^guises in the sciences^ in technology, and in the social, 
sciences. We ahstrac^t from the ideas^ of velocity and slope a general analyti- 
cal concept— the derivative of a function at a point— and frame this concept 
in a pxirely numerical way, independently of the prohiems from which it arises* 

I^t a be a value of x in the domain of a function f ,. We say- that 
m is the derivative of f at a . if, hy taking x sufficiently near to a 
we^can approximate by^^the ratio ^^^^ I ^^^^ 't'ith an eri-or '^ess; than any 

prescribed tolerance. We briefly describe this situation by sayiiig that m 
is the limit of \ ^^^^ x^^ approaches ^ a , "and symbolic aj!5y we 

- write - ' • , ' . • 

(Read; "m is the'' limit as x. approaches a of ^C^) ^ ^Ca) „v* 

The procedure^ of cofa|niting a derivative., is balled, differentiation ., and if f 
lias" a c^rivatiye- at • a ^--if th^^^ ^ is i . 

different! able at a'j. ' - ' : - . ^« " * 

/ The preceding description gives no prescription for differentiating any 

^particiilar function at any particular poimt. In fact, no universal technique 
for .finding derivatives exists, although with the assistance of the ^general 
methods of operation with limits to be developed in the ne^ct chapter we shali 
be able to differentiate' jnany of the functions of greatest interest. For the 
pres.ent we try to pursue a little further the -technique which enables us to 
find the derivatives of siii5>le polynomial functions in Sections 2-2 and. 2-3. 

look again at the ratio r(x) = ^^^j, " f^^^ . No matter what function 
^ ^ a ' 

f appears in^.^the numerator, the denominator forbids us to evaluate r at 

In ea:ch previous exanrple we have avoided this difficulty by finding 



X = a 



f(x) - f{a) ' _ ^ 



The ratio ^ ^ a often thouglit of as t&e ratio of the 

change" in^- the. values to f - to the "change" in the values of the indepen- 
dent varis&le^ and is ref erred , to as the "average rate of change" of f(x). 
The 3-imit m is then callecf the "rate" of change" of f(x) .at 



X = a 



2-5 ~ . , ' . 

a simple formula for a function which had the same .values as ^ r for y, ^ a y 
hut which was also defined for x = a - Thus for f (x) = x we found 



r(x) = 



•x - 



or 



(3C - a) 

V 

rCx)"^ = X + a , 



(x + a) 



for X / a • 



This formula STiggests ' that the limit of r(x) for x appro.aching a is 
m = 2a • 



In finding t^xe value of m , the crucial step was the representation of 
-the numerator of r(x) as a pix)duct containing the factor .(x - a).'. With 
the help of algehraic techniques it is possible to find the derivatives of a 
number of singple functions in this way. 

Example _2-5a. Consider the function . g defined by g(x) = whose 
derivative we wish to find, at x = a • As yet, we cannot even guarantee the 
existence of a derivative without further investigation (see, for instance, 
Exerc^es 2-3,' No. 8)w For .the 'fxmction g we have 



i. 1 

.(^\ g(^) - g(a) X " a ' "X + a 
= . = = 



X - .a 



X - a 



ax Cx - a) 



or' 



r(x) = - ^ , 
ax ^ 



for 



a . 



Our natural guess for the derivative at a - is m = - "*2 * test our gues's 

we should set a tolerance € > 0 , and check that the error in th^ approxima- 
tion- of ' m by r(x) remains .within that tolerance for x sufficiently close 
to a . That is, we should show that for sfuch x we have ■ ^ , ^ ■ - 



m 



r(x) + ^ = ' 
a * « 



X - a 



2 
a X 



S4^ 



a^lxl 



< e 



^The situation is not quite so simple as before. Tb^ -^frror is still a multiple 
of Jx - a| , but the multiplier depends on yboth a and^ x ; and we must • 
keep X away from' 0 .. Algebraic techniques for con5)leting the verification 
are developed in Sec^^ion 3-3- -are encouraged to try to con5)lete it your- 

self (Exercises 2-5^ Uo. 9a) We repeat our resoilt: the derivative at x = a 

^ • 1 " ' . 1 ' - . 

of g : X— ^— is m = - — ?r ... 
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Example 2^ 3b , Another runction vhose derivative at a can be olDtsiined 

vi-th the aid- of elementary aigebra is the-^g^are rbot runction 
1 

For our approximations 'to the derivative m ve find now 



X - a ■ X - a 

In order to obtain the factor (x - a) in the numerator, we rationalize the 
numerator. * ■ ' 

r(x) = -(v^ - >^)(v^-+ v^) ^ (x - a) 1 ^ (x ^ a) . 

^ (x - a)(Vx + -/a) (x - a)- -/x + -/a 

■ " 1 ■ 1 ' ' * 

The- value of r(x) is — — for x a , and m = -i— is our- guess 

« . Vx + -/a 2Va 

ifor the derivative of h at x = a . The proof that this is the limit is 

similar to the verification for the preceding function, and is also left for 

later. Xsee Exercises 2-5 ^ ^o, 9b and Section 3-3). For the present we accept 

the result that the derivative at x = a of h : x— ^-/x is ^ ' , 

Example 2-5 Before you reach the wrong conclusi^c^thatt all derivative^ 
may be . obtained yith nothing more thar. simple algebra, takq. a careful look at ' 
the .sine function, k : x — ►sin x , While the domain of the sine function 
consists of 8l11 real x , for simplicity we shall attempt to corr^jute the 
derivative only at x = a = O . We then need to find the limit as x 
approaches O of the ratio 



s 



f \ k(x) k(0) _ sin x - sin 0 _ sin x ^ 
^^^^^ " k - O - x - 0 - X ■ . ■ 

How^ can we divide the trigonomet^-ic function sij:^^ ■ "by the linear polynonp.^al 
X ? The 'answer, "trnf ortunately for our attempt ta differentiate sin x , is 
that there is no method of algebra or trigonometry that enables U5 to . carry 
out such a division. No tricj^wlll help, and we are .forced, to take, a quite 
different route in order to find 'the derivative.- After- a more detailed study 
of limits, and the application of this study to aT more sysiiematic calculation 
of the derivatives of algebraic functions, we shall return to this problem 
and solve it. - 
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Bcerclses 2~p 



1. Find the derivative of f at a for t:x ►Xx), where f(x) equals 

each of the follovlng. . ' ^ 

. -STT^. • ■ 

(^) B , lAere A and B are constants, A ^ 0 

(c) i - . 

X 

" (e) -i- ' * . 

1 - 

(f) 

2. For each of the functions of Exercise 1, and also for the functions 
s(x) = — and h(x) = Vx of the text* list the folloving: the domain 
of the function; all points of horizontaa slope (if aoy); the highest 
polJit on the. graph of the function (if any); the lovest point on the 
graph of the function (if any) . 

3. Use the definition of derivative to differentiate f at both -^a = -2 
and a = 2 if f (x) equals . 

> (a) (x - 2)2 ' ■ . 

(c) 3x - ^ - . 

r'\ 2 ' -1- ' . \ 

f ■ ' , 

For each of the rvmctions f vhose values f (x) are described below, 
rind the derivative at a / vhere a is in the domain of the function.^ 

(a) 5x . x^ (d) . ' / - ./ ^^ 

(h) 3 - x^/ . (e) . . • . ' * 

(c) - 2x • (r) '2EliLiE . ' r ■ 

' . X - 1 
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By -the methods of this section find the slope of the grapti of each of the 
following functions at the point (1^2 ) • 

(a) f ..x^ 

1 ' ' ' 

(h) 6 : x^^x^ 

What is the relationship hetveen the tvo answers? Explain this relation- ■ 
ship, . ' ' ' " 

Use a tahle of sines to obtain approximations to the limit of as 

> X ■ 

X approaches a = 0 , and make a conjectinn? to the value of this limit. 

What can you conclude about the slope of the graph of y = ^ at the 

origin? < 

Write the derivative of the cosine function at x = a as a limit, for 
a = O ' and a = ^ , and show what limits .must "be evaluated before the 
derivative can be obtained. 

8. In Chapter 8 we sha.l1 define a function f : x in such a way "as to 

hav^e^all real numbers x in its domainj and also* to satisfy- all the 
familiar laws of exponents vaJ.id for 2^ wjien n is a rational number, 
Cotnpute the ratios r(x) that serve- to approximate the derivative of f . 
at X = a = O , and show- what limit problem, must be solved before we can ' 

■' differentiate the function. 

9. . Prove that the derivative at x = a of 

(a) g : X — i\ is - 4 V ' 

a 



(■b) h .: X m-Vx is ' 



10. Find the slopes (if they exjst) of the relieving curves at points for 
which X '= y : . ' 

, ' 

X + y = A - ' ■ ' - ^ 

+ xy + y = 3A . ' . 

xy 




+ y| + ]x - y| = 2A _ , \ 

Check yoxir answers by sketching each of the above, cxirve?. 
Generalize the results of parts a - d. 
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Chapter 3 
LIMITS AN^^^WDHiUlTY 

3-1* Introduction , ^ ^' 

The derivative is a special. exaji?)le of a -tasic general concept: the 
limit or a fiinction at a point. The concept' of limit is also closely related 
to the important idea of , continuous function which is taken up^in the later 
sections of" this chapter. ^ 

^^__^J^ simple- cases, a Judicious.^guess may help us find limits without 
apparent need for deductive reasoning. As we widen ^oux mathematical horizons 
and try to solve more complicated problems with the^ calculus^ we soon exceed 
the potentialities of such methods.. -Only a firmly founded theory of limits 
will enable :as fully "to exploit the methods of the calculus. It is our, pur- 
pose to provide such a foundation in this ^chapter. 

- It is one of the triiunphs of the calcxaus that an enormous variety of " 
significant jSroblems can.be solved by strai^tforward formal operations -which, 
readily yield solutions in terms of derivatives or integrals.. In the formal 
calculus the idea of limit and the process of approximation upon Trfiich it is 
basei-disappear. Of course, there are alvays problems for vhlch. the -formal 
techniques fail; for these the underlying theoi^ becomes essential and we must 
go back to fi:^5±_principles. 

Na-turally you cannot expect to ' develop, the theory oi limits 
and thus 'e.cqu±rS a deeper^ understanding of the calculus without 
an expenditure of hard thinking and careful work. Moreover, it 
■ is unusual to obtain a complete grasp of sjich a subtle concept ' 
at first encounter- The study of mathematics is a slow maturing 
. ; process, and you canbe well satisfied if you coilrprehend' enough 
of the theory in th*g^ chapter to enable you to follqv its later 
"applications. As you gi^ow in mathematical skill and maturity 
a more complete understanding will come; for the present, try'to 
see how we -are able to use the theonr for the practical purpose" 
of developing a calculus — a scheme of rapid and efficient 
reckoning — of limits, derivatives,, and later, integrals. 
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The most important use of the basic theory is to approximate solutions of . 
complicated problems in terms\ of siftrple functions. Such approximations are o£ 
special interest in this day of high-speed cpn^suters* Although a problem may 
have a con5>le'te formal solution by the methods of the . calculus^ for the pur- 
pose of numerical coniputation it may save time^ effort^ and money to ignore 
the formal solution 'and treat the problem by approximation. Simple approxima- ^ 
tions play a fundamentail role in science and engineering, A realistic model 
of a phenomenon may i^^lve so many congplexities that the problem is^ intrac-"^ 
table mathematicfiLlly. As ve shall see xn later chapters, a sin5>lified model 
yielding an' approximation to the conrplete solution is often more useful. 
Limits enter in approximations to the solution 'of the simplified problem vhen 
there is^ no formal explicit solution^ and in estimation of the error vhen the 
unobtainable solution of the realistic problem' is replaced by the solution of 
the iSin^Jlif ied problem. . " 
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Exercises g-l 

1. Consider f : x [x] + C-x] . (See Section A2-L for discussion of 

(a) Wha-t nxmiber if any do -the values of f approxima-te when x is 
close to 1 ? When x is close to 2 

Cb> What can you say of the limit of fCx)'; as" x approaches n , 
when n is any integer? J 

Cc) Evaltiate f(n) , where -n is an in^^ger. 

(d) Sketch the graph of f • Go hack and check yotxr answers to 
(a) - (c). Do they agree with your graph? 

2. For each of the following functions sketch the graph and, if possible/ 
find the limit as x approaches O . - ^ ' ^ 

■ \- ■ 



(a) .f : X — I 



(d) f. r M 



(ej f : X sin — 

X 
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3-2. . Definition of Limit o£ a FunctiofK 

In Chapter 2 ve used the- concept of limit of function in defining 
derivative*- At this point we- need .a precise formulation of the limit concept 
. in ordef to derive the laws vhich govern operations with limits* 

Alth(^^h the concept of limit of a function is more general than the 
idea of derivative, our ^tudy of limits vas initially nxotivated by^ the basic 
example of the derivative of a function 0^ as the limit of the ratio^ r(x) ': 

m = lim r(x) , 

vhere 

, . ' , r(xT ^'VC^) - 0(a) ; 

In order to be sure ^that t>ie description; of the derivative as the limit of 
r(x) makes sense ve must be sure that ve have an adequate set of approxinia- 

*tlons, that r(x) is defined for numbers x arbitrarily close to a . 

^sually, the^'&omain of r will contain ein entire neighborhood of ^ / 
(excluding a^ itself)* but either for theoretical or practical, .reas^is^ it 
is often useful to analyze the behavior of r(x) on only one side of a • 
For example, there is a natural starting point in the motion of a rocket and 
it is essential to know the initial direction of the rocket in order to deter- 
raJlne the rest of the trajectory.'**' 

In framing the general definition of the limit of a fxmction f at a>» 
point a ve then require that ve have an adequate set of approximations. 
Specifically, the definition may not include the value f(a) .among the 
approximations, even if it should be def ined> but it must involve values 
f(x)- for X close to a . For this purpose ve introduce the deleted 

h- ne ighb o rhoo d of . a , ' that is,, the set of all x for vhich : ^ 

V. * * * . 

' - ■ . . O < |x - aj.. < h . 

As the set of approximations to be used in defining the limit of f at a 
ve take the set of values r(x) for all x from the domain of f in some 
deleted neighborhood of a . - 



In some texts this impartajit case is i^cen care of by se;5)arate defini- 
tipns of "right-sided" and "left-sided" llo^^. (See Exercises . 3-4, No. l6, ) 



3-2 

With these ideas in mind we are now able to express the idea* of limit 
completely in analytical terms, ir f has a limit L as x approaches a 
then Tor any error tolerance € we keep r(x) within e or L by restrict- 
ing X to be any number from the domain of *r in- a suTrici^tlyi small 
neighborhood or a . 

DEFINITION 3-2 . Let a -be a point for which every- deleted 
neighborhood contains points of the domain or f . The function 

'has the limit L at a if (stnd only ir) Tor each positive 
niimber- c ^ there exists a' positive number 6 such that 



\fM - Ll < 



Tor every x --in the domain or 1* - which satisfies the; inequality 

o < |.x - .a| <;*^ . • V , ■ ' , 

We then write lim r(x) = L . , 
x-a 

It follows from the definition of limit^. since the value f(a) -itself 
does not lie in the class of approximations considered, that any Tunction ^'^^ 
which takes on the same values as f in some deleted neighborhood of a . 
would have the same limit at a . For example, the two functions f and g^^" 
defined below have the same limit at^ every point a of the regJL axis. 

f(x) = 1 
~* * ■ 

g(x) = ] - 

1 , for non- integral x . 

Although we do ; xiot-' rely upon pictTures for our precise londerstanding of 
the concept of limit-,' it 13 desirable to have a geometrical* interpre-fe^tion of 
ti5&"idea. ^ ^ / 

: ' ^ ■ ' . ■ . . ~ 

Scample 3-2a. The graph of the f\inction 

— -. ^, . • V . ► ^ \ ■ ■ . 

f : X — 2x - 4 - ■ • " 



The definition of limit can be recapitulated in terms of neighborhoods: 
the number L is said to be the limit of f at a if every deleted neigh- 
borhood of a contains poi-nts of the domain of f and if for each 
e- neighborhood of L there is at least one deleted 5- neighborhood wherein f 
maps the points of its domain into the €-neighborhood . 
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is shovn in Figure 3- 2a. In -order' to show that 

lim (2x - 1*.) = 2 ■ ^ 

we must show, for every e > 0 , that there is a 6. > 0 so that • 

^ ; . " - \(2x . k) - 2[ < e . " ■ 

for all X- in the deleted nelghhorhood 0 .< jx - 3| < S- . It Is easy to see 
from Figrur e 3- 2a how 6 may -be found. ' ■ , 



€ - 1 




■ . Figure 3-2a . ' 

Given a horizontal band of wldjfa 2e ceh-b^red on the line y = 2' , ve can 
.find a vertical band oif width 26 about/x = 3 so that the graph of f 
lies entirely within the rectangle where the bands ."overlap. From the gra^h- 
we infer that for e = 1 ws may take 5 = , for ^ =^ > S = J ^» ^'or 

=5-vT- , 5 = -g . There seems to be no obstacle to finding a 6 for any e , 
no m^srter how small, but we clearly cannot rely on pictures to do so. 
In^ftea^, we proceed analytically. If we reqi^re O < jx - 3| < 5 , then 
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|f(x) - 2| = |(2x - 1+) - 2\ 
,= |2x"^-- 6| 
= |2(x - 3)1 
' = 2lx - 3| 
. < 2S . 



Consequentily, if ve teLke 5 = , then 



!f(x) - 2! < € . 



The preceding exainplB. was made especially siinple to x^eyeal the "baisic - 
picture. We noy esqplore the concept of limit'' £n a v^iety of^ situations. 

acangle 3-gb . Figuxe 3-2"b presents the -graphs of the three ftmctionis 

given hy f ■•Cx); =.,'-sgnC^) , = sgn 3? , .. f Cx) = 1 .■- 

. ■ X ■ . ■ • ' 



y = fgU) 



: X 



sgn(^) 

X 



: X » sgn x 



Figure 3- 2b 



;. ObseiVe-that X = 0 .is anoint of the domains' 'of f^-C and' but no't of 

"^1 • 9^ these functions ve vish to consider t^" lirsi-t, : if it ixi.sl^ 

.as X. approaches -'^ , ' t 

• ^ ^ ^ ■ . - ■ 

, ^Since the three f\inctior^s coincide' vhen x j/ 0 / and the value -of^ the; ., 
•limits does not depend on hov the f\inctions are defined • at x , it' is ' 
clear that all^trhree functions have the' same liniit. In' each case 'l is the 
o-bvious^ce^i'didate for.the limit. Verify that the conditions of -jltef ihition 3- 
are satisfied by L-='l^ at' x =-0 . . ^ 



f Observe that there is a gap in the- graphs of ,f and f 



at X ■= -0 ,^ 



and that the grdph o'f f i^ continuous, it has no gap. ' ^The ""function f 

X ■= O 



has a- limit at -x = O, but is not defined there, • f^. is defined at 



but ■ fgCO) is not its limit. 



f^ ' t^as a limit at x = 0 - ancj the limit is 



the function value. We see then- that ^he 'concept limit and the intiXitive 
idea of _continuity are closely -related; we shall pursue this connection 
further in'^ection 3-'5-r^ • ■ ■ . • . 



Exaiigile 3-2c . 
given . by 



Figure ■3-2c presents the graphs of the two functions 



= X + sgn(x - a) 



= x 




sgn 



a^+ 1 




X + sgn(x a; 



X -h ^sgrxi/x - a ^ 



The function is defined for all values 'of ' x . . Tiie domain of con> 

sists only of those values "of x for vhich x > a and on this, domain it' has ' 
the- same values as . ' Ifseems clear from the" graph that tiiere is no, single 

number- L whfch is^ approximated hy the values' g, (x) a's x- appi'oaches *a . 

■ ^ the -contrary; in any neighborhood of - 'a.' dt is possible to find valWs of 
X*-. for.xAich g^(x) . approximates a^. - 1 within- any given error -tolerance and 

. other values vhich approximate a^ + 1 . Verify,, then", that the conditions pf 
Definition 3-2 cannot be satisfied, that g^' _ has no limit at x a . " 

. _ Tor. the function , on the other -hand, it appea:rs that no matter -vAat 

the error tolerance, there is a deleted neighborhood of a" wherein ^^(x) 
approximates a^ + 1 T^thin the toleranc- for all x ^in the domain of the • .. 

.functiV. This is easily verified. In a aeleted 5- neighborhood of hove 

ggCx) = X + 1 , for a<x<a+5. ^ 

'r. 

We have for the absolute error of approximation 



ig_(x) . (a^ +1)1 = [-2 2, 



|x - a , 

■ . - ' = |x - a| - |x .+ a| . 

■ . " / , .<6(lx| +'|a|) 

. ' < B[ ([a! + 5} + |aj -] ' • ■ 

<.e(2|a| +'^ 5) "V . . 

This absolute : error can- be kept vi-thin a^y givenp.errbr tolerance e ^y • ' 
restricting- X to a small enough- 5- neighborhood of a . ^Tor simplicity, we - 
first, restrict ourselves to neighborhoods of radius no' lai-ger 'than , 1 . Taking 
5 <1 in the inequality above, we obtain a simpler bouiid on the absbliite error 
in -terras of the radius 6 : . 

' .' ;'^ V '-' .- . V "^-^^^ - + 1)|'< 5(2|a| + 1) . 



6 < ^ 



Mow- if we ch<^ose 6 so that . 



- 2|al + 1 
then we have ensured that 

2 



g^Cx) - Ca + l)i < e' , 



EMC ^3. - , o 



3-2- - - ■ ■■■ : ■■ ■ - ■ ...... . 

namely, that the ei^r has heen kept vithin the tolerance e Since, this *s%. 

■a- prescription for controlling the arror vithin any tolerance ^ we have. / ' ". 

acconplished otir piirpose and proved ^ ; 

. lint gp(x) = a^ -4-1. . 

con5)ietely in the analytic terms of Definition 3-2. • " " - ■ 



4^ 



6k. ■ 
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Exercises 3-2 . • 

1. Show that If O < jjc' - a| < 1 , then |x + 2a| < 1 + 3\a\ . . 

2. Sh<w that if O < |x - a| <1 , then [x^ - [ < Ola^I + Siaf + Dfx" - a|. 



3. . Show that If 0 <'|x - 2\ '<± then 



tx - 41 



■< 1 



Hint:- By. "Ebcerci'se 10 of Al-2, if Ix - 41 .>1 ,''then 'i — i-r-r <1 

" /I ' '■ . •• . ■ f-^ 

Show tha* if |x - a] < 



1^ , then ^<.^ . 
!^ X a 



j Shaw that IT O < [x - l| ■ < 1. , then Jky: +' l| . < 9 aiid 



If i 



5how that if 0<Ix-2l<l 7^ then Ix + l| < V ' and 



X + 2 I 
1 



< 1 , 



< 1 . 



7.' Estimate how- laxge x +1 can hecome if x -^is restricted to the 
interval . -3 < x < 1 . - / 



X + 2x + 

open 



8, Use inequality properties to find, a .positive number: M . such that 
- O < Jx - ir.<.3 for all x and/: 

\ . (h)* ISx^ - 2^V 3 [ .< M . ■ 

9. (a:) Show that if 6'-< jx - 3,| < 1 and O < [x' - '3! < ^ , then 

(b) Show that the pair of . inequalities 5 <-i and & <— .(or 
S < minCl ,^1) is satisfied hy 5 = ^-^ , 




10, Find a number M^'> 1 such" that 



< ix - .24"^^ . 



xj- 4 



< M for all X such that 



(See No. 3.) 



"the given value of e , find a, number S such that if"\ 
O < |x - 3l < 6 , [x^ - 9l < e • " ^ 
(a) e = 0.1.. . - 

Ch) e = 0.01 • 

Is your choice of 5 in (h) acceptable as an answer in (a)? . Explain. 
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12; .^Por -the following fiinctions, f-ind the limit L as x 
;Por . each value of €-^, exhibit a nimber S such that 
whenever. Jx a| < S • - . - 

, (a) f Oci< 3x. - -2. , -a = | 




(b) fCx.) + "b , (m O) . 

-Cc)- f(x.). = 2."+ , a = 0 



.pproaches a 
f(x) - L |'< € 



\ " 7 
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3-3-" Epsilonic Technique .. 

It is conventional in. discussions of approximations to a -limit .to- use' 
^ the Greek letter epsilon for the error tolerance. For*this reason the sub- 
ject, devoted to techniques, for the coptrol of error i$ cbl^bquiaily called - 
ep si Ionics / We shall make immediate use of epsilonic technique, in deriving 
^ the litoit theorems vhich follov this section.. Eyentualriy, in applications^ 
-skill irr epsilonic techni^e will be extremely Valuable for making estimates 
when it is .dif.fi^^^l\ to/work- with' precis'e: values', ' To develop this skill it 
is helpful , to set upW routine pattern in . which to present an epsilonic argu- 
:,m'ent. -We shall first describe the pattern-, in general and then/ for several ' 
exati5>le'S, ca^rry- out^the- proof s as indicated in the pattern. 

Sta tement of. the-'BiroblerrL*. ' ^ * * 

To prove that' lim. f(x) L : • ^ > " . 

For -each tolerance:- .e > O obtain a control 5 . 

Show.: . .if ; O < |x - a| < 6, , then-' |f(x) - Lf < € . ^ 

-We/ have stated the problem, in. 'outline.' The proof: is based on Def initi on^- 3«2, 
■We- must ,contj:olttie Terror 'JfCx) - Lf within^ the error tolerance € by - \ 
restricting the^v^ues of.' x to a sufficiently, small deleted neighborhood 
^of a • The proof is completed by verifying for ^ a suitable radius 6 that 
^it does give the de^sired degree of control.. The crucial open question is, 
how do w£ choose a siii table 5 ? 

Step 1' Simplification ," ' /\ 

Find a g(6) -such that if 0 < |x - a| <-6 / then |f(x) - L| < g(6) . 

The idea here is to obtain' an upper boixnd g(5) for the absolute error where • 
g(6)- can be held within the- tolerance e by taking sufficiently small values 
of 6 . If we have g(5) < e , then lf(x) - l] < g(5). < e and our objective 
is achieved. In some of the f^ollowing • examples the work .of simplification is 
divided into three stages: (a) f(x) is expressed in terms of ' ^ - ^a ; 
(b) from the inequjality 0^< |x - a| < 5 there is derived"^ an inequality of 
the form |f(x) ^ L|. < gC5) (c) . a ^ is chosen for each € in such a way 
that g(6) < c . In general, g is to be a simple function, one for which it 
is easy to find a 5 such that g(5) < e . 2ybre, typically,- it will even be 
possible to solve for 5- in the equation g(5) = e . , For most of the cases " 
in this text it is possible "to obtain g(60 = c5 with a- positive constanjt of 
proportionality c . Manipulations -yielding a sirnple . expression f or s(b) 
are ^illustrated in the Examples below. , \ " " • 

^ Step 2- Choice ££ _6 : - 

• Choose 6 so thatr g(5) < e . . /. ^ , ' 

This is the place where the work of simplification 'i:n Step 1 pays off^ In 



■ tihe-.mosty trjrptical. case where g(&) = cS • ve may choose 6 = — - . 

*.'.'■■ ' ^ ' ^ ■ '■ 

Steps i aiid' 2 shov hdv the solution 'is round, !33ie next step -is the" ^" 
actual proof where, we verify that the, solution has been found • 

Step 3/ Verification , ^ " " ' ' * 

■ Heturn to the statement of tKe problem,^ From the given expression, for 
^5 . deduce the conclusion. - . . ; ' ' r 

V First we try out the method in a case where no complications arise, the 
-case of the 'general linear.- function. ' 

; L . - . ■ .-. - ■ . • 

- Example 3- 3a / ■ - . ■ - . ' ■ ' 

' Statement of the problem, ^ . . 

To prove that lim^tmx + b-) = ma '+ b , . • ' . . (ni ^^G) 

*■ - X'-a 

' For each; e > 0 obtain a. 6 ^. ^ ^■ 

' Showr -if 0 < a| <6 , then ^ |'f (x) - L| < ■€;.. • ^ 

Step^* Simplification s ' 

■ . , "'V- - ' ■ - — ■■ / ■ 

(a) f(x) - 'vL = (mx +.b) - (ma + b) - / . 

' ■ - /- 

:= ni(x - a) . j . . 



(b) IT |x - a| < 6 , „ - - ' 

|f(x)" - Li = |m(x - a)i 

= I ml • I X - a| 

- ( ■ 

(c) Talce g(&) = lm|6 . 

Step 2. Obtain ^5 . 
To make. g(5) < e , set 



(allowable, since imU--^ ^ asstunption^ . ■' ,. 



-. Step ' 3 -- .Verification . 

: • ; Enter' the result 6- ^ ■ 
catfon follows the pattern of Step 1 with one additional step: 



Enter' the result 6- = t^jjt i^i the statement of the problem. The vef*ifi- 
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\t(x) - Ll < |m|6 



€ 
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Since "bhereuris a s"brong inequality in this chain^ ve iigLe'^'a 

itn the foXloving examples ve "shall omit repetitious material. 
Example g^'Bh . ^ ' 

statement or the Prohlem. . . - 



To prove -that li*m 



1 |x| 



= 1 



x~0 

For each € > 0 ol3"tain a 5 . 
Shov: if O < |x - 0| < 5 , then 



, Step 1. 
(a) 



1 + X 



- 1 = 



1+ 



1 + 



- 1 



1 + X 



1 + 



X 



1 + Tx 



(h) . If O < Ix - Ol < 5 , 



1 + X 



- 1 



Ixf 



~ 1 + 



(since 1 + Ixl > 1) 



(c) Take g(6) = 6 . ' 

Step 2. - To aake. gC&) < e , set 6 = 



Step 3. ^Set 5 = 6 in the statement of. the problem. We carry out the 
verification foUowine Step 1 -where ve set 6 = e at the last line. • 
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. .The next example shovs that it is not always sufficient to choose .8 
proportional to e . 

■ ^ Example ' 3-3 c ^ ; ■ , ^ 

. . - 'Statement of the -ProlD'lem. - 



- To" prove^that .'iim Vx ^/a...^ ^ . " ' (^ >.o) . - 



x-^a 

For. each^ - e > O obtain a 5 . 



; Shov.: if "0'< [x - a['< 5 then .. j Vx - V^jy^ ^ . ' ' 

The choice 6 =. c€ _, vhere c ' is a positive constant ^ cannot 
•work when a = O . In that case.ve observe that if 0 < x' < 5 ce'^ 
then;. Vx < . -/c .Ve . • ' . 



' r ' ' . . We laust .^then make Vc -/e <^€^ for all e y no matter how 

. :. -small. ■ ■ - . 

Xt follows that we must find a positive nozmber c . satisfying 
: Vc < Ti" ■ or, equivalently^ c < e for etll positive e - ITo' such 
number exists; hence^ 6 = ce cannot work* • . / 

' Step 1. Prom " ' - " ' . - ' " 

' - - >/a| < jVx .+ 'y^t"/ (Section Al-3^ Formula 3) ' 

we^ bbtain. on multiplyi^i^by \ -/Si - Vb.\ ^ ' \ 

-■ V^l^ < |x - a! , 
whence - ' 

, . - Vij < Vix - a| . \ 

Thus^. if 0 < jx - a{ < 6 , then >. _ 

I t/x - -/if < . ^ ■ 

• Step 2. Choose 6 =€ . 

- . ^ ■■ • 

Step _3.. Take -5 = £r • in the statement of the probiem. The verification 




V 



^ is., a, recapitiilation of/Step-^ this -chface -of : 5 ^' :. 

< It i*s often ^xpediient to .3t,estrict 5 by ah "auxiiiary cirondi'tion in 
Step 1. .^Tfie following examples' are typical. - > ' ' - . 

£x:arTOle 3- 3d / - : . 

' *' . — • ^ - 

'Statement of the problem . 

^ ■ [ '. ^3 ■ " . ^^ . " - 

To prove that ' lim (x^ - 5x - l) = -3 . 
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- 5x -. 1) - (-3)1 < € - 



For -eacfti e > 0 ottain a 6 - 
Show: if. 0 < |x .- 2| <b , then 

S-tep 1. . - ■ . , ,. ■ . " ~ • • 

-,5x - 1.- (-3). .= - 5x'+.2 '• - .■ -'^ 

• = [(.x - 2) + 2]^ "- MCx ^) + 2] + 2 



(a) X- 



= (x .-' 2j^,'-4^ 6(x. - 2)^.+' TCx - -2) 



('■b) fx-^ - 5x - 1 - (^3)] W ].a - 2)^ +-6(x - .2>'^+ 7<x 2) 



= i Cx - 2)C(x- - 2)2 + 6(x - 2) + 7)1- 
= [x - 2| - |<x -' 2)^ +■ 6C3C - 2) + 71 



< X ^2 



C |x - 2| + 6ix»-: 2| + 7} 



< 6 (6 + 66 + 7) . 
(At the last line we used .|x - 2\ < 6 .) 



(c) For convenience we restrict 5 by requiring . 6 <\'. 
this condition 



Under 



- 5x - 1- (-3)1. < 6(6^ + 66 + 7) 

< 6(1 + 6 + 7) 



5 < 1^6 . ■ ■ 



In-order to get^-eg? upper bound in the sinqple form c6 , we put a constant 
■boTind on the second factor in. 6(6 + 66 + 7) by restricting 6" . ' (The . . ■ 

- ■ ■ ■ ^ • - . 

paxticular value 1. in' 6 < 1 is .inessential • We^ could have " required . ^ 
5 < K .vhere-pK. is ^jxy j)Ositive constanl:. ) 




Step 2. We ncxw zh to -obtain a valueN^ 5 sartisfying two conditions 
simultaneously: ' 6 < and 5 < 1 . One way or satisfying these conditions 

is to set " : ' • , 



•T*here we have' chosen the denominator simply as a convenient .value which is 
•greater than either 1^4- or . (See Exercise .Al-3^ -No- 6a, b.) 

^ in th^ statement of the problem- The verif ica- 



gtep Set 6 = .^^1^ ^ ^ in th||^ 

ti on follows Step.l through (b)>- In (c) we use 6 < 1 and 



V 



0 
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. -to ob'tetLn 



|(x^ . 5x - i) - (-3)1 < € . 

Alternative Step 1. • v " , ' . 

(a> . . : - 5x -1 - (-3) = Cx - SXx^ + 1) 



(t). • Jx^ - 5x + 2i = Ix -^^2 





. _ ■■ ■" at. tlie' last- 'line, ■ impb^ng the. condition. -5 <^1 ve- 

• ■. u-tilize^tlie' result 1 < x < 3' oTbtained ' from " |x - 2j < 6 < 1 

: ' . - '■■ \- " ■ ■ ■ .. " 

Alternative Step 2. ^ince ve do not -use the fonnula for 's in the 
verification- above -btrt only, the conditions 6 < 1. and 5 < , it -is natiiral 
(A1-.3) to set - ~ 

. 5 = min{^ , 1] . ■ . 

Alternative Step ^. Set 6 = min{^ ,1) in the statement of the prob- 
lem, Oaie^rification follovs. alternative Step 1 above. 

Prom -the preceding example we see that we have great freedom- in choosing. 
OUT control 6 , We can always use more stringent controls than necessary: 
that is, given any deleted neighborhood of [x - a|. < 6 , so chosen that 
lf(x) - Lj < for any x in the neighborhood, then for all x in any sub- 
set of the neigHJjorhood and, in particular, for any smaller deleted neighbor- 
hood of a , we satisfy the same inequality. In other, terms, given- any 6 
..j.rtiich keeps the. error within the specified tolerance,- any smaller value of 6!* 
.will ce-rtalnly have the same effect. ' it follows that we W in^se the condi-. 
tion & <K where K is^any convenient ..positive constant. Similarly, having 
found a & for.- a particular c. , werknow that the same ' .5 will .'suffice ' for : 
any larger € : Hence we need ■ concern ourselves only .with those ' e . satis- ' 
.fying - e .<M , yhere^ .K is. any convenient posl^;ive constant. 

. •. conclude- the- list of examples by applying the techniques .of the out- • 

line to prove that the conjectured values of the derivatives in Ebcan^jle 2-5a ^ 
and jEttu5)le 2-5b are, in fact, the correct -limits-. " " ^ ■ 
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Example 3«3e > 

S-ba.'temeii'b or "the Pnoblem , 

To prove for a ^4 O thati 



lim r(x) = lim 
■ . •■ ' * 

For each € > olrbain a 8 



i 



1 
a 



X - a 2 
x-a a 



Show: if O < |x' - a| < 8 , -then |r(x) - Lj <;^€ . 
(Obseinre that r(x) is not defined at x = O or x 



^ a O 



Step 1,. 



r(x) - L = 



;1 _ 1 

X " a 
X - a 



(Note that ye' 'used [x- a 

.^xy a.) : : : - .,■ ■-. - 



1 . 


X - a ^ 


" ax 


X ^ - : 




1 • 




2 ' 


a 


X - a. 




2 




a X 




^ 0 in 


se-frting 




^ a) 



Cx - a) 
(x - a> 



= 1 for' 



X - a 



(1) ■ 



2- 
a X 

5 ' 



-2 



Our problem- now is t6..obt&in a 'constant ifpper hound for the factor^ / 
^ .'1 It is sufficient to houn^ the demon ima.tor- away , 



a-lx| af|(x- a) + al . ' - ^ ... 

from 0 . or "to- guaraii-tee . ■ ! . ' 

.• • - . ■ . ■ Ix'l ='|(x - a) + a| >.C >-0 ^ 

•for some niimber C. We -have (Appenclix/l-3> Formula " (-3) ) ; - /; 

. • ■ jxl = ICx a) + aj..> [al - Ix -a] . ■. 



> 
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' ■ ■ ■ ' ■ 

Entering jx - a| .< 5 in this relation, 'we. obtain 

■ ^- . 
.'. [acl > |a| (x - a| > | a^ - 5 

To obtain a constant lover bound. C ve restrict*. 5^ <M : thit case 

/ |x| > |.a| - 5 >M >0 

■It follows from- fx'- aj < .6 that • fx| >.-lfi-.and ' < -y|^ .".."{See 
Exercises Al-3,., No. 20). Consequently, from (l), ve ha^e ^ 

|r(x) <-^^ ' . 



< 5 



a 1=^1 
2 



a^fal 



ai3 



Step 2. The value of 5 is restricted by two conditions: 

. • ■ • ■ .■ > S<-^ and' .^26 < e - ■ ■ . 

'y ' ■- -■, ■ ' - ip ■ / ■ - • lap ■ ■ . 

=>' .--■ r...- . ■ ' :-■ ' - •■ - . t' ' ' ' •' 

;■ -To, Jsatisfy- both conditions, we take , . . - ■ ^ 



II^-. laL ■ • •'- - --C? 



■ ' ' in .general, .we could have restricted S ^in^W convehient 

way: so that .6 <^^|.: . For ; def:&niteness- we topk ^ • * ., - ' • ' v ' 

• ' '/'r'''" / : ■ '■" ; ■ . "■ . 



St;ep ^. En-ter "the above vcLIiie of S in '-the sSta-temeni; _of "the problem, 
irhe verlfica-tion" follows tiae pattern of Step 1. At the last -line ve use 



5 < € 



a 



to ohtain 



lr(x) . L| < € 



Statement of -the Pl^oblem * . ■ , - 

■ "^5c " ' ^^£L 1 

To prove for a > O that . lim r'Cx) = lim : = 

x*-a x-'a 2y a 



= L 



For each e > O obtain a 6 



Sho^ \if 0. < |x - a| <& , -then Ir(x> --L| < e 
(Observe that r(x) is defined only for x > 0 .) 



Step 1. 
(a) 



r(x) - L = 



Vx - Va 
- X - a 

1 



1 
2T/a 
. 1 
Vx + Vet ^/ai 

Va -/x 
SVafVx -h Va) 
a - X ' 



(note -that Vx. is not (defined for negative values and tKeref ore 
'we' guarantee 0 < x by ingposing the res-tric-tion$ l^c - a| < a . 
For this piirpos.e we require 5 < a . ) /' 



3-3 



(b) 



|r{x) - L| = 



a - X 



- a| 



2/ei(/ai H- Vx) 

s 

' 6 



2 ' 



6_ 



(from |x - a[ < 5) 
(from Vx > 0) 



. _ : :\: _ . 

step 2. Take 5 = mln(2( v^)-^€, a} . 

Steg 3. For "the atcnre Vralue of S every expression used in Step 1 Is 
defined for all x in the deleted S-neighborhqod 0 < [x - a| < 5-. (This 
requires x a., and x > 0"*.) " The verification follows Step 1. At the - 
las^ line we use 6 < 2(-/a)?e^ to obtain 



|r(x) - L| < € . ' 



In the preceding exan5)les we have' not always followed th^ 
outline;; to the letter Wit used it "ohljy as a seiyiceable guide. 
Spe(^al_ difficulties are likely to "'appear in Step 1 and we cannot - • 
^ anticipate all ^contingencies * ' The only absolutely general pattern' ■■ 
is the . coastructi-on of a non- decreasing chain of ejcpressions. 

■ ' '. . 0o.<iZ5i < 02 <■...< 0^ . 

'^0= L| , 0^ = gCSj^and JZ5^ , '0^ , , 0^_^ may 

involve_^,both x 'and 6 . -To construct such a "sequence in "a particular 
case may require the grea.test ingenuity. ^ .-■ . ' • -■ 

- In 'these exan5)les we have verified that a given value L is actuary the 
likLt but-. have- not shoim how the 'limit L was obtained. In the next section . 
we ^hall develop, general' t}3eore"ms i^ich will- enable us to di sewer the value' ' 
of the limirt and to prove,. that -the v'alue is correct. Epsiloni^s will be 
necessary o^ly to prove the theorems; not. -to apply them. . - ' 
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".ute 



. ' • 3-3. 

Exercises ' 3-3 . * ^ - ^ 

!• Prove' 11m (^ x - 3) = -1 : ot-tain an upper "bOT^ihde^ -s(5) jforr^ 

error and find 5 in -liernis of e • . . 
2 • Give argiments -that prove 

'* » 

(a) ". Xim c = c ^ c any. cons'tan't* 

' " ^ ■■ ■ • . . . . " 

(b) lim X = a . - : - < ^ * ^ 
x-^a . " 

, (c) lim kx-= ka , k • anjj^ , constant , 

x-^a ^ r 

(Use tlie results of Exaii5)le 3-3a of^tlie text for parts b and c.)'-.,^ 

'3.^ Invoke tbe definition directly to prove the existence of tbe limits in < 
Problem 2* . 

i 

-'J U. In eacb of ' tbe following guess the limit, and then prove that your guess 



is co2:rect. 



(a) lim ^^'^'^ ; (^) lim -: 



x^ - h 



x-0 1 + X V x~"2" x-^ - 8 

X + 2 



2 



X - a 
x««a 

(d) iim"'- ; ^ 

x~l X + 1 
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S--^* vLim£t Theorems , 

_If the epsilonic definition/of limit were required in every calculation - 
vxth limits, .the development of the calculus would be so disjointed and so 
. overburdened with elaborate detail that it could only be mastered by a fev' 
. devoted spec.ialists. We need. and we shall derive theorems that broadly covezO^ 
most of the significant calculations with limits. In the" end it will only be ' 
^the exceptional cases" for which epsilonic techniques' are necessary. ' • • 

_ The first general' results -apply to rational combinations of functions ' ' ■ 
•1Jhat is, expressiohs- formed, from the functions of a given set by the rational 
operations of addition, subtraction, - ^tiplication, and division. If each 
function of the given set hks a limit as x approaches a , .then the limit 
Of aiiy rational combination of these functions is the. same rational combination 
• of the corresponding limits (with divisions by zero excluded) ' . " 

There are certain special rational"' combinations, called linear combina- 
tions, which, recur .often in different contexts. It is worth distinguishing 
them as a class-be cause of their importance. A linear combination is built ^ 
up by addition of functions and WtiplicatiSn of functions by constants. 
Such a linear combination can be put in the form 



J^(x) = .c^f^(x) + CgfgCx) + .;. + c f (x) 



where c^ ^ , >. . are constants. In particular, a polynomial of 

degree .less than or eqeal to ;n .can be written in the form 



0(X) = Cq + C^X -H CgX^'-H ... + C^X^ , : ' . - • , 

and may^therefor4 be thought of as a linear rcombination offers 1 / x , ' 

: ■ The_. evaluation of the limit of a linear combina^tion -is an ' instinctive 
instance, of the^feneral methpd of evaluating , the limits of rational co^ina- , 
tions; " ; ■ ' . ' 

lim (6vSE-+ 5ic-+ -ir). = I'im 6-^ + lim 5x +^'lim jt ' - v 




. ^' . ■ - . - 6 * lim.vS?-'K5 • lim X + jr . . 



= Cl^^ 6) (lim i/x) + dim 5)(lim: x) +' lim « 
. ^.x~4 ,x-4 ^ x-ij- ,x.~4 x~4 \ 



^ N6'te*^''that in the exaiirple ve have used , three " limit theorems without proof; 
in essence these are: • ^ . ' < 

{X) The limit of the ^ sum of two f^mctions is the sum of the limits. 
;(2X Thie O^mit of the "^product , of two functions ,is the product of the. 
limits. ** < 

• * ^(3) • The limit of a constant -is that constant* ' 



Consider the statement 



, - . lim c = c * ... 

Note that the interpretations of c on the right and left of this equation 
are slightly different. On the left, c stands for f(x) , where 

f\x — 

and on the right c is the particular vaJ-ue assuiaed hy the function for each 

value of X . With this in mind 'we have ' . 

* ■ 

THEOREM 3*^a . For a constant function "f :x— , 

lim f (x)' ^ 'C . 
* ; . ■ x-a 

Prpof . We have' 

|f(:x) - c| = jc - ct'= 0 < c , 

.J^ : - ■ 

for every positive g and every .choice of 5 . (The constant functio£ is a 

.^trivial case, of course, hut we include it for completeness*) - . - 

- r ^ . ' . - " • 

THEOREM 3--^'b « If lim fCx) = L , _then for any constant c y . 

' \ . x-a 

" ' \ ^ ' ' ^ ' ' ^ 

\ lim c f (x) = c lim f (x) = cL . . ^ 

• \^ x^a ^ ^ X x-a , ' • . 

- ... 

Proof . We may assume c ^ 0 , for if - c'= O , the problem is reduced to 
. t- ". • ' ^ " ■ " . ^ ■ 

that of T^prem' 3-i<-a. Given any g > O , we wish to make 

\ ' \ . • ■ ' ■'■ • , ■ • . • ■ . 

- • |c f(x) 1 cL| < € 

"by restrictiijg x to a deleted neighborhood ^ . ' 



From "fche hypothesis ve^knov that for any e jje can find a B so, that if. ^- 
then . ■ ''^ 



0 < [x - a| < 5*', , • - 



and- ; ' . . ' - ^ ^ 

. * 



c fCx) ..cL[ = |cl , -if(x) L| < 



C G 



Accordingly, ve choose g = -j — p , obtain the appropriate value- 6 for tfiis 
€ , and set 6 = 6.. 

Zn the following theox:ems ve require that in some deleted 
neighborhood of a the domains of the functions entering the 
- comlbination aJJ. coincide. This requirement eliminates nonsensi- 
cal combinations such as f (x) + g(x) when f (x) is- defined 
only for x > a and g(x) is defined only for x < a * The 
likelihood of ever making such a mistake is extremely ; small and 
therefore we do not mention this restriction on' the functions 
.explicitly in the statements or proofs of the theorems. 

THEOREM 3z}iS* ^(x) = ^ = M then 

■ [ . x-a . x-a ^ . , 

, • ' lim [f (x) + g(x)] = L -h M . 

x^ 

Proof * We must show 'that for any given e > 0/ there is some 5 .such 
that " ^ - 

|fCx) + §Cx) - (L + M) I < e * ; 

for all X in the common domain "of *f and g satlsfj/^ing ^ - 

0 < [x - -a[ <. & . 

Prom the hypothe^^s we know that for any positive and ' e ^ no matter how 

small, we can find 5^ and 6^ sucli that ' . ■.• 

|f(x) --L] < -when O < |x - a| < 6^ , 

• \e(x) - m| <.eo ■wfaen 0. < [x - aj < 5^ . ^' . 



But 



f(x) + g(x) - (L + M)| = lf(x) - L + g(x) - M| ' 

< [f(x) - Itl + |g(x) - M| . 



So 



1^ 



- - 



To keep within the tolerance e ^we can choose and e^, t'o -be amy posi- 

tive quantities vhose sum 'is ' € ' For convenience^ we fix 



^1 = ^2 = 2 • 



TakiD^^he approprla-te values 5^^ , Sg -for these values , ^2. ' ^ 

Por this choice of 6 , whenever 



then 



y O < |x - a] < 5 , . 

% ■ 

lf(x) + g(x) - (L + M)| .<! + I < e 



Since a lineajr combination can be built up by successive operations of 
addition of* two functions and multiplication by a constant, we obtain 



Corollary , The limit of d linear combination of functions is the same 
linear combination • of the limits of the functions; i.e. if 

lim f^(x) = ^ 1 = 1 , 2 , ... , n 



X'-a 



then 



lim [c^f^(x) + CgfgCx) +, ... +■ c^f^(x)] = c^ lim f^(x) + c^ lim fgCx) 



x-a 



X"*a 



+ ■...,+ c^ lim f^(x) = c^nj_ + CgLg + ... +.c^L^ • 



x~a 



The proof is left as an exercise, ' . " 

. For general rational combinations ve have the further operations of 
multiplication and division. ' ' 



Example "S-hb , 



lim -: 2x^ = limi - (lim 2) (lii/ x^) (lim Vx) 

x-4 x~4 x-k x-h x-Jf 

- 2(lim x)(lim x)(lim Vx) 
x-J*- x-4 x~4 ■ 



lim X 
x~k 



1 
IT 



- 2 . -k- . !<- . 2 = - 63 ^ . 
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For p(x) = — ^ 2x Vx let us see in detail how ^ caxi "be, built up in 



silI^>le steps* ¥e set 



7' 

fgC^c) = 3cf^(x) , . (nniltipllcation) 



f^Oac) = xTgCx). , : .(mu^plication) ■* 



/ f^^ix) = -2^2 (x) , - • ' '. (multiplication) 

g (x) ' - 
f^Cx) = g^^^j , (division) 



•where. . ^ • g^Cx) =1 . - . 

and .e2(x) = x 

and ±h:^r^, • 0<x) = f|,(x) + f_(x) (addition) 

I't is, of coxirsej tedious and tumecessary to decompose any rational conibina- 
• tion into its elementary building blocks, but it is in5>ortant to realize that 
it can be done and to know how to do it. (For exan^ple, it would be necessary 
to do so in writing computer programs.) In the process w^ have seen that to 
prove the general theorem concerning limits of rational combinations we now 
need to prove only - the two special theorems for the limits of the product and 
quotient of two functions. 

THEOBEti 3-^<i > 3jf lim f (x) = L and lim g(x) = M , then 



\ lim [f(x) . g(x)] = IM 



x-a 



. ^oof > We_ vish to estimate the ^difTerehce ' r<x)gC3c) - IM , .using the 
knowledge of the differences f(x) - L 'and g{x) - M given in the hypothe- . 
sis. ITow ... * - 

f(x)g(x) - IM =^f(x) - L^(x) + L^g(x) - 



er|c ^ - • 



(1) , |f(x)g(x) - LM[ < |f(x) - L| . |g(x) - MI> |m| . |f(x)'- L| + |L| . jg(x) - m| . 

-From the hypo-thesis, we know -that Tor any positive numbers € aad" , there 

A are cpriresponding cohtrols and such :that . . . 

: 0 ■ . ■ . ■ ■ • ■ ^ ■ ■ 

■ ■ . - L| < €^ for 0 < [x - al < 5^ , . V - . 

lg(x) - Mr<C2 for 0 < \^ --8.\^ h^ . J 

Thus if we choose 6 = min{5^,52) , it "wili follow from (l) that when 
O <' I X '-■ a| < 6 ' then / ' . 

(2) |f(x)g(x) - LM| < e^e^ + |m|€^ + Il|€2 . 

In order to keep from exceedi&g ;ibhe tolerance - € we shall choose ■ e 
and so that 



1 



t ■ „ 

•this will then determine our choice of 6^ and 6^ , and in turn that of .5 , 
For convenience, we require that = = v and that v < 1 . Then ' 

(3) e^e^ + |m|€^ + iLle^ < v(l + | Lj + |m| ) . . 

We are now ready' -tp^ choose v aqd verify (3). Let 

\ V = minjl, ^ ^ jj.^ j^^ l . 

Choose the co^e spending 5^ and 6^ and let 5. = minC^^^g) . ' Then it 
follows from 0?) and (V) vhen 0 < |x - a) < 6 that _ V 

If(x)g(xr) - LM| <,v(1 + 1l| + |Mj) < € 

as desir.ed., ■/ . . • 

- ■ ' - r: 

Since a polynomial p(x) is a\linear combination of powers^ and powers 

* ^ » • • .. • 

are themselves products, ^ ' 



\ 



•V . -".x = X > X ..^x ■.;»<k factors, k >'l)' y 



we can est^al^lish the following corollary. * / . ^ 

• ■ . ' ; . . ' . ;.. / ■ ' ' 

Co^llary , For any polynomial ruaction, . p , - ' . ;^ . 

■ lim.p(x) = p(a) . ^ \- . , - / ' 

- " ' x*^ ■ ^ " ' ' 

The proof* of this corollary is left as an exercise (Exercises J-i- 4'^ No. 2). 

930 prove the limit theorem for a quotient ^[^] . r ^"^ .is^aly 'necessary 'tc^ 
prove the limit theorem for a: irecipr^al ' -^^^ .-^ ^e rule fc^^gener&l 
.,tients then follows from / *' ' . - 



/ ■f<x) xr- 1 ^ 



4 



gtxj ^gCx)-" 
First we prove a useful preliminstry result, 

lemaa If lim g(x) = M and M > 0 , then there exists, a neighhor^ 

. hood of a where 'g(x) >0 for x in the domain of' g . 

'^rooT. Since g has. the limit M at a , there is a 5- neighborhood 
'•-.of a wherein g(x) is closer to M ,than * to sero : 



In this neighborhood, - 



. *. If^the function has a jiegative Ximit' at x = a then, upon applying ' 

Lemma 3-4 to the ftmction -0 , we see at once that . 0(x) is negati-g^ in some 
deleted neighborhood of a . As fi^3ib»«^^nsequences of 'Lemma 3-4 we have 
. ^the f ollowd ng two corollaries. ^ ^ 

^ " ■ \ Corollary 1. If lim g(x) = M ^d Vi 4 O ^ then-there exists a neigh- 

\ \ ^ . x-a .< , ' 

borhood of a where > [g(x) [ > j^j - for x in the domain of g. / 

^^^^^^^ • . 

Corollary A limit of a function -v^o^ values are ^^nnegative is ^on-^ 

negative. ^- . - ' " . * 
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Bie proof s of these corollaries are' left as exerOiisea. 




TF^feEM V^e .- ' If lim ,g(x) M jaind . >f / 0 ^ 



■ lim 




en 



g(x)'^ M • 



(Exercises 3*-^, Kb* 3) 



Proof • We • have 



(2) 





9^ 


1 ;ii 


M - g(x) 







• 'r 



!x7 



, ^ . . ,, • leC: 

provided ■ g(x) ^ 0 . However, from Corollary 1 to Lemma 3*4 there is a 
■ 6-neighborhood of a vherein |g(x)l > 2 * Furthermore, for aiiy € the 
neighborhood caji he taken so small that also' 

• - — ■ ■ - ^ ' ' ^ - •* ■ ■ ^ 

^ Ig(x) - M| < e . /. 



From (2), "therefore y we have 



1 1 

&^ ~ M 



- -Ig(x) - Ml 

- ImJ . |g(x) 



< € 



vhere in the last line. -we have taken 



€ = 



2 - 



To coniplet^e the proof ve choose the value of 5 appropriate to this e 



Corollary 1. If lim f(x) = L and lim g(x) = M 'twere ^kj ,0 , then 



x**a 



x-a ' 
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• ,. 'Corollary 2. If p. /and. q are polynomials, and if q(a) ?f o , then 

■• ■ * ^ iim.|f4 = 44 • ■■ V;.;. • • 



In connection- vitii these corollaries, we-observe that if lim g(x) = 0 , 
■ • . • • ■ ' ■•■■> x~a 

the quotient. ^may ■ still h'aye a iimi-b. Under these conditions, 

lim f (x) ='-0 is- a necessary -■but not sufficient condition for existence of - 



x~a 



ifxl '- primary, example is the derivative ' of a function Expressed as 



the:limit-Of "a- ratio for vhich the numerator and denominator both, approach ^ 
■-■zero. It: is not .possible \tb make any general statement about the existence 
; of .the" lljnit for 'such h^ses;- it .'is .possible that lim f Cx> *= ,0. and yet that 

'the limit of the quotient does 'not exist <for example, lim ). (See 

, ' - x~0 X 

Exercises 3-1;, Nos. l4 and I5.) . 

In estimating lim f (x) ■-. -ire can- often' bound,' f^ below and above by ^Pimc, 
tions g and h .which have limits as x approaches a ./^ In that caseS^" ^ 
expect that the limit of f as bounded below and abo^e by the limits of g ' 
and h ^. -This result is a direct consequence of - the ' following theorem. 

' - . ■ - " 

THEOREM 3^4r> IT fCx) <-g(x) in some deleted neighl^orhaod of a ^ and- ' ' 

lim rCx) =1, and lim g(x) = M , -then L < M , « . " • 

.:5c-a x-a ^ . " 

;^2£* Since ^g(x) - rU) is- norin;i?gative "i-t follows ^ -that . , 

. " - '^lim [g(x) r(x)l = M ^ L >-0 
- ^ . - X— a ■ . ; 

. (Theorem S^hc and Corollary 2 to Lemma 3-4;) 

" ■ . ' . ■ ** 

Corollary 1. [Sandvich Theorem.]' If 



-in, some deleted neighborhood o 




lim h(x)^ = K and ' lim g^x)'= M , 



er|c ' \' ®^ 




< 



3-1^ 



' " -then,. 11" lim fCse) ' exists. 



K < lim f (x) ^ M . 
X'-a 



CorollaLry( ^'^^[ Squeeze^ Theorem,] If h(x) < f (x) < f(xj . in some 



'dfele€p^ neighborhood of a and .if 



tfien 



lim h(x)'= lim*g(x)^= M / 
x-a x-a ^. / 

*' ' 

,. x-a '"^^ < 
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\ Exercise s 3-J+ - 

ve the corollary to Theorem 3-iic • . 4 ' ' 

A 2 . "Prove the corollary to Theorem 3- 1+d . - 

3* . Prove the corollaries to Lemma 3-^*., * ■ 

Prove tke corollaries to Theorem 3-l*e. 

5« Eind the following limits, giving .at' each step the theorem on limits 
which justifies it. t ^ 

-1 • ^ . ^ ' . 



where a and 




-'are constants. 




" 3 '"2 2 3 

(d) lim (x^ + ax + a x + .a*^) , where * a - is" constant/ 



x-*a 



Find the . following li m its^^iving at eac6 step 'the theorem which Juiitif ies 

it. ■ . ^. V - ■ • ■ _ 



^ (a) lim 



x3 . 1 



xwl X - 1 



(b) lim ^ ? 



7. Find lim 
x-1 



8. 



^ _ -j^ ^ for n a positive integer. Verify fir$t tljgt, . 



X - 1 




X + 1 J 



(x ^ i) 



le whether the following limits exist and, if they do exist, find 
their vaXues . - ^ , ' * . ' 

^ X'-l ^ 



lim-(x - a ) ; n is a positive ^integer, -a is constant. 



X— a 



(c) ^ lim 
. X- -1 



^2 + X + 1 



Ml * 
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(d) lim 

(e) lim 
x-1 



• X + ■'I 

Ox -> 2)C>^ - 1) 
2 

X + X - 2 

i - • 

1 - X . 
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9. Using the algebra of limits show that lim ^(x) " ^(q) ^ ^ if .and only 
if lim ^(^) - ^-Ca)- L(x L a) J 

lO. Assume lim pin^x = 0 and lim dos x = 1 . Find- each of the following 
x-0 * . , xj^oJ. ^ 

limits, if the limit exists, gi\ring at each step the theorem on limits 
which Justifies it* 

• (a) lim sln^x ^ (d) lim ^^^-^ 

(b) lim Tan X . . (e)' Ilm ^ " 

.x~0 • > . x~0 sin X ~ 

(c) • lim>in 2x -^--^ ' . (f) Hm co£2x 

x*0, , ' ^ - x~0 ^.^ sin X ' 

All^ (a) Prove Corollary 1 to Theorem 

^' ■ . ' " - ■ . ' 

. ("b) Prove Corollary 2 to Theorem 3-^f. 

(Hi^t: Prove lim fCx) exists.) > . 



m m 

a2. For vhAt integral valxies of m and n does lim -^^ — exist? 

* _ ■ X — a X H- ^a 

Find the limit for these cases. ^ 

13^ Prove that if lim f(x) =? 0 and g(x) is hounded in^a tieighborhood of 



x-a 



X = a , then lim f(x) .g(x)v,=r 0 . 



x— a 



l^,-^ (a)' Verify tha.t if lim'^lgi exists arid if. lam g(x) = 0 , then 
. ^ x-a ^ ^ V . x-a 

. . ^ - lim* f(x) = 0 . . ■ ' 



x-^a 



(b) Describe, ^fonctions f and g 'for which lim f (x) * = 0 and 

' . . . . X'^a 

lim g(x) = 0 yet the limit of their quotient does .not exist. 



x-a 



•Al5* Prove that if lim g(x) - 0 and lim f(x) does not exist, ^ then the 
* • 'x-*a Xma ' ' ^ 

• ffxV 

- limit of -the quotient J} ( ' does, not exist. 

Six J . - . . 
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♦ , 

16. The right-hand limit at a point Pfp^^Cp)) of a f^incti,on is the limi't 

. ^ of the function at the point P for a right-hand domain (p , p + 5) ."• • 

■ Similarly, for the left-hand^ limit, the domain is restricted . to . 

(p -.5,p) . We denote the^^ymhSlically, hy lim-.f(x) and lim ' f (x) , 

' . . . . x-p"^ , x~p" 

respectively. In particular, ' 'lim [x] = 2 , lim [xj = 1 . Determine 
"t - x-2"^ ' x~2- - 

the indicated limits, if they exist, of the following: ' - 

(a) lim -^^^ . • : . 

x~2-^ x^ - 4 

cb) lim - ^ . ^ ■ ■ . : . • 

• - x-2- X - 1+ . • 
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(c) ' lim (x - 2 + [2 - x] - [x]) . 

(d) .lim (x - 2 + [2 - x] - [xj) . 

x-3~ 



h > 0 



(g) lim ^ 



•/it + vGc - 2 
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3-5- The Idea of Con-binuity. 



The idea of ''con'tinuity ia intuitive: most of the functions which we 
studied in Chapter 2 had>unbroken graphs^ and these are appropriately called 
- continuous, ^It is ifitultive that a moving object traces a continuous path: 
the object cannot disappear at one place and reappear instantaneously at 
another. If we describe the path by s = ^^(t) then the fxxnction ^ is 
necessarily continuous. 

We , have also seen graphs with breaks or g'aps^ s.g,^ Pigiires 3-2b and 
3^2c^ Such graphs may be the appropriate wa;y to represent certain kinds of 
physical situations. For .instance, light moves through the air at a velocity, 
of approximately 1,00 c y throiJi^h water at a velocity of approximately 
0,75 c ^ where c is the velocity of light in a vacuum. ^If we use a function 
s -« — ^v to. describe the velocity at a distance a along a beam of light that 
penetrates a still 'body of water, then the function is discontinuous at the 
water surface. ^ ^ 

The graphs of Section 3^2 show some ways in which a fijinction can fad.1 to 
be continuous^ and they guide us to an infurmal definition qf continuity. .The 
function f.^ of Figure 3-^b is merely undefined at ^ x = 0 , and consequently 
its graph has a break there. The,, function f^ "^as a value f^Cp) ^ t^ut the 
point ^O^f^CO)^ does not. fill the gap in the graph: f has the limit L = 1 
as X approaches 0 , so that the values of f- near x =^ O are successively 
better approximations to L ; but ^2?^^ ^^"^ approximated by these func- ^ 

tional values. For f^ ^ "^^^ other hand, the function is- (Jefined at x = 0 
and the values of -^^^^^ approximate p^(^0) as x approaches/ .0 • 

Previously, while investigating the limit of a function as x 

approximates a we paid no attention to the value of f at * a , or even to 

^'the question "v^ether f was djsfined at a , As abstract concepts, the, value 

•of f . at a and the limit of f for x approximating a are unrelated. 

However, we need' the concept of a continuous function; if lim f(x) = L 

' . ' x~a. 

then ^he graph of f wi 11^ have no gaps if L = f(a) . 



^ We first met discontinuous functions in our differentiation procedure of 

2 

Chapter 2. To find the derivative of f : x — x , we need to find the 
limit as x approximates a of the ratio 



^ \ x-a x-a / , X 

rfx; = ; = (x + a; 

x-a x-a 



er|c - >s^ 9C 



^ere is a gap in the domain of r : the formula for r is meaningless at 
X = a . To define the derivative we- fill the gap. We observe that 
r(x) = X + a vhen x a and that the value of , x + a lAien x ^ a" is the 
limit for . r^oc)- . We use the limit to fill the gap in the values of r / and 
thus we replace the discontinuous function r by a continuous f vmction p , • 
,where , 



0> 



p(x) = 



r(x) ' , X / a 
lim r(x) i X = a . 



x-a 



The function g^ of Figure 3-2c illustrates the fact that it is not ^ 
always possible to redefine a function so as to make it continuous^* at a point 
even i^en the point is contained in an interval, of the domain of the function. 
To fill the gap in the domain of g^^ we would' have to cliopse a value foi: 
g^(a) yhlph is a limit at a for the function on "both 'the^ restricted domains 
one consisting of all x for which x > a and "the other of all x " for which 
^ < a . However, the two restrictions of. the domain lead to different limits 
so that -nq single number is approximated as x approaches a - We are at 
liberty to- redefine g(a) as any real number we' wish; but since g falls to 
have a limit for x approaching a , the values of g cannot serve as 
adequate approximations to g(a) for all x in a deleted neighborhood of a, 
and"* therefore cannot go ov^r continuously into the value g(a) . 

From the study of these examples, we can abstract an informal definition 
of the concept: continuity of the function f * at x = a. Ta ensure that the 
functional ^^^s have no break, f must satisfy three conditions;^ 

Cl) f (a) exists ; " . , 

(2) lim f(x) exists; - 

x*^a .' • , ' 

(3) i^(a) = lim f(x) . ^ 

x-a ' * 

Continuity will fail at x = a^' if f ^ is .undefined (e.g. ^ f^ of Figure 3- 2b 

at X = p), if the limit fails to exist (e.g., g^- of Figure 3- 2c at x = a), 

or if functional value and limit both exist, but are not the^ same (e.g., f 

of Figure 3-:&b at .0). If the ^ limit of f exists but the fimctiohal value' 

is undefined, then a new function so defined as to agree with f ' at points 

other than x = a and to have the value lim f (x) ' at x = a will be con- 

x*-a ^ 



If condition (3) bolds thejjppcnditions (l) and (2)-'-are implied. We, 
shall therefore adopt (3) as the basic definition of continuity. 
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• <>■ 

timers at X = a >^glri ^'f placed ^3>- ' K ""^t of 

ft.) as X approa^.e. ^/"^"^^ « ^^.^^^ ^ ^'""'^^ 

r in- a deleted ^i^^^. . ^ W ^'^^ ^ S?-^:- 

of Figure 3-2c sLt ' ' • ' 

-Berore establishing iL'^'^^er^i^^l '^tnuou^ ^-^^^^-ns, ve supplement 

^- " - • '^^"^ ^ ^^r. this purpose we 

the preceding discussion ^ anal/ ^Uiiti^ i' ^ 

* -1 :i l">^^) spsilonic terms hy using 

express the Relevant <ini i*- J in . 

the Definition 3-2. .. 

^ : - fUxicit-! ' -^^ conl--i 

PEFmiTIOH 3-5. Th^ V f ^ to T'"' °°"^^'>"°« ■ 

, ^TT^ T .f i-C^^ <Tn "^''^ed n^*^''''-^-^ or . 

a ■ contains other P^f " °^ -the d^*^ ' ^4, fo^ ' ^ ° ' ■ ' ' 

there exists a' 5 ' ' . t^ha"^ 

■ ' • ■ ■ :• ; • )'■ - . 

- • ror'-eve^' '.,,^, tri- ''"^ f ^^^^e^'^ ^-^^e^ 

- ■ . 1 ^ ' 

■'• We verify t>,at V^fi^'^'' i^' ^TJ^^^^ '"'^^^ three.part 

definition. The ^ive ^ , ^e<fd<, " ^l=t, ^ ^''^ 

don^nof f. If V. to^Sj "^^^ - X " ^ol.that, 

•f. -al ,< 6 , ve surely " eX> >H tha* ° < l=c - a|. < 5 , « 

th« .li. f(x) exii.s. f a*'^' apP--=^= ine^ality 

acpears in the ineguiL"^ ' ^ ll of f "'^■f i-d**"" ^ ■ 

Xl^ f (x) = f (a) . All '^^^al=>'* tl^ee'S^ 4.finition axe 

" ' ■ "^nv ^ ^:^f .j- "the formal (definition 

iniJlied by. the -fonuaJ-'on^ Vsel/^'^ d^^.^^ed a* ^ deixnixion 

by- replacing -ne tea:Tiis o> ^^e-P^ thf- . ^lO'^ . 

expressions; theref..e, T^H^y ^^"^.r^ def. nation in^lies that 

of the formal one. Vtio"^ ' " % aont^'^^'^^ - ^=^-» " a ' 

point interior to an ipt^ it-S r ^ equx^ 

A geometrical ±.titery ^ ^ ^ -^^^ 3-5 

ponding to any positive <^ o-S i>/ ^ - 

• v.>v. . ^ ' .'^ ^ =^^terval of width- ^ 

midpoin1> a such tlgtat X ' ^erm - > 

2e ^th f(a) as rai^o>^ ' ^ ^tfte^ ^ox ea^^^^ '^"^ is possible to 



3-5 

confine the graph ot y ^ f(x) to the strip f(a) - < y < f (a) + c by 
restricting, the domain of f to tl;ie intesrval I (Figure 3-5). 




Figiire 3-5 - ' 

Hot e, that to find a limit as x approaches a ve exajnine deleted 
neighborhoods of the point , but to check ■ continuity at a ve include the 
point itself and examine an entire neighborhood, without deletion. It is 
.because of this distinction that the inequality 

O < [x - a| < 5 V ' • 

^of Definition 3-2 may be replaced by the inequality ^' 

I X - a[ < 6 

Gf Definition 3-5; moreover, the value f(a) at- x = a now pldys the role of 
the limit L . ' . 

If the condition of the definition is met,- then a is a point of cp^ - 
tinxiity for 'f . A point a where this condition is not met is a point of- 
discpntinuity of f and f is discontinuous there. ' . 
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Note particularly that if f(x) is defined "by a forrmila vS^h has no 

real value vhen "x = a , then f is discontinuous at a . For example^ the 

function ' f given hy f (x) = — i — is discontinuous at a . (It is also 

X — a y J 

true by this definition that the function g 'given hy g(x) = /x - 1 ds 
discontinuous at each point a satisfying |a| < 1 ^ "but points Separated 
- from the domain of f are of no interest here.) 

Example 3-5a * The absolute value function f(x) = |x[ (Figure 3-5), is 
defined by ' 

4 X if V 0 .< x , 

f(x) 

/ -X if X < 0 • 

We ask -whether the function is continuous at "x = O ^ wherov^the tvo intervals 

of definition meet. Given any e > O , can W find - 6 > 6 such that 

if(x) - f(0)| = ||x[ - oj < € for a£Ll x that satisfy the inequality * 

|x - 0| .< 6 ? If X > 0 ^ we vish^ to satisfy |x| < e whenever* 'x < 5 , while 

if X < O we wish to satisfy j-x| < c whenever -x < 6 ; in either case^ 

the ciioice 6 = e clearly is sufficient to hold [xj within the tolerance 

€ > and establish the continuity. ' ^ . 

Exami^le 3-^b . Prom the graph of the integer part function f : x — ^ [)^] 
(Figure A2-ld) we expect to have discontinuity at the integers and continuity 
elsewhere. This is easily verified. If a is not an integer theji. " 
i'(x) = [ aj: \^whenever [ a] < x < [ a] - + 1 • Let 5 be the distance fro^ a >. 
to the closer of the two integers [a] or [a] + 1. . If |x - a| < 6 ^ then 
l[x] « [a] |.= O which is less than any error tolerance 6*> 0 . ^ On the other 
hand, for an integer n we have f (n) - n and f (x) = ^ - 1 ^ for 
n - 3? < X <cn . Consequently, if e' < 1 ^ then no matter what neighborhood' 
of n is taken there are always values of x on the left of / n within the 
neighborhood for which , * , 

^ \ ^ ^ [n]| = 1 > € * ^ 

and the criterion of Definition 3-5 cannot be "satisfied. (Note, however, that 
the function g(x) defined -on the restricted domain h < x < n + 1 by 
g(x) = ix] is continuous at eac^ point of its domain.) 
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' Exercises 3-^ Ci 

1. Use the Tormal definition of continuity to show that each of the 
following functions Is continuous^ at x = 1 . ' 

(a) f : X _ ' ; tb) ^ S : X — ; f / ^ 

X + 1 ■ ♦ - ' 

(See. Exercises 3-3, Nos. and 4g.) 

2- For what value of x is .each of the following functions discontinuous?^ 
Justify your answer- , ' I 

' ■■■ ■ ' . 2. ' ■ ^ 

3, Which of the follovi-ng functions are discontinuous at x = -1 ? Justify 
your answer. ^ ^ v - 

(a)-; f : X — . ] ; ■ . ■ ■ - " . 

x^ + 1' . • . 

5^ ■ ' ' Ch) g : X ^ ■ \/ 

1 - 1 + x^ ^ 



Xc) h : X 



1 . V , 

'.rr?;.- -^^ -n 't 

^-^Discuss the points of disco^atijiuity of f -: x — [xp + 'f-j^j . ^ 

.(See Exercises 3-lj Nq>J 1,7 . -l^^ , '/ 

- "* - *" S 

A 5, Prove "that f -t x x^- ^[xj "^s contsLnuous for^'^ery x which is j 

not an inte'ger and discontinuous for integral values of x 



6, 



For ea<*h of the following fjirfet^rrs define a nev function which agrees-' 
with the §iven one for x jt a and Is continuous. at_ x = a . , — 



(aX 


f : 


X — 


x3. - 1 
X -- 1 




f : 




x3 - 8 




f : 




x° - l" 
X .- 1- «7 


Cd> 


f : 


Xr — ^* 


1 - Vx 


(e) 


f :^ 




Cx - aHvx * 


X ■ 


. x^^ x^2 



= 1 / 



= 2 ' \' V ' • .... 

l/, n. » inte^e-xv^ ^ . , ^ • ^' 



= 1 * - 

r 



ft 
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7. For each of the rollowing functions, if possihle, define a new function 
which agrees^with the given one f-or x 0 and is continuous at x = 0 
If this' is not possible^ state why. 



Ca) f. : xA^ ^ (c) f : X ^ 



X 



(b) f^: x_,-^ ^ (d) f:x-^x- [x] 



4 



8. 



For each of the following functions show that no function which agrees 
with th,e given one for x ^ a can "be so defined as to he continuous at 
X = a . 



< 



(a) . f : x_'^4^ /a = 1 - 



(h) g : X Tirr— . a = -1 

A 9- Fo^ X , let. fCx) = [^] . '^^ . . 

(a)' Sketch the graph of - S over 'the closed ■ intervals [~2 , - ^] and 

(h) Describe the behavior of -fCx) as^oc^^^pproximates 0 by positive 
- values J by negative values. 

-(c) Can you define a function ' which /egrees . with f for x ^ 0 ^ and 
which is continuous at x = 0 

10. If- f is an increasing funcl^^on^^ihose domain is the set of all real 
ntmbers, and if f is not continuous at a / what can you say of 

li^ - f(a) j ? 

' ^ x-ra 



N 



11. -For evei^ real x , let denote the number of distinct real 

y s^iiare roots of x , i*^,^r.y<the number of distinct real solutions of 

y^ = X • Where does N^^'^^^eV^ limit? What is tti^ limit? Where is 

continuous? L^t P(x) = (NCx) - 1)^ . Where does P have a limit? 

> 

What is the limit? Where is E continuous? How does P differ from 

^ ' X 

the,functron _f : x — ^ 1 ? from the function g : x — — — ? 
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12. Each of the fimctions T , Q ^ and h is derined for all real x . 
Which pr the f^inctions Is not continuous at 0 ? 

/ - - ■ 

- ' ' ■ fCx) = 

13- Give an exanrple of a funct 
absolnate valoi^ is continuo 

Al^- (a) Show tha't the f^inction f of No. 12 is periodic and determine 
- all possible periods* 

(h)— Show tha.'t every noriconstant periodic function which i-s continuous, 
at leas-t at one point, has a fundamental (smallest) period - 

- ^ - • \ . 

^ > X rational; x = ^ (p , q are relatively prine) 



0 , 


X 


rational 




1 > 


X 


irrational 




0 , 


X 


rational 


> 




X 


irrational 




1 , 


X 


rational 






X 


irrational 




I which 


is not continuous 


at 


0 . 







!^ > X rational; x • 
0 , X irrational , 



show that f is continuous for all irrational x , and discontinuous 
'for all ration^ x . 



* J 



r 
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3-6, Properties ^ of Functions Continuous at a Point. . 

(i) Rational combinations or continuous^ ' functions . We have proved 'that 
the elementary rational operations slt^ preserved "by the limit process: that 
is, that the limit oT a sum is the sum of the limits of its terms; that the 
limit of a product is the product of the limits of its factors; and that the 
limit of a quotient- is the quotient of the limits of its numerator and its 
denominator^ provided that the limit of the denominator is not zero, TEt is 
immediate that if two functions are continuous at x = a then so are their 
sum^ product^ and quotient if no division "by zero is involved. 

In the following theorems, as for the corresponding theorems on limits ^ 
ve presuppose that the domains of the functions appearing in a combination 
coincide in some neighborhood ol a*. 

^- -THEORENti3^6a . If the functions f - and g are continuous at x = a , 
then so is the function h defined by h(x) = f (x) + g(x) . That 
is, the sum of two functions continuous at a poini: is also continu- 
ous there. 

Proof , From Theorem 3-kc on the limit of a sum and from the definition 
of continuous functions we have 



lim h(x) = lim ff (x) ^ g(x)J 
x-a x-a \ ^ / ' 



= lim f (x) + lim gCx) 
x-a x-a ^ 

^ = f(a) + g(a) • ^ 

^ . = h(a) . 

In precisely the same way^ we obtain the following theorems. 
; 

THEOREM 3~6b . If the functions f and g are continuous at 

then so is the function h defined by h(x) = f (x) T^(x) . That 
is^ the produet^of^two functions continuous at x = a is aJlso con- 
tinuous there • 
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THEOREM 3-.6c , If the fiunc^ions r . and g are continuous at x = a ^ 
and if g(a) /^O then theSfunction h , defined for g(x) / 0 
by h(x) = ^1^1 , iG continuous aj. x = a . In other ^vords^ the • 
quotient of , continuous ^unctions "ic continuous if no division by 
zero is "involved- 

From these results it can be proved that (any rational combination of 
continuous functions is continuous at points where the denominator does not 
vanish. In particular^ since constant functions are continuous (Theorem 3-i4.a), 
it can be proved that any ]---^or combination of continuous functions is con- 
tinuous * We have already :hat every polynomial is continuous 
^(Corollary tcS Theorem ^^^^^e^ every rational function is continuous 
except vhen the denominator is z^J^o* 



E^^rcises 3 '6a 



1 



' * 2 ^ 

1, Prove that f : x ^ is continuous at x - a where a is any 

real nizmber. 

2* (a) r^^ove Theorem 3-6"b^*^sin£ the limix xneorems as' in the proof of 
T^ieorem 3 "Oa . 

(b) Prove Tneorem 3^6c in 'i^rie 3i.:r.e vc.^. . 

3- Prove Theorems 3-S*b and 3*c- ^i'-^ec^ly frc::. I:e: lni-:^ion 3-5. 

A^^, (a) If the function f is cc. -inuous at x = a ^nd the fxinction g 
. is not continuous at x ^ ^ ^ show that- f ^ g is not continuous 
at X = a . ^ ^ 

(b,) -Can f + g be continuous at x = a' if neither f nor g is 

. continuous at x^ ^ a ? Illustrate your ansver by giving an example, 

(c) ' Repeat the above using f • g for f + g • 



5. Determine where the .function f , : x ^[x] + V^x - 50" is continuous. 
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(ii) Continuity and dlf Cerent lability . The runctions which concern us 
in the calculus are usually continuous, but ve shall generally not have to 
prove continuity as jan independent fact. If a function is differentiable at 
a ^^^int, it is also continuous at the same point. ^ | 

THEOREM 3-6d. If the function f has a derivative m at x = a , then 
f is continuous at x = a . 

Proof . We are given that 

11m ^(x) - f(a) ^ . 

lim = . 

X - a 

x^a 

Purthermor e , 

lim (x - .a) = 0 . 
x~a 

Using Theorem S^^d^ we obtain • ' ^ 

i ' llnx (tU) - f(a)) = lim ^^^^ ' ^^^> . (x - a)] 

x~a \ / x-a L ^ a J 

x-a ^-^^^ (x-a)] — 

Lx-a " J x-a 

• ^ = Tn - . d 

Final_'ly, from this result and Theorem 3-4cj we have 



lim (f(x) - f(a)J= lim f(x) - lim f(a) = 0 
x-^a \ 7 x-a x-a 



x-a x-a 

or ^ ^ lim f (x) = f (a) 

x-a 

Therefore, f(x) is continuous at a . 

c 



We 



have already proved (Example 3-3^*) -that Vx has a derivative at a , 



for a > 0 • -As a consequence, we have 

Coroll.ary , The function f : x'— ^ t/x is continuous at x = a , for 
a > 0 • ^ . . ~ 



... . '-'i.r 
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: 'ThaM^lat ion' between differentiability -and eontlntiiv^y* is^a one-way- 
affair: a .fmction may be^ continuous -at a points without^ feglng diff erentiabie 
.there. ' ■ '\ • * ' \ • . ' 

. ^ ■ - . - - " " . , Sfe ' ^ 

It is easy" to 'supply an example. . . ' ■ 

ExSjgple 3-6a , In Exaniple 3-5a- we demonstrated tjxatr f:./: x | x| is , 

continuous when x = O . Does Jit have a derivative at x = 0 ? ' If we examine 
the graph (Figure A2-lc), it seems most lonlikely^ because such a -derivative 
woTzld assign a slope to the grapfa of -f at the origin. The graph consists 
of two straight lines having the slopes -1 to the left and +1 to the right 
of tiie pointy and it appears meaningless to talk of the direction of 'this graph 
at the point. The proof "that [xj does not have a derivative at x-=.0 is 
left to you -as an exercise (Exercises *3-6b. No* !)• 

\ . \ 

,(i'ii) Composition of functions .- The formation of , rational combinations 

■< • " 

is one of the principal., methods for the con^'tmction of more complicated , 

mathematical functions from -singjler -ones,- and ve have proved that in general • • 

the existence of a limit and the-^property of continuity are preserved by 

rational combination* In the same spirit we now examine whether the^ existence 

*of^a limit and continiiity are preserved by composition* 

C 

Exaniple 3- 6b . Let f (x) = (l + x)"^/^ , ^x) = -i , and h(x) = cos x . 
We have many possible compositions of f , g ^ and h , such, as 

(3) gs(x) =^ ^ . 

(-) ' 

' ^x' ' . 

" - . In con5>osing functions, we must pay careful attention to their domains* 

Thus,, in (l) of Example 3-6b, altho-ugh x = -1 is perfectly satisfactory^ for 

the evaluation of 'f(x) ,^it is- not permissible for the evaluation of gf(x), 

since* f(-l) = 0 is not in the domain o f / g . In a more cot^lex 'con^^osition 

such as (2), the difficulty may be somewl^t disguised. Here we cannot choose 

any point x for which -1 < cos x < 0 / ' for example, ^ < x < or 

jr < x < . For if x lies in such , an interval then — i — < -1 , but 
2 . cos X ' 

the domain of f is restricted to numbers not less 'than -1 . ■ Even such an 
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^ elemen-bary coTi5)Osi-bion as (3) may have hidden daggers: we are -temp-bed to say 
-tha-t ^ sg(x) = X , but strictly speaking the corr5x>sition has the value x only 
foTr x y 0 , because- g(0) is imdefiied and, therefore^ ggCO) is meaning- 
less, ' ■ - . ' \ 

We shall consider fimctions which can be built up by successive con^iosi- 
tion. -For such functions;, we shall obtain a general theorem (under certain 
restrictiJbns to be 'stated); namely;, that any function constructed by succes- 
- vi-re. compositions of continuous functions is itself continuous. It is suffi- 
cient to prove 'the theorem for a single composition. 



THEOREM 3-6e. Let g be a function continuous at a wflose range is contained 
in the domain of f . If f . is continuous at g(a) , then 'the com- 
posite f-unction -oc — ^ fg(x) is continuous at a . . 

Proof. For any tolerance > 0 , ve can choose a control ^ a > 0^ sucla 

that 

" ' ^ if(u) - fg(a)l < € * ' 

for . • • - 

' lu '- g(a):l < a , 

-< ' * . ' - 

since f is continuous at g(a) . In particular, for u = gCx) , if-' follovs v 

^'^^V - - ' ' - ' ' - ■ 

^ J ■ • " 

(1) ; ' ■ Ifg(x) - fgCa)l < € 

- - • ' '■ • ' "^ ■ ' . 

■whien^iver ' - 

- . • - * I 

(2) . . ^ \- lg(x) - g(a)l < a . 

We now regard a as a prescribed tolerance for the* approximation of g(a) by 
g(x) and because g^^is continuous at a ^ we can choose a control - 5 * such 
that (2) holds ViE^i: all* x in the .domain of -g -^satisfying 

[x - ai < 6 . 

Since (l) holds for these values of. x the composite function is continubiis 
at a , • ' ' : - 
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Exaagle 3-^. Givei' f (u) = ^i. , under the vali-d_.assu^rfei4n-,-that ■. i ' 
g(x) = sin X is continuous for all x"', we vant to find' all /iSe ^discontin- 
ulties of fg (the cosecant functipnr). We may -eliininate. from consideration 
all pbints ^ere Theorem 3-6e is valid; that is, all points x. -where g ±s' 
continuous and for lAich f is continuous at gCx) . .The function • 
iii5>oses no restriction on the domain of the composite function since it is- 
continuous for all x The function f ' is continuous except irtien -u = 0- /' ■ 
here is'undefined and consequently dascontinuou's . TheWalues i^'' for^^ - ° 

^Mclx g(x) = O vill be points of discontinuity' for- fg because the c6n^^ 
tion is undefined there. We concluc^e; that the cosecant function is Ai^cpntin- 
uous for X = O , ± , ± 2rt , etc.— in brief , whenever x is^ an l^iegrkl ' 
multiple of « . ^ 

; ■ (iv) Continuity ^of the inverse functfon . Prom, the geometrtcM" relaiion ' • 
between the graph of a function and its invl^se it may seem evidenfc^hat con- 
tinuity at a point of th^ .domain of the function implies continuity at the '/" , 
correspondiiig point of the graph of "its inverse; that is, if f As-' continudiTs 
•at -a then its inverse g is continuous ' at^ !, = f (a) . This statement 'is. V. 
not quite true* but the result can be assured by requiring an ex^ra.^ condition.- 



Our geome-trical in-fcuition corresponds more closely to the concepjb of 
continuity on an interval (Section 3-7) rather than continuity at a point. It' 
continuity at all points at an interval is violated, curious behavior is pos- 
sit>le« For exan^Jle, the function £ given By • 

, for X > 0 and x rational 



i:; 



_ for X < O 'and x irrational, 

is continuous ^d one-to-one. Nevertheless, its inverse is continuous nowhere 
but at O = f(0) . 

THEOHEM 3-6f. Let f be an increasing (or decreasing) function and lef ' 
, g be its inverse. If f is continuous at a then g is continuous 
at b = f{a) , 

Since f is increasing the existence of the inverse g is jiot * 
at issue (see" A2--4). To prove, continuity of g at b we need to establish 
-two things: (1) evei^yr deleted neighborhood of b contains. points of the . 
^domain of g ; (2) given any e-neighborhood of a = g(b) ;/ the function g 
maps all the points of its domain within some &-neighborhood of - b into the 
€-neighborhood of a . • ' ' • 



111 



3-6 



Since t is continucois at a ^ for each neighborhood I' of "b = r(a) 
there i's a neighborhood J of a vherein f ^maps the points of it;'s domain 
into I . Purthennore. any such J contains -points of the domain of f other 
than a , and since the mapping is- one-to-one it follows that I contains 
points of the range of f (vhich is the same gls the domain of g) -other 
than h • . " ^ - ' 

We' now have^-o cases to consider: either there are points of the domain 
of f vithin the e-neighborhood of a on both sides of ec pir on only one 
side^ If there are such points \i , v on both sides of ^-7^ u < a < y , 
let 6 be the distance from b to the closer of th^ points f(u) or f(v); 

' 6 = min(if(u) -.,b| ^, |f(v) - bj} . 

Sincei -the mc^plng g preserves order (or reverses order ^en f "is decreas- 
ing) i-b follows that the part of the domain of g vithin the 5-neighhorhood 
of b is m^ped into the e-neighborhood of a . Thus ve have fc^md a 5 for 
each € and continuity is proved. ' With slight modification the proof, also 
applies to the one-sided case. 
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. ^ Exercises 3 -6b - 

1. ^ Prove that t : x - Jx[. does not have a derivative at ' x = 0 • 

2. ^ Let r : x ^p^^', where n is .a positive integer. 

^ (a) Use the. "binomial theorem to expand (x + h)^ . 

("b) From the resiilt of (a) derive a rormiila for 

. ■ " - h ^ 

. (c)^ From the Result of (b,) deduce that 

^ = lim ^ hi > f(x) ^ ^n-1 

State which limit theorems you are using. " " ■ 

(d) Use Theorem 3-6d to. show that f is continuous at x = a , where 
a is any real number. 

. Let^ f (x) = ^ , g(x) = ^ _ ^ , and h(x) = sin . Describe the domain 
of tHe ftmction giv^n "by ' . 

(a) fgCx). 

' (b) gf(x). 

(c) hg(x)-. o 

(d) gh(x) . - , 
^ .(e) hfgCx). ■■■ y~ " 

. ^Assume that the functions ^ x — sin x . and x — * cos x are continuous 
for all X : Find the discontinuities of the functio^ given by 



, 1 
= sm — 

X 



Cb) f(x) = -tan X . 



(c) f(x) = 



^ - 3 sin^ X 



(d) f Cx) = sin cos ^ . ' 

2 

(e) f(x) = tan ~ £ . 

\' (^) fCx) = tan cos^ - cos tan x 



ami 



is 



<^ at' 



Prove, if " lim gjC^c) f ^ 

function. ocJll-fe(x) ^'/. \\±t^^^ ^^Wb^^ ^ 



p , "t^heji composite 



11m rg(x) = t(L^ gCx))" 



A 6 . . Prove -that IT li^^r f 



ten 
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J'-T. Properties o£ Functions Continuous on an interval , 

(i) Extreme and intermediate value - theqre ms . We- are interested In 
cxarv&s, in motions, in processes vhich are continuous, and ve -wish to repre- 
sent them by functions. Ther^for^. we are intereste_d^ functions which are 
continuous not merely at one point hut at every point of an interval I . . 
Such a fvmction is said to he continuous on the interval I . Since the con- 
cept of continuity at a point' given in Definition 3-5 is a local property of 
function— a property which is determined hy the values of the function within 
any neighborhood of the point, no matter how small— it is not at all obvious 
that the properties which intuition 'would ascribe to functions continuous on 
an Interval can, in faqt, be derived 'from the definition. 

Many aspects of oxar intuitive picttire of continuity are .implicit in the 
• precise definition. For example, we may think of the graph of a continuous 
function f passing through points (a,f(a))' and (b,f(b)) as the path of ' 



a waUc over hilly terrain (Figure 3^7a) : 




It seems cleax that such a path in passing from the elevation r(.a) 'to f{b) 
must pas's through every elevation between. Formally, this ideL is .expressed 
by the follbwing theorem: - 
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.THEOREM 3^7a, C^^termedia-te Value Tlifeoreni) • Let f "be continuous on the 

closed inte^al a < x < . Let v; be any number betyeen and 

f(b) • Then there exists" some vaiue u in the interval such that 
f(u) =• V • , - 



-Again^ intuitively', there is at least one point on the path (possibly an 
end point) vhere the highest elevation on the interval is reached and another 
(or. others) where, tte lowest elevation is reached. This property is expressed 
forma! ly in the following^ theorem • • ^ 

THEOREM 3- 7b • >( Extreme- Value Theorem) • If f is continuous on the closed 
' interval = a < x < b , then ^ f has a maxinium and a m i Ti 1 r T D .mi in the 
interval. Specifically^ within the* interval, there exists at least one 
value Xj^ for whichx ^(^) ^ the maximum (^^(^) > ^ 
' -on the interval)^ and at least one value x^ for which f(x^) is the 

' minimum ff(x' ) < ■f(x) ^or all x on the intez-val/. 
V m • ~ 

The restriction to a closed interval is essential in Theorem 3- 7b; e.g., 
the function given by gCx) .= x .on ^the open interval O < x < 1' has neither 
a maximum nor a^nimimum in the interval. The same remark applies to the ftuic- 
tion given by h(x) - -i' on the same, interval. 

If ^{^) is the maximum of f on an interval, and f'(x^) the minimum, 
then from the intermediate value theore^i^it is clear that f takes on every 
value between ^i?^) and fi^^) ,on the interval between x^^^ and x^ • ^ 
Hence we can combine the extreme and intermediate value theorems in a single 
statement: ^ * ' . ^ 

Corollary ^ "On a closed interval, the range of:a continuous function ^ 
contains a maximum>* a minimuiij and all values between. ^ ^ 

This statement c"^ be put more briefly as follows: continuous function 
maps a closed^ interval onto a closed interval. The upper and lower endpoints 
of the image interval are, /of coirrse, -the maximum and^-nimum of the funcition 
\-a3iues. ' . . - . i 

It would require a substantial digression to prove these theorem^; ^in all 
generality; the proofs require a- mare lengthy eD^l^ation. Into the prol^erties 
of real numbers than is appropriate here. ' For(^hose interested, this material 
is relegated to Appendix it. ^ 
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For increasing or decreasing. :punctions the -property of contimiity is 
equivalent to the property of the preceding corollary, namely, ' 



THEOREM 3-.7C,- let f . be an increasing (t^gdecreasing) fionctipn and let the 
doinain-of t ,be" an interval J,;ilf'.f is co^tintfo'Ss on I iherf the ' 
range of f is an interval {"by preceding: corollary), and/ conversely, • 
If the range of f is an interval, then- is continuous. 

^^oof 1 -.For .the proof of the converse st^6w that if f is monotone si^ 
the range. E of f is in an interval then f ' is continuQus. Let he an 

interi^ point of I . Since f 'is monotone and" R, is 'an interval, ^Cx^) 
is an. interior point of .R . Consequently/ for aby sufficiently^ small e the 
values f (xq) - e ■ and f (x^) + g are in R ; that i^, there exist points ' 
c 4nd d in I for vhich f{c) ^ix^) 1^ e and f^d) = f (x^X + g . Since 
f is monotone, if x^^'is hetveen c ^ and d then - f (x) is between ' ■ " 
fCx^) - e and ffx ) + g Hence to assume -'• *" 

'"^ . .. 

it sumces "to reqfuire. 



A slight modirication-of this argug^gaxL suffices to prove the result vhere 
Xq is an endpoint of I • Here.'we give an illustration. In Figure 3«7b(i) 

^depict tiie graph of a continuous monotone ^function jf : x (x^ - 2x + 3) 

for* 1 <x < 3 ; in (ii),^the graph of a 'discontinuous increasing function g 
given by . ' , ' ^ * " 



1 2 

•5 (x - 2x + 3.) , 1 < X < 2^ " 



g(x) = 



1 2 

- - (x - 6x + 3) , 2 < X < 3 



In hoth cases the projection of the graph 'on the x-axis, the domain of the. 
function, is the interval 1 < x < 3 . For the continuous function f^^.the 
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t~":::: 




(1), 



Figiire 3-7b ' 

projection oh the y-axis, the range of the ftmction, is an interval, 

1 < y < 3 • -^^^ "^^^ discontinuous function g , the range^ consi^ts^of two 

separated intervals,^ 1 < ^ < I and §'^.y < 3 • ittis situation ±s typical. 

In the ^preceding theorems we have-'ev^denee- Jbha^ the forjpal def^inition or 
continuity oh' an interval does a^ree with various aspects of the intuitive con- 
ception of continuity. Yet, it is' in^wrtant to know that a precise, formal 
definition does not necessarily correspond in ^ every respect to the intuitive 
idea from ^.^ich it springs. The idea of Gfontinuity *is a particularly revealing 
exa^le. You have seen that s^continuous 'faction need -not have a derivative 
at ^very point of its domain (e^.., X;i-^'ix|). It is not obvious, "but it is 
true^ that there are i"^u^ctions continuous on an interval which do not have a 
derivative at any point of their domains. If you think of functions in terms 
of graphs which can hV plo;tted, then this fact may be surprising^ certainly 
no pen can fol-low the infinitely. sinuous wiggles of such a grap^. The :^?-esen« 
tation of such functions by the 19th century mathematician, Weiferstrass was, 
in fact, a definite shock to jthe mathematical world of his time. ' (An example 
qf such a fionction is given in Appendix Ai^3.) 

'I2;i the eai-ly 19t« century mathematicians evidently believed - 
that a continuous function must* also have a derivative, except 
perhaps at ^isolated points. yTn part this feeling probably stemmed 
from the earlier concejij: of /function as a relation defined by a 
. ^ formal expression; the ^esL^^of ftmction as we know if (then called 
"single- valued*^ funcrtioh^ had not been thoroughly explored. The 
formal expressions familiar to the mathematicians of that time 
woiild not be likely to suggest the peculiarities of nondif ferentiable 
continuous functions. In 1872 Weierstrass' proved definitely that 
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a cei'-tain fuJ^ction vas Just '^ch a nondirrereii1:ia"ble continuous 
function* Ttierc. is a persistent misconception that the mathe- 
matical comim^ity was deeply shocked hy the example of Weierstrass. 
In ract^ in 1^3^^ thirty-six years prior* to the paper of * — 

' Weierstrass^ Bolzano ' gave an example of such a function. Hov- 
ever, Bolzano not completely prove that his function had all , 

of the required. propertiesX..^^^ The story of the rediscovery of ' 

Bolzano* s ex&niple and a proof\is given "byC* Kbwalevski.^ According 
to. WeierstrsL^s^ around I861 Hiefeaaxi''' 'also prop6sed\an example of such 

•a function--^ .^Weierstrass found it too difficxilt to verify that the 
example of Ri^mann is corr^ct7 and it is unclear vhether Riemann 
was able to verify this. Thus" Weierstrass vas the first to prove 
that -a specific example actually vas novhere dif ferentiable . 

In Section ve present an example of a continuous hut 

novhere diff erentiable function vhose properties^ can he demon- 
strated by most eletnentary means- 




1. C. B. Boy^r, Concepts of the Calculus . 

2. G. Kowalevski J "Ube:r Bolzano* s Nichtdifferenzierbare Stetige 
Punktion." Acta Mathematical kh. 1923, PP- 3^5-319- 



-Weierstrass, Wei^^ Vol- 2^ pp- 71-7^. 
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Exercises 3-7 ' ^ 

1. Exhibit a discontinuous function for which the range of the function 
is an interval. 

2* On which of the following intervals is the function f : x sin x 

increasing? decreasing? In each case locate the maximum and mininrum ^ 
values 3^ any, % 



2 



(a) 

(c) [-1,0] 




(e) [-« , jt] 

9 

3. Prove that f : x — ^ x?^ is increasing for x > 0 and ranges over the 
positive reals ^?^tional) • 

(a) Prove that x — ^ v^f (x) .is continuous and increasing ■'wherevei: 
f is positive, continuous, and increasing. 

AC'b) Prove that x — i-^fCx) is continuous wherever f is continuous. 

5. Prove th^t lim ^ ^ - ^1 - x ^ ^ ^ ' ^ 

x-0 ^ 

6, Assume ^hat f : x ^ sin x is continuous for all x in f - — ZLl 

2 ' 2 

(a) Prove that- f is increasing. HinIL: :Use the identity 
sin'y - sin x = 2 sin'C^^^-f^) cos '(^^r^) 
•and consider as separate cases the closed intervals [- — , O] and 

("b) Show that the range of f is an interval. Show that the domain' of 
the inverse- of f : x »- sin 'x is an interval. 
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?• Aaeume that the furLci:iion : x — ^ -tan x is continuous- on the closed^ 
interval [ ^. ^1 sboiir-tbat there is sonie\nuniber x where 

-r ^ < X < ^ such tha't tan x = ^ • Can ther,e^^heyTaore than one such 

\ . " ^ ♦ 

number? 

A8, Prove that if f Is contiriuoiis on the closed interval [a^b] and all • . 
values of. f are in [a^h] ^ then there is an :x in [a,V] for which 
f (x) = X • . 

9* In which of the follofwing inteirvals does f : x- — ^ jxj have a maximum? 
a ^minimum? Justify your answer. 

(a) -1 < X < 1 ' ^ 

(h) -1 < X < 1 ^ 
^) < X < 1 . 

(d^Srl < ^ < 1 

10- Show that the equation x x ■ - 10 = 0 has at least one solution 

between x = -2 and x =? -1 jand obtain an approximation to the^ solution 
'Within a tolerance of 5- • 

'11. Isolate each real root^ of the given eqxiation by exhibiting an interval 
containing this root and no others. (Each equation has four roots.) 

(t) Sx* + 2x^ - - x + l=:0. ' 

12. Ca) Show that the equation cos^ x = VJ^ has at least one positive 
root X , where ^ ^ * ' 

Cb) Find the maxiniurJi and the minimum value of f : x — ^ cos x = 
,^ on the closed interval [O . 

A 13. Prove that if pCx) is a Polynomial of odd degree (with real coefficients), 
then the equation p(^) ^ 0 has e real root. v. 

Ii4-. Prove that the eqxiation x^ = a has exactly one negative root if n is 
an odd positive integer: and a < 0 . .J 

^ 1 / n^ 

15 • Sketch the curves- y = x and y = x n = 0,1^2, — using 

the 'same set of axes* . , 
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- 16. Prove ^hat if ^ .is continuous^and has an inverse on^ an interval then 
■f is staaongly monotone on the inter^ral. • 

17 • The temperature >at any point or a thin circular ring is a continuous 
function" or the point's position. Shov that there is a pair of anti- 
podes (points at opposite ends of" a diameter) haying the same termpera- 
txire. 

18. ' Sketch the graphs and determine how many points of discontinuity there 
are in the interval [0,^7r] of the following functions: 

r 

(a) f : X ^[sin x] * 

(b) f':/x sin x] . ' 

(c) ,f : X , £a sin x] . - 

AA19. If f is periodic with periods 1 and V2 (i.e., f(x) = f(x + l) and . 
.v^ ^f(x) = fCx +^^2)) for all X , and if there, is at least one' point of 
continuity- of f , show that f must "be constant . 

A.20. If g is continuous with g(o)^ = g(l) 1 an,dj in the interval [0,l] , 
6(x ) = (gCx?)j ^ show that g^) = 1 in [0,lj . ' * 




21. The real roots of the equation x ^J^^a^c + t =^ (h a positive integer) 
can "be "determined" "by finding the Intersections of the curves , 

n 

y = X 

«• « 

and . ' ' ' . ' 

y = -ax - b . 



Verify the following table for the number of real roots of 



x^ + ax + b - 0 . 



(a) If n is even, and 



b > 0 , there are two or none, 
Jb— <- ^ -, t her-e-ar-e— twa^ 



r a > O , 
( a < 0 , 



^ a > O , there is one, 
(b) If n is odd, and ' 

there are three or one. 



Give numerical examples to illustrate each. of the foxir cases. 



EKLC 



115 



Cttap-ber k 
DIFFERSJITIATION 



4-1. Introduction. 



The value of the* concept or derivative is greatly entianced by the sim- 
plicity of the techniques Tor computing the derivatives of common functions 
and functions constructed as com'binations of them* In this chapter we shall 
find the derivatives of powers and trigonometric functions and show how to 
ohtain the derivatives of functions obtained by rational combinations , inver- 
sions, and coinposition of functions with known derivat^es^ 

• By the definition in Chapter 2 the derivative of a function ,f at ja . 
point X 'is the limit as z approaches x of the ratio 



Z - X 

Prom this we obtain lihe function 



X — . _ 



wtiicli has- as -its domain -the sutset of -t^e domain of f for viiicfci -the limit 
exists. The ^function f » ^ is called the derivative of f that is/ the 
function derived -from i Thus f'Cx) is the slope of the "graph of f at 
the point x . . . • - 

It is convenient for .the purposes of computation to replace the denomi- 
natoir in the expression for r(z) witB^ single letter h • " We replace 2 
by . X -t- h and obtain ^ 

• f'(x) = lim ^<^^^ ^> - ^C^) . - 

h-O ^ . 

^^^hen we are concerned with specific functions like x^ or sin x ^ the 
notation f^Cx) becomes somewhat awkward and we shall find it convenient to 
u^e the ]^ef ix. • Thus , for • :^ ' 



£ : X ^ x^ and g : x m sin x 
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we have- 



f*(x).= D and g»(x)'= D sin x . 

The subscript is usually omit-ted vben its reference is clear We shall usually 
write Dx^r and D sin x ,^ hut ^hen there may he douht, we shall always use the 



subscript 



Example ^^-la- For r : x ■ ^ x we have 

f(x 4^ h) -'f(x) ^ (x^-K h)^ - x^ - 

h , h ^ 

' ^ . = |{2x -h h) . - :/ 

Consequently^ by ^he Corollary to Theorem we have 

f»(x) =Dx^ = ..^ r(x ^ h) - f (x) ^ 

:h~o ^ . 

We list for ready reference the few derivatives which are given or follow 
easily frbm examples here and in CShapters 2 and 3» It wiXl b^ the beginning 
erf a catalog of functions whose derivatives you should learn* We shall add to 

the catalog in the following sections. 

> . ., " ^ _ ' 

(l) . D C = 0 ^ C a c/onstaiit- (U) dVx = — ^ * 

^ ^ . - ' 2Vx 

- (2) Dx = 1. / - ^(i> ^ . 

X 



C3) Dx^ = 2x 



(6> D|xl = 



1 , X > O 

,-1 , X < O . 
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Exercises ^-1 



Using the deftni-tixpn "the deriva-tive^ Tind f'C.x) ^ vheie f(x) equals: 



(a) 


2x^ - X + !». \ 




id; 


1 — X 




(c) 


1 




(d) 


JL I 




(e): 






(t) 








1 


(e) 


p 

ax + bx -K c 




(n) 


[x - ll . • . , 




(i) 


■b ■ 

ax + - . 





2. Given the line y 3X + 2 , find i'ts slope at the points (0,2) , 
(-2,-l^) , and (2,8) • 

2 - ' - 

3. If f(x) = 1 + 2x ^ > find, the slope of thi graph of* f at pointsr" 

corresponding^ to: ' ' ^ 

(a) X = 0 (c) X = 1 ' 

(13) X = -i (d) X = -10 . 

h-. If f (x) = x^ + 2:c + ^ J ^'iiid aJ,l x sucii tiiat 

(a) _ f'(x) = 0 . ^c) f'(x) = 4 . 

(b) f»(x) = -1 . . (d) f (x) = 20 . - 
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4-2. Rational Com'bipatlons . - A? 

We can extend the List of known derivatives greatly "by considering 
rational qombinations of dif ferentiable functions. We need consider only 
three basic kinds or combinations, namely linear combinations^ products, and 
quotients, ^ 

■■ / . 

Linearl-ty of dif f eren-tia-tion * 

THEOREM U-2a * (Linearity or'dirrerentiation.) ir f and g are both 
dirf erentiable at the point x , then Tor any constants ^a and b 
' we have . - 

\ / • V ' . 

D^fafCx) + bg(x)l = a Df(x) + b Dg(x) . 

Proof. By linearity of the operation of taJcing a limit' ('Corollary -to 
Theorem- 3-l;c) ve have 

/ af(x + h) - af Cx) ^ TjkCx -i- h) - bgCxA 

. = a lim ^> - ^(^) ^ b lim ^> ' ff^^) 

h-0 ^ ^ h~0 ^ 

= a Df (x) + b Dg(x) . 

Example 4-2a « Dnx^ + 2v^ - ^ = 3D x^ + 2BVx - d(^) =■ 6x ± — + . " 

\ / \ / Vx X 



1 . Ehraluate 

(a)* 13(14-1x1 -i^6v^) . 
<b) 0(5x2 +.|) . 



Exercises 4-2a 



(c) D(l7xl + ^^^.) , x.<| . - ■ r .- • - 

(d) D(|axl - |bxj)\, a>O,b<0. 
2. Consider ..g x » |x^2|^-'|3-xl. 

■ 

(a) Sketch the graph of g . . A ■ 

(b) ♦ Define gCx^ * explicitly in Verms of linear fiinct^ionsl for all real x - 

(c) For what veilues .of x is the derivative not defined? ^ • 

» * V 
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Considv* f : x " - Cx] (tx] is the integer part of x , defined in A2-1.) 

(a) Find f'(x) if it exists, at each of the values x = -2,8 ^ x = 0,6 , 
^ X* = 2 . 

(b) Find the^ domain of th^ derivative j^;' . . 
Consider f x » x - tx] " . 

(a) Draw the ^ graph of f . 

(b) Find f'C-1-5) and f'(2.3) and describe the domain of the 
derWarC^ive. ^ ^ . 

Ext>end Theorem ^-2a to a general linear combination of functions 

0 : X ^c^f^(x).+ c^f^Cx) + ... 4- c^f^(x) . ^ ^ 



6. ' For each of the following functions, find the derivative and describe- the 
domain of the derivative. 

^ ■ - 

(a) ' £ : x .-[x^ - 2| (e) :. x^-i- sgn(i - ^) 

(b) f : X -.[2x^1 (f) f .: X i-max{x3, 2<.|x|3 

^ (c) f : x 1] I (g). f : X -min{[x], maxCx^, 2x^}} 

(d) V : X- ^[ix 1|] (h) f : X ^ sgn (minCx? -1,7)) 

?• Right-hand and left-hand derivatives are defined?. in terms of right-hand 
: and left-hand limits (see Exercises 3-4*, No • 16) as follows:- 

Right-hand derivative: D*"f(x) = lim + h ) - ^f (x) 

h-^0-" ^ . ' 

/r 

Left- hand derivative: D"f(x) = lim + h ) - ^ 

h~o- > h ■ 

In particulsir, D^|xj=D~|x|=lj x»>0, 
• D'^jxl = D" |xj = -1 , x < 0 i 
...... - D^'lxl = 1^= -D"|x| x = 0 . 

(a) Show that -ir\yP\ = D'^|x^*j for, all x • 

(b) For vhat values of. ■ x does D" |x"^ - 2| =: x-^ - 2| ? 

(c) .Shov that a function is 'diff erentiable at a point if. and only if it 

has equal right-hand and left-hand derivatives at the 
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Derivatives or products . 

. — ~- ' . : — , . * • ' 

THEOKEM k^2'b . Zt the functions t and g are dirrerentiable at x , then 
the product f\inction ... ' ^ 

has the derivative at x give^ "by 

. .F'Cx) = f(x)g'(x) + gCx)f.v(x) : ■ . - \ 

Proof . From the def initi^Dn of F ^ have ' - 

. ■ ' ' F(x 4- h) - f(x) _ fCoc + ^)R(ic + h) - f(x)RCx) ^ 

h ■ h . ' 



^ rCx + h)p;Cx h) - fCx + h.)(^('xT+ f(V+ h)K(x) - fCx)K(x) 
= f(x + ^) K(x h) - s(x) ^ g(^)fCx n) - f(x) ^ . 



Since f is differentiable at x , -it is continuous" there (Theorem 3-6jd) and 

lim f(x + h) = f(x) , " 
. , h~0 ■ . 

lim g(x) = gCx) , - 
■ h~0 

n- fCx + h) - fCx) ^xt \ 

lim — * ir * — = f V.x; , 

h~0 ^ 

* .h-'O . . , 

■ ~- • ' , " . ' < - • , . 

It rpllows from the tTiieoreiiis' on- limits (Section' 3-"^) 'that ^ ' _ • 

• ii^-lliLJLiil±JW = f(x)g'.(x) + g(x)f'(x) ; 

Example 4-213 . Dx^^^ = DCxVx) = xDVx + Vx Dx - . " - 

1 ■ r~ ■ ■ <'"' 

= X + i6c • 1 ^ . . ^ 

2Vx 

Corollary , ' If exists and if F(x) = [r(x)]^ , then 

\ . . , F^x) - 2[r(x)] D^rCx) 

- 2r(x) . r^Cx) . 

The proor is left as an exercise (Exercises h^2'b. No. 3). 
Q 122 



k-2 



^ '.' ■ < Ebcercises ^-2b 

1. Find the derivatives of the folloving fimctions. 
-. = (a) x(2x - 3) • ■ 

': (b) ikx - 2) (4 - 2x) ^ - . 

(c) (x^ + X + l)Cx^ .-.X + 1) 

(d.) , v'x'Cax + b)2 . . 

(e) ^ . VSE • ■ 

(f) ;^ . (5x +.2) . -'• ^ , . 



(S) 1x1 . 4 

X 

(h) x"^/^ , xf^ O' 

(i) 3x 

"(J). 3x^(x2 - 5); 
(k) - |l3x^ - 36 - x^l 
(1)- l5x^ - 36 + x^U 



EJvcLluate > 

(a) D(3x^ - + 5x - 1)^. 

(b) D(3 - 5x)2 . 

(c) -D(3 -5x)^.:-. 

(d) d(x(^ -'l)^). 

(e) D(x + . 



(f) D( 



X 



3/2 .1/2 



Vx 

(i)^ D{x(tx + 13\- 1))^, ^ n an integer. 
Prove the Gorollajry to Theorem 4-2h. 
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Find -the^isted derivative "by tvo me-thods; Tirst, expand and i:hen 
dif*f erenl:iate; second, use "the prodnct formula. . ^ 

(b) 'd(x2-(x2 + 1)2) . • . . .. 

(c) Df(x + DCx^ --'x +1)) . " 

(d) pfCax^ + Tdx + .c)(dx2 + ex + f )) 

5. Find -the derivatives of each of the following functions in as maay ways 

as you can and describe its domain. (Do not overlook the <iefirn-tion of "the 
derivative. ) 



(a) f : X _x|xl (f) f : x ^|x|Cx]^ 

(b) f : X ^|x|2 (g) f : X ^x[l^ - x^] 

(c) f : X «-x[x] . (h) f : x *x max]x, 2 - 

(d) f:x ^Ix}^ (i) f : x_-*x[x]|x| 

(e) f:x— ^Ix|[xl (J) f :x ► [ Ixl]" • ' |Cx] I 



• The corollary -bp Theorem 4-215 may -be extended, to aiiy t^Lg^^^ integral 
power of a fiinction f as indicated, in the exercises y Exercises l;^^^^ 
state it here for completeness. 



THEOR£M h-2c . ' [Power Rxile for Posi-tive Integfii^5!: ^jf*^-f* .e^cdats. and 
if F(x) = [f(x)]° , then 

_ ■ F'(x)' =-ntf(x)]'''-^-f»(x) •• . ' . 

/ Tor any>positive integer n . \ 

* 

Exampl^^r2c > If F(x)' = (3x - 2) , .then ^ ^ 

F-'Cx) = 5C3xr- 2)^(3) " , ' 

• / = 15t3x - 2)^ . - • . ■ 

Corollary 1. If &(x) ^= x"" then G'(x) = nx^" . for any positive 
in-teger n . | , . . 

The proof is left as an exercise.. 

Since a polynomial ' > 

^ ■ ■ 

is a li}near combination 'of powers of x Theorem U-2a and Corollary 1 epahle 
us to diffferentiate any^p61ynoiiiial- ' ' ' ^/ 

.Corollary 2^. A polynomial function p , vhere " ' 



p{x)''-*a a x +^x^ + ... + a^3d^ , ' * 



0 1 

has a derivative for each real^ x given by 




* ' ; - ^ V y ^ ' ' ' n-1 

a^x ^ . . + na X . 

2 n ■ - ■ 



... ^p»^^x) = 2a^x + na_x": 



Example U>2d . D(J+^- 7x^ + 3x.- 2) = 12x^ - l^tx + 3 • 

Theorems U -2a a^^d 4-^c\ enable us to differentiate polynomial functions 
of any function- whose derivative we know. ^ 

gorollafcr- ^ If p i^s a polynomial and if . . f exists^ then 
D^(f(x)) pv(f(x))f'^ \ ^ ; 



Example >-2e . } { 

= 7x3 20x2 ^^'^ 

' 2v'x 2i/x 

■/ . = 1x5/2 , 10x3/2 ' . • 

(2) D^[(3x --2)5 + 3(3x - 2)^ - 5C3x - 2)] 

^ 5(3x - 2)^3) + 12(3x - 2)3(3) _ 15 • 
= 15(3x - 2)^ + 36(3x^- 2)3 - 15 

(3) D^ECx^ + 3)5 - 3(i)^ + 2(v^3] 



= 5(x2 + 3)''(2x) - 6(i)C- ^) + 6CvSD^ . ^ 

2Vx 



2' 

X 



= lOxCx^ + 3)^ +-3v7 



Exercises 4- 2c 

(a) Prove Theorem ij— 2c ^ ' 



(ti) Prove Corollary 1 "to Theorem ij— 2c. ^ 

(c) Prove Corollaries 2 and 3 to Theorem 4- 2c. 
Evaluate : ' • - • 

^a) b(x5. - -f. x^^) ■. ' \f) ' d((3 - 5x)2(l - x2)3y. ■ • 

(b) D(5 + x)^ . " (g) D(l - i)3 . 

(c) D(3 - 2x3)5 . (j^j jj(3^l/2 _ ^^3/2;,6\ 

(d) D(x - 3x^ 5x3)^ . ^ (i) D(l - . 

' (e^ d(x(1 - x2)3) ^ (j) d((3 - 5x + x2-)3(l + x^)!^)' . ' 

Consider the curves y = ax^ + 1 and y = bx 

(aj Find two numbers av^ and h such that the curves have, the same slope 



at X = 1 and th«rr"'%2^ sum of* the slopes at x = 2 is 36 . 

(h) Find visLlues ot a and b such that the curves have the same slope 
at a point of intersection. 

(c) Sketch th<^ ciirves in part (b) for some allowable values of a an^ b 
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4. (a) Sketch the curves y = , y = i*or lx| < 2 • 

(b) For what values or x is the derivative g' zero vhere g(x) = 
for ■ I X I < 2 ? 

(cO Find the discontinuities o'f g and g' • 

(d) Using the ^results or (a), (b)^ (c), sketch the graph ot g for 
-2 < X < 2 . 

5. Let u = f(x) , y = gCx) , and v = h(x) • 

(a) Prove that if the functions f , g , and h are dif ferentiable at 
X , then ^ , 

D(uw) = (uv)l3h(x) V (uv)lfe(x) ^ (w)l>f(x) . . 

(b) Can you suggest a vay to generalize your result to obtain a formula 
for the derivative of a product of ,n functions? Test your conjec- 



ture vith the case n = U • 



(c) -Use the above re.sult to evaluate: 

. (i) B{ (5x - 2)(3 - 2x)(x^ D) . '/ ^ 

. - (ii) D{(2x^ - 3x^ + l)Cv^ + 1)^} , * : 

/ (iii) D{(3x 1 2)(1 . x^)(l ^ x)(l + x^) } ' . 

/ ■ ■ - . . ^ ^ . ^ 

Per 1 va t i ve s of quotients . N 

We have fo^uld the derivative "^x) and, by the product rule, can obtain 
, but we still do not have a general rule for differentiating such 



functions as 



f(x) = ^ ^ ^^^^ ^ 2 



or, more generalljr, the quotient of any twd functions whose derivatives are 
th< 

from that of tl^ product 



f(x) 

known. Since the derivative of the general quotient ^^^j can be obtained 



we need only obtain the rule /for the derivative of the reciprocal (3£^g(x) 
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THEOREM h-2d , ' If F(x) = J^^^ , then F'(x) =. ^ at each point 



Tor which g' (x) exists and g(x) 0 - 



(s(x)) 



Proof. 



h) - F(x) _ 1 



1 
h 



1 1 
g(x + h) " g(x) 

g(x)g(x + h) 



g(x)g(x + h) L h J 

From the theorems on limits and the continuity of s(x) we obtain 

F'(x) = llm ^(x - h) - F(x) ^ ^£1C4 . • 



h~0 



gCx)' 



Example ■U-2f . 
(1) If f(x) 



, then f'(x) = 



(2) If- g(x) =^ , then g»(x) = 



-nx 



(x + 2) 
n-1 ■ 



2 * 



-n 



2n n+1 

X X 



Corollary !• If f and g have derlva-tives at x and g(x) 0 
then for the quotient Ct(x) = ve have ^ 

(,,(^) _ «(x)f (x) - f(x]K'(x) 

■ , . • - ■ 

The proof is left as an exercise. 



Example ^"2g . 



(1) If G(x) - , then G-Cx) = " - - 



x^-S 



/■ 2 ^^2 



3 + 2x - X 
-■(x^ + 3).^ 
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• ^ 4^2 

(2) We can sometimes . simplify the differentiation of a rational function 

- by giving it a convenient algebraic expression. 

3 2 . 

ir f^(x) = ^ ^ ^ - ^ ^ -then f(x) = X + 3 - , and 

f*(x) = I -h iL . 

' ' ' ^ , ' • . x^ , 

This technique is particxilarly helpful when the division can.be 
performed rapidly. ^ 

(3) Sometimes addition helps to shorten""^ the work 



^^^^ X-.1.X + 1- 2 



and 



X - 1 



g»(x) = (x - 1)C3) - (3x ■h^l)C2x) ^ ^3x^ ^ 2x - 3 
(x^ - 1)^ (x^ - 1)^ 



Corollary 2. If R is a rational function, if:'\R^(x)) is defined, 
and if f'(x) exists, then v ) . ^: '- ' ^^ 

i> R(f(x)) = R'(f(x)) • f^(x) : ^i^^ 

The proof is left as an exercise. 



Exercises ^-2d 
, ^ S 

(a) 1,(3^) . cf ) i>(7^) • ; 



1. Evalua,te: 

'3r^ 1 

(b) 



(c) D(i-^r^._ :w ""{^ri) 



2. Prove Corollary 1 to Theorem ^-2d. 
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3 . EvaZLuate : 
(a) 



\i +*.x + X y 



(e) D 



, N /ax bx + c\ 
h) Df— 2 ) 

ydx + ex + f/ 

+ X + 1 / * 

Vx + X + ly 



(e) 



( 



(J) 



No-te: These 
"'two ' redxice "to 
jparti culaxlj^ 
simple expres- 
sions • 



De"termine both. 



/ax^\ ^ / be - ad \ 



D ( ^ ^ I and D 
ycx + d^ 

Explain vhy bcth are thg same. 

Find -the derivative of^each of the folloving riinctions in as many ways 'as 
you can arid describe its domain. (Do not overlook the definition of 
derivative.) - , ' . ^ ; 

X 



(a)^ f : X- 

•e 

(■b) f : X- 



X 



(c) 

Cd-) 



f 



(x - [x])- 
Ixl . 



6. Prov.e CoTOllary 2 "to Theorem 4-'2d. 
7- Evalua-te: , - . 



(a) 
(c) 



^\ci - - 3 ; 
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8* Consider the quotient .^^(x) = -4 — r where f and g have derivatives at 
X and where g(x) ^0 . Obtain the formula 'for the derivative of a quo- 
tient by applying *the product role (Theorem ^4— 2b) to the expression/ 

,JZ5(x)g(x) = f(x) . ' 

Why does thi^Vspot constitute a proof of the quotient rule (Corollary I'^to 
Theoreni 4- 2d) ? 
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^-34-. Inverse Fxmctions Fractional Pofefe-a^ 

The preceding development can not "be applied directly to find the deriva- 
tives of ^suph funct'ions 'as f: x ^^V^ • We 'recall (see Appendix that^ 

the Tnam'ber y = ^Vx is defined as the principal solution of the equation ' 

. - n 

y ' = X 

(namely^ as the only salution of the equation when n is odd, and as the only 
nonnegative solution when n , is even and x > 0) . A natxiral approach to a 
discussion of the fraction f is through the familiar and well -understood 
ftinction ^ ' 

n ■ • 

■ ^ ■ , g : y — ^ y • ' ■ ' • 

The function g is inverse* to f ; that is, it undoes the effect of f • 
Thus, if f maps a ontA h , i.e., 

* f : a — » h , 

then g maps h onto \a , i.e., • ^ 

In this section we shall show in general how to differentiate the inverse of 
a function whose derivative we Icnow, 

From ' thjs . -property of inverses cited achove it is easy to appreciate the 
graphical relation "between inverse fxmctions. If the point (a,h) is on the 
graph of f then the pointy (tJ^a) on the graph of g , and • conversely; 

i.e., b = f(a) if, and only if, a = gCb) . Since the points -(a,h) and 
(h,a)- are located symmetrically with respect to ^he line y = x , we ohsei^e 
that the graph y = g(x) is the mirror image, in the line ' y = x , of the 

-graph y = f(x) , as^ shown in Figure ^-3a. . If tixe direction, of the graph 
y = f(x) at (a,^) is given with respect to the horizontal by the angle 0 , 
then B also gives the direction of ihe graph y =^ gCx) at Xh,a) with 
respect to the vertical. It follows that the*' slope of - g(x) at (b,a) 

'is • " . ■ . 

tan(^.-''0) ='cot e 



^2 tan e ' 

course, -tan Q riot defined if 9 — 0 .) Intuitively, theif, if » and 

g are d liferent Table functions and f ' (x) ^0 , we must have 



The symbol f is often used for the inverse of f in other texts. 
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(1) 



* * From -the figure it is ihtuitive "that, if f has ^^rivative 
at a , then g has a .derivative at b .given by.''(: 




We proceed "to prove this forma Uy as , • - 

THEOREM ^-3 * Let t be either increasing or decreasing c» a neigh^rhood. 
of a . Then on that neighborhood f has an inverse g . If f has 
a .derivative at a and f'Ca) ^ 0 , then- -g. has a derivative at 
b = f(a) and ' • . 



r 



loo 



/ 
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• 'Prj^ot^. 0» the GeiS^^o^^<=>od r is one-to-one and hence has a one-to-one 
In^&^se ±6 /continuous at !:>' by Theorem 3-6f. To investigate the 

existence and value or ^^^ivative ot g at b" , we must consider the 

limit as y appj^oaches b of 

J' 

' y -~ b " - :f(g(y)) -.f(a) , 

1 



vhere ve have introducers ^iie ^^ction 



X - a 

f ' (a) , ' for X = ar 



'which is obviously cocx-fcinuous. ill the -neighborhood of - a We apply in > 
-succession Theorem .3-.6c and :3-"6e on^he continuity of quotients, and composi- 
tions and obtain ^ " 



as desired. 



■Note ths-t the theorem 'states ..-thai f"'' and g' ' are reciprocals at 
different points Uee FiS^e Via); f at"* x = .a ' in the domain of- f and 

at y = "b. in the crajase -of ■;f - . For exaiopie, let f : ^ ►x^ + 1 for 

so 



X >0 . Then g : x- -1 for x >.l-. f ' (x);; = 2x , 



f^sCx)) = 2v5r^ , and g*(x) = fJTi^ ' ^ 



Thus, for exainple 
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Exercises ^-3a 



1 - X 

Show thai; f : x ^ i 4- x ^ '^^^^ x > -1 , has an inverse. Find an - 
equation that defines the inverse g and find the derivative of g . 

Verify that the inverse of f : x ^x.* |x| exists and then find the 

derivative of the inverse. 

Sketch the graph of f : x > x^ - 3x and tell why f does not have an. 
inverse. Incjicate ■ how you can divide the domain of f into three parts, 
and define three new functions each of which agrees with f on its domain 
and has an inverse. Justify yotrr result, (See Exercises 2-3^ No. 6.) 

Consider the function defined "by 

2x y for X > 0 and irrational 

X . + 1 , for- ^ > 0 and rational • ' 



fCx) = 



Show that f has a* derivative at X = 1- . Ptove that the mapping * f is 
one-to-one* i.e,, iSiat ■ f ha^ an^inverse. Prove that the Averse of. f 
is not diff erentiatle at any point, , <: \ ^ ' ^' ' 



- * . As a first, and important application of Theorem 1^-3, we. compute the > 
derivative of the n-th.root function. The Sanction * - 

g : y — - = y ^ ^ .' > 

is defined as the inVerse of the n-th power fxxnction ^ p^^. 

f : X ►x . ^ . 

Here n is any natxiral n\mber. We restrict tbe domjain of f . to nonnegative 

nxmibers (Wh^? See Exercise h-S'b, Ho. h) . With b = a° , a > 0 , we find 



1-n , n 



S = = ^ = n« = = n^ 

• na 



^-3 



That is, -the forniala' Dx^ = rx^ > , previously es-bablished for integers r , 
holds al'so Tor r=— • 

We can establish the same ' formula" for any rational number ^ ^ ^ 

q integers, q >.l'' • Using Theorem it-2c, we have " ■ ^ 

Thus ve have 

r r^l 

Corollary > For every ^ rational number r , Dx = rx . (x > O) 

■ - 

' The extension of this corollary to general real (including irration^ 
ppvers is deferred -until Chapter 8» ^ , . , 




. ^ Exercises If- 3b 

1. Evaliia-te the folio-wing and express yoior answers using positive eacponents 

' oiiiy- - " ■ ' ,■ ' ' " ^ 

(a) Dx:^/3 - * ■ . ■ ' \ . 

(-b) Dx3/5 - ■ • • 

(c) ^ ^ ^ . ^ • 

. (d) :. ■ ■ . . ; 

2. - Find r'(2) if: 

(a) f(x) = (2x)^/3 
Ct) f(x) = x-V^ 
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Evaluate: ' 

Let f{x) = ror n an integer. For what points a in the. domain of 

do the hypotheses or Theorem hold? 

Consider the function f : x ■ ^ . We have f(x)^ = x . Applying 

" ■ 1 . 1'- 

Theorem 4- 2c, ohtain I>( ^) = ^ . Why is this- not a proof of the 
corollary to Theorem ■ = 

I«t r = — iinder the hypothesis of the corollary to Theorem 4-3 and J-et 
q he oQd^ Prove the corollary for x < 0 - "Wh^y^ is the case x = 0 not 
inclTjded? - - 

Under the conditions of the preceding exercise, show that for 

5 wtieare p > q , the djerivati-ve ' of g -at zero exists and 

■g»<o) = o : ■ . ' 
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4-4 . Circular Funcrblons » 

In Secrbion 2-5 we anLbi-tiously a-trfcacked the problem of evaluating D sin x 
a-b X = O . We reduced the prohlon to that of evaluating 

(1) a = lim^i^ 

* ^ under the asstaniption that the limit exists* As ve shall now see^ the evalua- 
tion of D sin X. at any point can be reduced to the evaluation of this limit. 
Using the formula for the sine of a sum^ we have 

sinfx +h) - sin x sin x cos h-»- cos x sin h - sin x sin h , cos h - 1 ^. _ 

— ^ , ' : = ^ = cos X +■ ^ sin x • 

h ^ h h n - 

From the theorems on limits^ . ■ ^ 

D sin X = a cos x + 3 sin x 

where & = lim ^ " • shall assume for the present that' or defined 

h-0 . ^ 



in (l) exists, and from this will prove=^ that p = O 
Since cos h - .1 = -2 sirr ^ , we obtain 



cos h - 1 /'-^ 2 1 



sin - - . 

Since lim — r— ^ = lim ^"^^ ^ = <2 > and lim ^ = 0 we get "by using theorems 
h~0 I- k~0 ^ h-O 

/ ' ' ■ 

on limits of products of functions that = O • Consequent^ 
(2) B sin X = a cos x 

where the constant of proportionality a has yet to be determined.'" 

In reviewing the preceding argument we find several matters 
assumed without proof: 

(a) The formula for the sine of a sum: ' . \ 

sin(u + v) = sin u cos v + cos !tL sin -v . 

(b) sin 0 = O 

^ 1 - 2 u ~ . 

(c) 1 - cos u = 2 sin ^ • - . 



(d) the existence of lim 



2 

sin h 



h-O ^ 
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It may seem odd |^hat the veil-known properties Xb) - .(c) ot the 
sine and cosine^^^gPe listed^ as assumptions. The rules of Section 
A2-'5 derive Trow^an intuitively based idea of length for . 
circular ar'cs. .The .concept of length for curves other ^han 
polygons is defined in a later chapter as a. limit of approxima-. 
tions by polygonal arcs . Clearly, our knowledge of the circular* 
functions -does not rest upon any such precise definition but upon 
geometrical intuition. Similarly^ we derive property (d) 
analytical -reasoning, but by arguing plausibly from a pict-ui-g^ 
Later we shall see how the argu,ment can be made analytically 
complete (Section 8-5), but the circular functions are too important 
for us to delay our account until the gaps can be filled, . -in f^^^t 
v'e shall profit by gaining an intuitive ijunderstanding of the . 1' 
circular fiznctions before attempting to-be formally precise. . - , . 



Consider a ray from the origin 
-lying in the first quadrant. (Figure 'k~h) 
If, on the" unit circle, x' is the 
length of the ar'c between the ray and 
the positive- horizontal, axis, then the 
ray-*intersects the circle at the point 
with coordinates (cos x , sin x) . 
There are two similar triangles in the 
figure: th^ smaller has base cos x 
and altitude sin x ; the larger has 

base 1 and altitude tan x 

^ since 



(0,1) 




(1,0) 



COS r 1 



■) . Since the 



Figure h-k 

circular sector determined "by the, arc contains one triangle .and is contained 
in the other ^ its area^, — , lies between 'their areas: 



1 . ^ X ^ 1 

~ cos X sm ^^22 



tan X 



Here we have used the intuitively evident fact that the area 
of a sector is proportional to the length of the corresponding arc. 

The factor of proportionality is , since the complete unit circle 

has area ir and circumference 2jr . Later it will be easy to obtain 
the <?onstant of proportionality analytically • - 



On multiplying by the positive value. 



inequality-, Ve obtain 



sm X 



^ X ^ 1 
cos X < -rr- — — < 



sm X . • cos X 



, in ^he preceding 



Vhence 



(3) 



1 ^ sin X ^ 

> > cos X 



cos X 



Since sin(-x) = -sin x and cos(-x) = cos x , this Ineqimlity is also valid 



for X in the fourth qiiadrant, - ^ < x < 0 . Since cos 6 is continuous 
at e = 0 , we:4iave- 



'lim cos X = cos 0 = 1^ 

x-0 ^ 

and lim — ^ — = 1 . *This is precisely the .kind of situation in which we 
^ cos X 

can apply the Squeeze Theorem (Corollary 2 to Theorem S^-^f)- It follows, 
immediately from (3) that 



lim 



sin X 



x-0 



• ■ ^ 

En-berins "tills result (o: = l) in Equa-bion (2) we have, finally, 

D sin X = cos x . 

The proof of the analogous formula, 

'J ■ 
D cos X = -sin x , 

is left as an exercise. 

The derivatives of the other circular functions are now easily obtained. 
For instance, from the theorem on the differentiation of a quotient, we have 

sin X cos X D sin x - sin x D cos x 



D tan X = D 



cos X * / ^2 

tcos xj 



2 2 

cos'X + sin X 1 2 n ^ ^ 2 

= g — = g = sec X = 1 + tan x * 

cos X COS X . . 

We leave the problem of differentiating the, other circular functions as an 
exercise, but list some of the. results for easy reference: 

' (a) * D sin X = cos x ^ ■ 
'(b) D cos X = -sin x 

3 2 

(c) D tan X - 1 + tan x 

2 

( d;) D cot X = -1- - cot X ^ 



Condition (d) above implies the continuity of sin 0 at 0 = 6^ and the 
continuity of cos'0 at 6=0 then follows from (c). 
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Exercises h-h 

^ - ■ — — .. - ^^^^^v 

Show that D cos x = -sin x . . ^ * ^ 

Evaiuate lim — r- . (Hint: Bqpress tan h in terms of sin h and 

' \ ■ hK) 
cos h 



Erom the definition of the derivative as a limit and- the re spit of No. 2 
derive the fomrula . ^\ ' ' ■ 

D tan X = sec x • 

[Hint: tan(x + h) = tan x ^ tan h ^ 

1 - tan X tan h 

r 

Con5>are this result vith the result obtained by usiDg the method of 

differentiating the' quotient ^ . ■ • 

^ ^ cos X 

In the sin5>lest vay you can, evaluate the following and e3cpress yoxar 
answers in several different equivalent forms. 



(a) 


D cot X 


(b) 


D sec X 


•(c) 


D esc X 


(d) 


p 

D sin X 


(e) 


2 

D cos X 




D(i4- cos-^x 


(s) 


D(3 sin X 



3 cos x) I ' 

h sin^x) . ' . ^ 

Ev^aluate the following limits* 

(a) .lim^%^ ,.' ... • • . ' • 

h-0 ^ - - 

(b) lltn ^ - ^ 
h-0 h - . , ■ ■ . 

(a) Given that lim sin x = sin 0=6. 

Prove that lim f = 0 . (Hint: Show that cos x is 

, x-0 °^ X + X 

. continuous at x = 0 ' . ) . 

(b) From the preceding result prove that sin x and cos x axe 
continuous for all values of x . 

Malce explicit Just -what is being eissumed^n the proofs of (a) and (b) 



7. Given that Dcf(x) = G(x) ; show that rtf(ax + Is) = aG(ax + "b) , provided 
• It is dlfferentiable at ax + la . ... 

8. Evaluate the following. 

(a) D(cos^x)(5irL 2x) . 

(b) D sin^Cax h- . * 

(c) D(sin 7x)(cos 'Sx) 

9. Let s(x)^ I cos x| . Discruss the domain of the derivative for ,x in the 
interval 0 ^ x < rr • ^ 

10. Find a point on the graph of y = sin x at vhich the slope of the ciarve 
is equal to the slope of the line x + 2y + 2 = 0^ . Is there only one 
such point? Justify your ansver. 

11, Evaluate the following . 
(a) 




(f ) D(x .tan x) 



(8) ^ m 



( sin X ■¥ cos x y 
vsin X - cos x/ 



f 



12. - Shov that there are no points ofy the "graph of. y = sec x - tan x at 

which the slope of th*, curve 'zero. ^ 

13. Find all values of x for vhich the slope of the graph of 
- f'(x) = sin x' tan x is zero. . ' .. 
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(a) Sketch the graph of f (x) = —2 for 0 < x < - 

sin X 2 ' 

(b) Examine f »(x) and shov that there Is no value ot x in the 
interval 6 < x < | Tor irtxich f = O . , 

(c) Explain how yoiir results support the Tact that t is increasing on 
. the given interval, 

15. ^ (a) Find -the maximum and nrfn-fnT^^yn values or the ruriction ' 

^ ' ^(^) = a cos X + b sin x * . 

(b) Sketch the greph of r . 

16-. Consider f : x ^^sin ~_ in the domain O < x < 1 . " Is it possihle to 

define f"^t x = 0 such that "the function is continuous in [0,1] ?•-- 
17. Consider f : x — ^^iscsiii :| for x ^ O . ' . , ^ 

• **-(&).' Sketch the graph of f.^ '\ - ■ ■. 

.(b)- Is it possible to define f at x = 0 such that the function is 
continuoi^s atxsO? <- ' 



Al8. Does the function 



-I 



Ain _|^ x 0 



0 , X = 0 , 

• have a derivative at x = O' ? " 

19-, Given that the fxmctions S and C satisfy the equations 

DS = C , 
' . DC = -S . 

Show that ri(S^ + C^) = O . ■ ' 

20. Given that the ftmctions f , g , and h satisfy the equations 

S / , ^ .■ 

. ." .' ""lb = f 
Shov that ■D(f^^ + g^ + h^ "1 3fgh) = O . 



. ^-5* Inverse Circular Functions . -l -r 

The most str:iklng feature of the graphs of 1;he circular functions Is their 
periodic or cyclic aspect, the uniform iteration of the same geometric pattern- 
For the sine and 'cosine, this periodic property is- expressed analytically "by 
•the relations 

sinCx + 27t) = sin x . . * 

cosCx + 2ir) = cos x', - 

where 2.7. is seen to he a period of these functions. From the representation 
of the other circular functions in xerms of the sine and cosine it follows 
that they, too, have the period Sir • However, the tangent and cotangeirt have 
the shorter period ir as well. 

From the periodic character^ of any circular function f , it follows - at. 
once that f cannot represent a one-to-one mapping on its entire domain: if 
b = f(a) , then h = f(a + .23ot:) ^for all integers k . Every, point of the 
range, of f is covered .infinitely many times in the mapping". We cannot 
obtain an inverse for f over its entire dcanain, so we restrict ourselves "to 
a special representative interval where either f is increasing throughoi?t 
th^ interval or f is decreasing throughout the interval. The names of the 
inverses of the sine, cosine, etc., on .such-: restricted domains, ^e'^arcsxne, 
arcdsirie, etc. 



A 



For the sine fiinct ion we choose the representative interval 

where the sine ^ is ^ increasing, ^se^i Figure 1t-5a) . The range of the sine" on 
this interval is the interval [-1,1] . The: ai^ine, therefore, has the ; 

domain [-1,1} and the range [" §^|-] • Consequently' we define the value 
y = arcsin x in the mapping • : " ' 

" " ' ' ' arcsin : x- ^y , ^ for -1 < x < 1 

as the one value satisfying - |">< y < § for which sin y = x . 

We could have uspd any other representative interval, [kjr - ^ , kjr -t-' ^] ^ 
for k=0,-l,t2^ ---^ to. define an inverse of the sine. For this 
reason the specific inverse, the arcsine with range [• §^ |-] / known as 



A common -alternative notation is sin" . for arcsin ^ tan" for 
arctan, -and so on. We do not use it- in this text because it conflicts with 

the Toniversally accepted, convention of writing sin^x for- (sin x)^ etc 
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"the. priiicipal-^lnverse of the sine. Similarly -the specific inverse circular 
fiinc"bions 'defined -below are known as principal inverses of their rrespective 
circu3.ar. functions* * ' ' 

"For the ♦ cosine choose the representative interval [0,n] where the 
cosine is decreasing (see Figure ^-5"^) • We define the value " y = arccos x 
for ■ -1 < ^ ;^ 1 a.s the one value satisfying 0-< y < rz for which cos y = x 

Finally^ for the tangent we use the representative interval (- 2^2^ 

and define y =.arctan x for any x as"^ the value in the interval 

- ^ < y < 2" which tan y = x (see Figure hr^c) . 

We need not concern ourselves (in the ► text) with inverse functions for 
.the cotangent J, secant, and cosecant; these can he treated in terms, of the" 
functions already at our disposal (see. Exercises ^-5) ^2ad are used infre- 
quently . . 




Figure it-5a 



"We now txirn to the task of finding ihe derivatives of the inverse 
circular functions^ This is merely a matter of applying the general theorem 
on derivatives of inverses, ^e function - " 

S < y ^arcsin y ^ - for -1 < y < 1 

is the inverse of / 

•f : X ^sin x ^ for < ^ 

with dei:ivative f'(x) = cos x . Hence if "b = sin a , - a < ~ , then 

gUb) = - - — 



f^TsT cos a / — r- 2 

Vl - s in a Vx - " 



b 



Therefore . ' 



D arcsin x = : , for -1 < x < 1 . 



/ - VI - X 



As an exercise, you are asked to deriye .in the same way the f bmmlas 

-1 



-1 ^ ■ ' : 

D arccos x = . , ' for -1 < x <:.l , 



D'arctan.' X = '■ — " „ . . • for ail' x , 



(The/ first of these follows immfediately from the identity arccos x = ^ - arc 
tsin X :.')' it is no.i;eworthy-that ■ the derivatives of all the inverse circular 
functions are algebraic functions; 



Exercises 

' ' ' ' . ' ' ' 

-1. Determine-the 4o^^n and range and draw the graph of the function 

^ (a) f : X — ; — ^ arcsiQ (sin x) ^ ^ 

(b) f : X -sin^ a?rcsin x.) ^ ' ' ^ 

/ (c) f : X ^'arcsin' (cos x) . * - 

(d) f : x - cos (aresin x) 

(e) f : X m arctan^ (tsm x) - . ' 



^5 ■ 

2. Derive the fonnula 



D arccOs x = 



vlthou-t using, the Identity viiich relates arccos x to arc sin x . 
3 » Derive the rormula X 



D arctan x = 



^- Iterive each of the Tollovipg formulas 
(a) D arccot x = 



1 x^' 



(b) D arcsec x = 

(c) D arccsc X 



ix|vi^ - 1 



5- ^r^uate": ' < 

(sl) D (arcsin x + arccos x; , 

(b) D (x^arcsin x) - 
'2 

(c> D ^ 



arctan x 

(d) D (arcsin x)-^ 

(e) D- 2^ 

1 + arcsin x 



r T?-?^^ Arcsin h /^_, - , 

o. iind lim g . . (Hint: What is the definition of the deirivative 

h— O . . 

of f (x) = arcsin x at x = 0 ?) , ■ ' • ^ 
T • Evaluate : ■ , 



(a) D f ^^^^^ ^ V ' 

yi + airccos x/ 

(b) D / arcsec x \ _ 
. 11 - arccsc x / 

(c ) D / - arctan x\ 
V ^ : + arctan, x^' 
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4-6* Compositions , ^ Chain Rule* 

We have seen that we may construct new functions by composition of 
already known functions. As we shall now show^ the derivative of*a ccniposi- 
tion can be expressed in terms of its constituent functions.. 

Consider the function' x ^ gf (x) obtaiitfed by composition of the 

functions g and f • If g is a polynomial ^ then we have the formula 

(1) ^x^(^) = e' (f (x)) ^^f(x) = g' (f (x)) f ' (x) 

(Corollary 3 to Theorem h-Zo) ^ but we have not derived a corresponding 
f omrula if g is not a polynomi al . . 

The formula (l) is an instance of a general principle called the C hain 

f> — — 

itule becaijise- it dsn be used to differentiate a chain of compositions , for ^ 
exonrple 

(2) D^hgf(x) = h»Cgf(x)) D^gf(x) = h*(gf(x))gV(f(x))f»(x) . 

THEOREM Ti^et- the function f be differentiable at a , and let the 

, function g be" differentiable at b = f (a) . Then tjie composition 
0..: X m gf(x)^ has a derivative at a given by 



{^'(a) =-g'(fCa))f'(a) . 



Before proceeding with the actual -proof let us see first how the result 
^stated. by the theorem might have been conjectured- We may view the definition 

for the derivative at a . of a function: x ^ h(x) , lini " ?^(? , ^ 



, as 

X ^ a 

x-a 



follows". Call X - a the. "increment of x at a" and 

h(x) - h(a) = ^(a) the "induced increment of h(x) at, a •" Then h»(a) 

may be interpreted as the limit of ratios of incr^^ts ^^ ^ ^^ as £^ 

approaches zero. Using this interpretation we would anticipate that ^ • * 

^,^^.^^^^^^^^.^.,^^ ']^ 

i^a^O 2^a^0 - 

.QJhis together with the theorem on limits of p2X)ducts and compositions suggests 

that the anticipated formula for 0*Ca^ the correct^ one. Our deduction 

would lead to a -proof of the theorem if Af(a) were never zero. This cannot 
• . . • -J - . >- 

be guaranteed in all cases; for example^ if f is a cons^tant function, then 
^{a^ is. always zero* Thus we must proceed with greater • care, ^ taking note of 
situations in which Af(a)* may be z^o ^t some points. ' 

er|c ^"^ . ' ' 
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Proof V If fCx) ^ f(a) = "b , 'ttien 



If f(3c), ="b , it. is true that for any number C: 



X - a 



X - a X - a .. 

since 'both sides are zero. In -terms of the function r defined by 



eCy) - gCb) 

, y - b 



, for y b , 



, for y = b 



ve then have 
(3) 



We could apply the -theorem on limits if r were continuous at b • It is, 
however, not continuous unless we choose judiciously. Pick c = g'(b) 

Then lim r(y) = lim S(y) " ff(^>) ^ g,|^) ^ ^(^) ^ ^- continuous 

y^b y-.b . • - 

'at "b From (3) and Theorem 3-6e on the continuity of compositions, we 
obtain now . ^ 



g?Cx) - g?(a) ^ 
X - a- 

= r(f Ca)) f * Caf = g' (f (a)) f » (a) -. 



x-a ^ x~a ^ ^ x~a 



,„ f(x) - f(a) 
X-a 



. Example ^-6a . Evaluate sin x^ / 'With f (x) = x?" and - gCy) = s^n y , 
we have f^(x) = 2x , g'(y) = cos y , and therefore, ^ _ 



2 2 
D sin X = 2x cos x 



Example 4-6b « Differentiate 0Cx) arctan ^ . We set . ftx) Tand 
g(y) = arqtan y , so that ' . •- 



and 



0*(x) = D arctan — 
' x 



1 y-^ 
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Example 4-6o . Evaluate D cos 



(^) 



2/3 . 

. We use (2) , with 



f(x) 

The formula yields 
D cos 



_ ^2/3 



, g(y) = y'^'^ , hCz) = COB z , 

-2 , 2 -^/3 

(1 + x)^ 3 



h'(z) = -sin 



/l - xV/3 /i -xf/3. 2/1 



2/3. 



.-1-/3 



-2 



(1 + x)' 



•= ^1 --x)-^/3(i . x)-5/3 Sin (^^)'^' . 



Exercises 4-6 

For each of thtK^olloving find I>fg(x)J^ Ifef(x) , nff(x) \, and EfegCx) 

(a) f (x) = x^ - 2x>>g(x) '= -/^ 

(b) f(x) = sin X , g(x) = co£ 

(c) f(x) = X , g(x) = sin X 



(d) f(x)= 



1 + X 



, g(x) = Y" 



(e) . f(x).= sinCx*^) , g(x),^' A - x 

Find Dff(x) for: 

(a) f(x) =-sin^x . 

(h) • f (x) =, tan^x . 

Find f'Cx) if f(x) is: 

(a) -(x3 + 4)^/2 . , - 

(h) (2x2. ^ 2)-V2 , ■ - 

-/I - 3x +1 



VI - 3x. 



(d) A 



.2^2 
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Evaluate: 



(a) D^A^Tl? . . . 

(b) D^((x2-. 1)1/2, (x2.l)-V2) 

(d) D A ^ yrrra^). 

""V -Vl - 2x / 

(e) D^^x(2x2^ 2x + D'^/^) . 



Efvalua-te : 



(a) + cos x) . (e) D^^arc-tan (arc^an;x)^ . 

(b) I>^.(x Vsin x) . (f) D^(x sia X cos x) . 

(c) -dYcos(cps(cos x))) . . (g) D^/l^iH!|_y 

^ ' / \sin(x )/ 

(d) D^^^arcsin(cos x)^ . (h) D^^tanC^-^^)^ . 
Evalua-te : ' ^ 

(a) D^^arcsin(sin x - cos x)^ . (f ) D^Ceircsec 

- -(b) D^^c^in ^ ~ . (g) D^Caj-ctac + arctan 

(c) ■ D^/arctan(x '+ /l + x^)J . (li) i)/arcsln x\ ^ 

^ / x^arctan x y 

^"^^ ' ^x^^^^^ 1 - x ^ * -^^^ ^c sin (axe sin x)^ 

(e) ||arcsin(x2j) ' 
Evalua"te: 

(a) D^sin x , vhere v = cos jc . - 

^b) D^v6. - oc^ , where u = x^ . " ' 

(c) Dy.(2 + 3 cos x) , 'twere- v = sin x . • 



8. Compu-te the limits 'of each of the Tolloving ratios, 



'o: (ia) lim 

x-a ^ - 

(arccos x)^ - (arccos a)^ 
*x - a 

x-a 

9. If f("^) = (Ax 4- B)sin x + (Cx + D)cos x , "determine the val^ie of constants'^ 
A , B C , D such that for all x , f'(x) - x sin x . . 

10. If g(x) = (Ax H- Bx -K C)sin x (Dx +, Ex + F)cos x , determine the value 
of constants A,B,C,»D,E, such that for all x ^ 

g*(x) =^X^COS X . ' - 

11. Determine the derivative g*(x) in terms of f*(x) if:: 

(b) s(3c) = fCsin^x) + f(cos^x) • • , 

(c) g(x) =i f(arcsin x) + f(arctan x) . - , 

12. Prove that the ^derivative of an even function is odd and vice versa (it 
is assume^ that the derivative exists). 

13. Shov that it is in^jos'sihle to find polynomials p and q such that: 
(a) Dp = i . . 

p X 

A (c) d| = i . ., • 
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Notation. . • • v ■ 

There are several commonly used notations Tor the derivative. Each of 
these, is valuable in an appropriate context;. The notation of Leibniz, in 
particTilar.^ vill be convenient in the application of theorems on the differen- 
tiation of inverses and composite fuiictions. 

We have already used four .notations for the derivative of a function at 
Consider first the three representations of the derivative, 

(1) f '(x) = lim - ^C^^ /y^^^^^ ^) ' . ' 

^ - ^ two 

The notations (l) do have the virtue of complete jjrecision: Independently of 
context. we ^ee iramediateay that a specific function f is being differentiated 
at a specific point x . This precision was desirable for 'logical clarity in 
our development of the foundations of our subject- 

In more complex situations a completely explicit notation may be a 
barrier to "understanding rather than a help, simply because the complexity of 
-the notation conceals our pattern of tho\ight. 

Before we examine other notations, let us review the differences, in > 
usage of the notations we already have. The two limit notations place 
•emphasis, on the numerical value of the derivatiVe at the point x , and they 
are used interdhangeably^. The other notatioiT places emphasis on the function " 

f* : X » lim — ^ ^ 

h-0 

The prime is usually reserved for use with the. abstract designation f , g , 

, of a function as in f' , g' , . The "symbol is generally 

used when the function is given by an explicit name or formula, for exam^ple, 

2 2 
D cot X , D (x ax + a ) . 
X ' x"^ ' ^ 

(Here it is understood, unless the contrary is explicitly stated, that all 
symbols other than x appearing in the expression for the function are con- 
stants^ thus, 

D (x + ax H- a ) = 2x + a . 

If there is no ;^ossibility of confusion the subscript x is often omitted- as 
in p cot X ,) This notation omits reference to^^the specific point where the 
derivative is being taken. 'The s^Tnbol is an operator which when applied 
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to an expression "giving the value f (x) (for all x in a suitable domain) 
yields an expression giving the value f (x) ,of the derivative r» . Thus 
for 

'2 

r : x-^ — ^x : . , _ 

we have 

D fCx) = D x^ = 2x • 

X ^ X ^ 

T^s must be understood as 'the statement that^Wor all x , the derivative oi* 

2 ' ' 

*t : X m X is f ; x m 2x • . The iiisertion of a specific value of x 

- in this statement makes nonsense of the initial clause, "for all/x Jf ve 

wish to maJce the reference to the point at which the "derivative is being 

evaluated we must m^e explicit mention of it in. context or invemx^a special 

notation, for example, . 



X 



X = a 



^ The further^ notations abbreviate * the explicit notations by omitting the 



r^erences to thp functiqn^ f arid' to the point at which the derivative \is, 
evaluated. , The first of ^these notations parallels a common abbreviated mode 
of expression. Ve say, "y is a function of x" meaning that there- exists a 
function 



which maps each number x in a certain domain onto a value y in a certain 
range. -This expression is appropriate when-' we wish to call attention to the 
existence of such a relation" but are not impelled to name the function or » . 
define it explicitly. It is .suggestive . in relation to the repres'entat^ton of 
the function by its graph, the sej^ of points (x,y) where y = f f x) . We use 
a parallel notatiori for the derivative^ ♦ * ' - • • 

^ ' ' ■ " f : X - fc-y' 

and say that" y^ is the derivective of. y , meaning that there exists a 



* 

We cannot simply insert a value of x where x appears after the 

function symbol. For example, given f : x p-x we have D f = D 9 O , 

the expression for the derivative of the constant function x ^9 - At the 

same time 



X = 3 
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fiinction f such ^hat y f(x) and y' = f'(x) . Sometimes a dot, is used 
to indicate a derivative; e.g., y instead of y' . Clearly, to use such 
^ abbreviated notations and vays of expression we must have a context in which 
they are intelligible and represent a genuine convenience.* We shall find them 
so in the next section on inj^icitly defined functions and their derivatives, 
and later in the applications. ' . " 

A slightly, but significantly, more explicit notation. was introduced by 
Leibniz. We set y^ = fCx^) and y =^ f(x) and write the derivative in the 
form - . . , • 

• , f (x) ^ f (x ) y - yn 

f '(xj := lim ■ ^ = lim ^ . 

'Leibniz ^introduced— the "difference" notation . 

.V _ ' 

Ax = x - x^ 

A/ = y - yo - 

,Here-- Ax vis a single symbol with the same mea&ing as the symbol Ix- used in 
(l), ajid ^ is a single symbol which represents the difference in the 
function values corresponding to the difference Ax . between x and "^A^ 
In this notation, we have 

f'(x-.) = lim ^ . . ' 

O . - Ax 

Ax— C 

Further, in writing the derivative, Leibniz used oar"=JJ_el notation 

Again, references ^o.; the function f and the point x^ vhere the^ derivative 
-^s being taken are lacking and must be supplied from context. However, 
Lelbnizian negation is slightly more explicit than Newtonian: there Is not 
only a reference, y , to the range of "f but also a .reference, x , to the 
domain.: ""^ ' ' ' . . • 

The symbol does not represent a ratio, but the limit of a ratio. 

The parallelism with the nota:tion for fractions may seem awkward at first. 



The dotted notation was introduced by Newton. It ha^ been called "fly 
speck" notation by generations of irreverent teachers and students. - 
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tut it is actually singularly apt . Although the^ symbol ^ represents a 

derivative and not a fraction, the inle for 'dif f erentiatipg a composition 
(Theorem U-6) permits us to handle quotients and products or these symbols^ 
formally as though they vere fractions. ^ E^or suitable functions • 



4 



8 



Theorem i+-6 states that 



gfCx) = (f(x)) f»(x) . 



In Leibniz ieui notation this becomes 

dz _ d£ d^ 
^ dx dy dx * 

.We- see^ - then, that the theorem has the formfitl appearance of a cancellation df 
fractions • More generaJLly, consider a chain of compositions as indicated in 
Figure U-T, where f^(x) = y-j_ , ^2^^2? = y 2 , • - • , ^h^^n^L^ ^n 




< 



n+l 



Figure U-7 
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4 

4-7 



We can generalize Theorem h-6 to this situation by applying the rule repeatedly 
to the compositions - 

^^k+l^^^ = ^k+lJ^k^^) - . =^1,2,... , n): 



We obtain 



Jtalj 



Thus 



Ci^-) = <^i (i^k^-)) • <cx) - - ^ 

' ^ ^3 (^2^1^^)) • ^2 (^l^^O • ^'iC^) 



• This generalization of Theorem k-6 is /the. Chain ^ .Rule - ef ' differentiation . The^ 
proliferation of compositions is already confusing and dlearly, as we go on, ." 
it will become intolerable. The mere -writints of 0'(x) for large n becomes 
a problem. By" sac;rif icing explicitness, Leibniiiai^ notation resolves the :. 
problem: - - 

- - dy^ dy^_^ dy^_2 " * d5^^ dT" ' 
Irr this notation ve reveal the chain. of mappings, 

X—y^^y^— .... _^,y^ 



and a-t^.the same time exhibit the structure representing the' derivative of the 
composition 0 as a product of derivatives. At the same time we omit 
ref erencXto . the Tunptions which define the mkppings and to. the points at 
which the several derivatives ^e to be taken. This infonnation has to be 
supplied from context. . ""awts*. 



As a furrbher, evidence ©f th^ aptness of Leibnizian notation we observe 
that for inverse functions , f^ , g , where 



and 
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\ 



"the ;reia-tibn" 



■ J 



appear^ in'LeibnizieLn notation as 



dy [ / dx- 



^It is sometimes convenien-t to supply the omissions of Leibnizian notation- 



as follows. We consider — ais an operator identical with D 
■ : ■ ox ^ . X 

write ' .. ■ ■ , 

to supply the reference to " f and vrite * , ^ 



We then 



dx 



X = xj 



dx 



r(x) 



X = X, 



to suftply the reference to the point at which the derivative is taken, e.g., 

= 6 . ■ -■ • 



d 2 
z — X 
dx 



X = 3 



D^^f = f 



The successive higher derivatives are vrit^n D f = t ^ D f = r ^ 



The Roman superscript notation becomes cumbersome Tor 
hi-^ orders and.it becomes more' conv^ieTit tp use Hindu-Arabic numerals' 

Thus the n-th-derivative of f ' iair 



parenthetically as Jj^^^ ^ . t^"^^^ 



written . D^r ^ r 



(ri) 



Jt is also a useful Convention to define the zero- 

(6) ■ 



order derivative of f.* as f itself,- f^^ = f 



In Leibnizian notation we write 

^ ■■■ 
° ^ = Cs^ 




dx^ 
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* Exercises 4-7 

2 1 

Let y = sin x and x = -t • Find 



. ^ ,Usin€ Theorem 4-6 sbov that 



dt 



and 



2* Xet y = f(x) and x- = h(t)' • Express ^| 



Let y = r(x) , X = h(t) , x^ = h(t^-) • 



1^ = V 



t = tv 
O 



jay 
dx 



x.= 1 



in terms ^, of t 



dv 
dt 



dx 



t = t .■ 
o. 



Find the l^ollowing; 

(a) D sin x - ^ + D sin x 
. X X = 0 ■ X 



X = X 



dx 



t = t 



Pj^C^ + sin a sin x) 



X = jtA 



(c) A _ 



X = a 



(d) IT a) sin x + f(x)sd.n a 4- .r(x)sin x 



5. Let y = f (t) , v = g(t) , t = h(x) , z = J . 



(a) Using Leihnizian notation, f ind. in^ terms of -f^'j ^ and . 



dt ^ dt 



♦ (b) - Using (a) express ( in^^feenz^s of f* , > aad 3Ei' 



X = X 



dx 
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' ■ ' ■ ^ '■ . ' ' ' • 
>-8. Ing)llcitly Derined Functions . . " i ' * ."-^ 

A function which. Is described in terms .of ^ rational operations on, ; and 
conrpositions and inverses of, kxiown .functions is said to be defined explicitly . 
No matter hov con^jlicated. the description/ if it is explicitly defined in , 
terms of diff erentiable functions we know how to differentiate the fxinction. . ' 
You shpvLld, if pressed, be able to differentiate the explicit concoction.. ' 



(1) y = arctan 



-1 +Vi -^-^ 



+ 1 



1/2 



It often happens that a function- is defined indirectly or implicitly. 
Thus the conditions 

(2) ; ■ (tanV ^ 2 tan^y)^ _ ^Ib!^ ^ i ^ 0 <,.y < | , ' 



X 



determine y as a function of x . ^ . 

Sometimes we -can find explicit expressions representing functions defined 
in5)licitly.. This is the case for (2), which has the explicit solution (1). 
We put the implicit- relationship (2) in the form. 



tanV + 2 tan^y - ^B^L^ + i '^ q 



and recognize that. this is a "quiadratic equation for- ^tan y . Solving, we 
obtain * ' ^ 



vhere the positive square 3*^ot has been taken since tan^y lis positive. 
Taking the square root aryi then the arctangent, of both sides gives- (i) since 



O < y < I 



lit other cases there is either no equivalent, e^cplicit definit^^ of a - 
function defined implicitly or it is very difficult" to obtain' o'ne. An example 
is provided by the relation 



(3) x^arctan z + 2 = sin x . ' * 

This equation determines a ^unique value 'z' for ever:/ number, x ; that is. it 
defines a ftmction x— » z but we* are unable to obtain an explicit expres-. 
sion for 2 . 



Tt- is -easy, to see that (3) defines z as a function of .x .' For .any 



given namber x ^ 0 2^ — •. — ^x^ arctan z + z is a continuous function and has 
.arbitrarily large values, both positive and negative. ' Hence ^ by the Inter- 
mediate Value Theorenx, there is some value z f*or vhich (3) is satisfied; 
since 0 is. an increasing function, that value niust he unique, ■ and ^ the- func- 
tion "x — T-^z"- is defined implicitly by relation (3). " J 

For the function'def ined' by (l) we .know that we can 'differentiate y 'but 
thg epcecution of the differentiation would be a punishment* A much more" con- 
venient 'way to find -the derivative ".is to starts from ".(2) - ^Applying .the chain 
-rule and c ^her techniques of differentiation.' we obtain 

3Ctah y + '2 tan^y)^(i<. tan^y + V tan" y)sec"^y ^ 



w ' X - 2 sajk X cos x - 2x sxn x- 

= 0 

X 



4t 



, ^ dv - • . ■ 

which is- easily solved for • / " * 

... cax' 

;-It is true that the formula obtained in this way will itself be somewhat 

dv ' ■ 

implicit, since it will express ' in. terms of both x and ^^y- , unlike-^ the- 

one ve could ^ave obtained by differentiating (l) directly-, where only-' x 

would have appeared on the right side. , W$ can still get a formula involving 

•x .''^^one i'f .we want it, by using (1) -to eliminate y , but it is clearly .more " 

• conv^ient ■ to wi^te y, instead of the complicated expression it represents.. 

For daojst purposes, we do not need the, corripletely explicit formula for the 

' ' dv ■ ^ • 

derivative. If^wevish to- find the value for a specif ied value . of x ; 

for insi^ce, we can first compute the corresponding value y (explicitly 

from (XJ in xhis case-, but by numerical approximation in most practical prob- 

\ dv* 
lems;, and then compute from the shorter formula* ' - - 

From (3) 'we* obtain ^no explicit formula for z in the first' place. But' 
we can still obtain a formula f or - by implicit differentiation. Thus, if 
z is a diff erentiable function of x , we may* apply the rules of differen- 
t-iation 'and obtain . 

^ ^ " 2 1 dz dz 

2x arctan z + x — 4- = cos x 

2 dx dx 

- 1 z 

or ^ 
- • dz cos X - 2x arctan' z 



(^) 



dx " 2 

X -, 

^ -h 1 



If ve. wish to evaluate this Tor a specific x /ve will first have to^find z 
fro3i. {3) , probably hy some approximate .nimerical technique. 

.We emphasize that %re. have liot shovn that (4)- holds, merely that £T — 
- exists it must have the value given "by (1^-). There is in' fact a theorem^hi • i 
applie*. under, rCEher general^. conditions (vhich covers the present case and 
most of ^-Ehose 'ihat a2-ise in practice) that if an. equation defining- a function 
implicitly caiv be formally differentiated and the result solved for the derive 
. tive of -the-fxinction^ 'then the derivative of the function exists and has- the 
value -fotind^' To -prove;, or, even precisely state^ 'this theorem -would take us 
' too far afield (Appe^ndix .5); hereafter ve shall us^ implicit differentiation 
freely to solve problems, without each time reiterating the vaming. that -^he ■ 
derivative has not been proved to exist, ^ . - • 

That ve cannot solve for the derivative at every point even though the 
function is veil- defined is .illustra|ied by the example . \ . 

■ (5) ■ : ^ •/ u5 + = X * . 

^ which defines u unambiguously for, each x * ^Cmplicit differentiation, yields 
/ ' ' ' r=z ^ 2-^" du * ^ ' 



which can.be solvefd for ^ everywhere except where 5u^ + x^ van^hes. 

Since from (5) we have u = O when x = 0 , we cannot solve^for — at 
. ' ' . : ' dx 

>^ = 0 * ,In fact;, u is "not diff erehtiable ^at x = O . 

Even if a fimction is differ entiable at a. given point the method may 'fail. 
For instance, consider the implicit definition. . - ' - - 

(6) ' - ^ v5 ^ v3 . . 

As before, at x = 0 we have v = 0 and.no solution for from the 

dx 

implicitly differentiated result . . . : 

In this case, however, there is a derivative at x = 0 , and we can find it by 
writing C6) in the equivalent form ' ^ . 



^ v(v^ + 1)^3 = X - ^- . . ^ 



and then dif f ^entiating: 



C . l)V3 , I ,2(,2 ^ ^)-2/3^ g ^ ^ . 



T^-^s gives^ = 1 at ^ = 0 • 
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. , Exercises 4-8 ■ . 

Fox positive X / if y . > vhere ,r is a •.zrational" niimber, say 

"r = — (p /-'q , integers) then y^.. • As sinning ' the existence of the 

■ • ^ : ■ r-1 \ ' ' • - . 

^ierivative derive the formula, D.^. — rx --using implicit differ-. 

• n n 1 

entiation and. the differentiation formula D x - .= nx " \ for integral* n 

•For each 'of "the fo^oving. . f ind ^j^y' vlthou"t solving- for y as a func-tiori 
of X . . .. ^ 

.(.a)/ 5x^ + 12 . .• . ■ . .. .• ■ ■ . 

,(b). 2x - y 4- x- - i^. = .t), 

(d) +- y-^' - 2xy =' Of , . ^ . ' ^ ^ 

For each of the follwing use implicit diff^ereniiiation to find 
(a) ■x2;= y^^" ■ ■ - • ' ■ ■ ^' - ' .. - 

(h) X y + 'jcy = xf^ / ^ * - 

(c) x^y^= 10 (m /n integers) \ ' • ■ * . . .. 



o(d) -/xy + X = y"^ - 

Use implicit differentiation to find D x * 

^ . . ^ . . y - 

(a) xv'y + y-/x - aVa.. . 

(h) .2x + 3xy + y + x - 2y + 1 = 0 ' " ■ 

(c) (x + y)^/^ + (x - y)^/^ = 1, : \ : : 

^ 2 2 2*- h' ^ 

(d) 3x + X y = y + 5 ' 

(e) i4^x'^ + 3xy - Ty = 0 . ^ 

For each equation^ find the slope of the curve represented-, at the stated 
point, ^ _ ' 

(a) 2x^ + 3xy + y^, + x - 2y 1 = 0 at the point (-2,1) . 

(h) x^ + y^x^ + y^, - 1.= 0 at the point (l>-r) . . ^ 

(c) X - x-/xy.- 6y = 2 at the point (if, 1) . 

(d) X cos y = 3x - 5 at the point (v^ , 77) - ' " ^ 



'6^, -For each equation, find the . slope ' of .the cvrve represented at the point 
. ■ or poijits. -where- • x "= y . Give .a geometric explanation for these' resxilts. ' 

(a) - 3axy + = 0 ^ . ' 

(b) x"|+yf^:^2' - _ ; -■ : 

, ;. -(c) . = -2axy . ^ . 

* ' ■' * '-^ . \ ' 

7. •Find •1>^ by implicit diTrerentiation/ ■ . " ■ " - ■", 

- - ( a) • a"* sin y + cos x = O ' ' i., ' ' . _ ^ .. ^ 



as a 



• (h) X c6^ y + y sin x 0 - . . 

> * ( c) sin' xy = siji x' -t- sin y . " ' . • ' ■ / ; 
' . (d) 'bsc(x + y) =:.y :- V .. /. ■ 

(e) X. tan y. - y tan^x = 1" ' . ^ . ' / * . 

y ^ = X tan y , . . . 
' . (e) ^ z*- sin y =: 5' ' - ■ ' ; : . \ 

:./-8-.- If . < x^ < a ^ 'then the equation ' yp^^^ + .y"^^^- = a"^/^ <ierines y 

; , function of x . - Assn.mi n g the existence of the derivative, \show without 
solving for ' y • that f*(x) is always -negative*. . 

9. Assuming that = D^x = 0 (i.e., x and y are independent), find the 

following. 

(a) D (x + xy + cos y) . * ' ' " 

Cc) D (x^) + P (y2) 

(d) D^f(xy) + Dyf(x) _ ' , 

' (e) V^^^ 

10. I^t and c^' be vtwo cuorves which intersect at the point (x^^yQ) and 

. let the slopes of c>'^d at (x^^,y^) he and \ respectively, 

.If the product "^Vm^ equals -1 , we may say that the curves o, ' and c 

^ 12 

are -orthogonal. 

(a) Show that the lines with equations ' h^y - -33C.-: 'hO = O '^ and -\ - ' 
3y 15 = . O . are orthogonal. ' . . ' . ' - 

(b) Show ^- that the circle + y^ = r^ r constant-,, -is drthpgonal to 
■ ; the line y = mx , m constant. 
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11, Find points of intersection of the ellipse x lOy 10 stnd tbe 
hyperbola • - 8y^ = 8 , and the slopes of .the ciirves at these pointy of 
iaitersection. Shov that the cu2r\res are orthogonal. 

■ • ■•- * 2 - . ' • ' , -"A . ■ ' -• 

12. Shov that the family -of curv^es ' -y^ = 4a(x •+ . a)- . . is sel^"- orthogonal, i.e. , 



Al3« 



14, 



each tvo members of the. family '^"y^ = il-a^Cx + a^) anja. y 
that intersect, necessarily intersect at right angl^s^.,,^. 



^- l+a^Cx + a^) 



For vhat values of will there be exactly one line passing throiagh the 
point (O^k) and orthogonal .to the pa^rabola y = x ? For what values of 
k will there be exactly three orthogonal lines? 

A ball -dropped, out of- a window falls l6t feet in . t seconds. -;An • - 
pbserver i snatching from another" window at the saiae height , feet ' 
away. At what rate is the :r3i; stance of -the ball from the observer increas- 
ing two seconds after the ball is • \m ^-kS 

dropped? ' . \ 

(a) Write an equation which 
implicitly defines the dis- 
tance y = 0(t) between the 
observjer and the ball at 
time - t . 

(b) Use implicit differentiation 
to answer the question of the 
problem. 



15. (a) Given that sitrtple harmonic motion is described by the function 

p ;>t ^ sin(cj t + c) where o) and c are constants. Find the 

velocity at time t = t . • . - 

o ^ • ■ 

(b) Simple hannonic motion may also be described by the* function 

p : -fc ^cos(a>t + c) where 09 -.and c ar.e constants. Find the 

velocity at time t = t • 

^ o ^ ■ ^ 

(c) In what sense are the motions in (a) (b) the same? 

16 • . If a 3ii2?>le harmonic motion is described by the function 

p. : t »-A*sin t + B cos t where A , B ^ and oj are constants>^ 

determine the maximum velocity. / • . ; • 
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MLscellaneous Exercises 



Evaluate :'. 

(a) D(x + i)^/^- . 

(b) D^Carcsin Vx)^^ 
ed)- D /x - 



-3/2 



X ■ J ' yiier e , xi x 




) 3Vx + Vx 



(f) DCx^ - '2) 



(g) d¥x2 - 3 



(h) D (x'^ - x' 



2 ' ..-1/2 . ..-2n 



(i) D 



vhere vl = 

X 



(/2 2)' 
X + y a - X / 



a cons"tan"fc • 
(J) IVx + 1. 



(•k) D^(sin X • cot x) , wher^ v = cos x 
(l)- D^sin(x' 



(m).- - sin X ). ^ ^i,ere v = cos | 

^ ' V 1 + cos X ' ^ 



(n) Di 



/ (2x - 3)^ 
V x3 - 1 



(o) D 
(p) D(2x^>5x^-- 



r: 



2) 



10 



1 X 

^q) D C — % — ) ^ -wiiere" v = arc sin x 



2 

X 



(r) D COS' 




(s) D(arcsin(x ) + arccos(— - x )j - 



(-t) iD^anCx""^ - x)^ 



In Section 2-4\^e'. defined the velocity of an object T^hose location on a 
straight line at time t = t^" -a"^,. given "by s = ^(t) . as. 'the limit of tl^ 
ratio ^ V 

■ ■ ■ \ - t ' . 

O 

and in Section 2-5 we :/<^b.served that this limit is the -value, of the deriva- 
tiv^e -aTt' - t = ' €^*^^*?^^^^-ib5p^^^ has been establisjied that the 

distance -covered 'in time it /^y. a freely falling .tody is' p^j;opprti.Qrial to 



t^ , and therefore it can be^jrepresentedTby the funptidn.\ .^4^:"' 
vhere^ c is a positive constant. Shov that/ the velocity" of freely 
f allii^ ^body is- directly proportional to the time.'- 



4-M 



3. Suppose a projectile, is ejected at a point P which is 




20 .feet above the 

Sround vlth initial velocity of . v^' feet per . second. Heglect friction and 
assuiae that the projectile moves up and dovn in a straight line. let . 
0(t) denote the height (above P fYn feet that the projectile attains 
t seconds- after ejection. *Kote that if gravr.itational attraction were' not ' 
'acting on the -projectile, it voiold continue to"- move upward with a. constant 
velocity, traveling a distance of v^- -feet pe< second,:' so that its height 
at time t «Duld be given by. t ); ■ = • v^t . ■ We imow that' the force "of 
^ '•■^ity acting on the projectile causes it- tb.- slow ^iow^ until its velocity ' 
i^zeip and, then : travel back ■ to .th^^g^h . }.0^^ the .tealsis of phy sic^S?. ' . ' ' 



eaqp^riments the ' formula 



eCt) = v^t - I t' 



-where .,g ' represents the force 



«^^^*y,.is used to represent the: height (aibove' P> .of the pro j ectile 
as Ixfflg as. i^ is aloft.. Kote that eCt); =-0 wheb'- t O' and T^n 



2v. 



t = 



— - . This means, that the ' projectile' returns 'to the initial 20 foot 



lievel after 



2v 
t 

g 



seconds. 



(a) 

(b) 
(c) 



Find -the velocity of the projectile at 
and g) • ^ ' : . 



t ^ t. 



(in terms of* v. 



Sketch the s vs. t and the 



V vs. 



curves on the same set or, axes* 



Coti^mte (in terms of v^) - the ^ time required Tor the velocity to drop 
to zero. - . ' . . 



(d) Wiat is the velocity on return to the initial 20 foot level? 

(e) Assume that the projectile returns to earth at a point 30 feet 
below the initial t^a^e..o#? point P . What'is the velocity at 
iTnpact? 
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Chapter 5 
APPLICATIONS- OF THE DERIVATIVE- 



Introduction > 



In the preceding chapter ve irere concerned jprimarily' .vith the .concept .of* 
•derivative at a point. The derivative f (-a) oT a function f at a point .€ 
is an exart^Jle ot a^. local property, of f : / .it is^ defined gls : ^ ^ 



. .:.v.".. ^ "■ . ■ . Aix-o: . ■ ./.-^ . .. ■ v ■ 

SO that the, derivatriva- at' a", is defined "by the 'values of in any n^i^bor- 

hood of a , n,o matter how smkll, ' By- contract, in tfie applications^ ve are 
often concerned with global , properties oi* ^ ; for exazz^>lej -whether^ f is 
increasing throughout its domain^ or lAether is the largest value f(x) . 

for all _ X in its domain. A global property of f involves the values of 
f in its entire domain, a local property involves only values in the neigh- 
borhood of some given point. For exarnplej, the property that f'(x) is 
boxinded below on [a,b] .by a given constaurt is global . The prpperi^ 
f ' (x) > O ata given point is local. 



One of the problems of this chapter is to relate global properties of f 
to local conditions satisfie'd by f at. each point of its domain. For example^ 
if f is continuous on {a,b] and dLfferentiable on (a,b) , the global 
. property f(x) > f(a) ^for^ 611 x in -[a,b] is est^stblished, iT f'Cx) > 0 
■for all x , in (a^b) . 

\ . ^ 

In general, ve explore the properties of "functions didTferentiable on an 

-interval. We focus our attention upon the function . ' 

; ' ■, ■ ■■ rif ■= f - ■ ■ - - 

rather than upon" the values of the derivative at individual points. We. also 
consider the functions obtained . by. ite-rating .i;he oper&tion df differentiation;. 
In particular, we shal 1 ' investigate ^propertie's^ related to the' second de2*iva^ 
tiye, V ' ' ■ ^ . . ' 

i>(rcf = D^f = f " , ' 

and shall also have occasioi£^-use in thi's chapter for derivatives of higher^ : 



5-1 ■ . 

Our major aim in this chapter is to see hoy the derivative f» gives us' 
information about the fxinction f ■ and its graph. We "already have obtained • 
one^sucK item of information' in Theorem 3-6d: because, f crust ^be defined and 
continuous where it :is differentiable, each point x on the domain of f .is 
also a point of continuity of • f . From this fact, upon any closed interval 
in the domain of . f ' , . we obtain .the' global properties of f given by .the'' 
■extremej'and- intermediate vaLu| theorems- of^ Section 3-7. Further, we shaOj: next 
see hov- knowledge of, the .derivative of .f on- an interval enables us to locate 
the extreme^ values, in ^^hat laterval. In Section 5.-5 we shall see liow inf or- 
mation about the. secon(i^derivative-_f" , the derivative of f , gives infor- 
mation about f- and also about the function f itself. ' - 




> 
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Exercises 5- 



"l* (a) Ob"bain an expression -for -the firs-b and iiigher derivatives of 
where n . is a natrural nmiber. .... ... 

(b^ Do the same for where ^ is rational^ ^ p ^ and q relatively 

prime. What is the domain of f* when fCx) - x^^^ ?^ Fqr^-what . 



valuer £ is the dOTiain of' f ' different from that of ^ ■ ' 

Answer the same qijiestion fox* higher derivatives 
• of xP/'^ . . . ■ : 

2, 'What is the twenty -third derivative of" * _ . • . 

(a) "^sl^i X ? \ (c) sin 2x ? 

Ch) cos X ? ■ . ^ Cd) 5x"^'^ - Vzx-^^ - 83x^^ 70i;25 ^? 

Find the n-th derivatives of the following fiinctions: . 

- ' (a) f : x i-(ax + h)'^ . - . ' 

( o) f : X ^ sin x . - * - * , 

(c) f : X ■ cos(ax + b) . 

(d) f : X * sin x . . 

(e) f ; x ^ cos^ 2x . 



(gX f : X- 



1 



> 



X' ■ - a 



X (h)' f : -x— ^ -^^^ . . ' .\ 

. • X + 1 ^ . . • 

Let f .be- a function defined foi*, all5^;eai. values. 'of- x the 
. property - \ ^ - f. ■ . . p ' .. ^ . . 

f(a ^b) = f(a)'- f (b^) f ^ for all real . ninnbers a and- b . 

■ (a)/ Shpw that eiiSher f(0) =1 or f(x) = O for all x 

■- ' ■ 

.'(■b) If f(6) = 1 , shov that, f (x) 7^ 0 for, all x . ... " . 

- • ' ■ ' • ~ ••' •■ - ' ' ' • 

. '•. '(c) If, adtaitlonally," !f(o)-= 1 .and - ^ has a derivative:**; x = 0\» 

show .that_/£.'.;' exists 'for aH^ x' apd' that ^f ' (5c)..= -f ' C'O)"- f (x) . 



_If fCx + y) = fCx) + FCy). , where P is continucius at one point and 
defined for all x / show that PCx) is 'everywhere diff erentiahle. 

Given that the functi-on.F is defined for all. x , . that ^ E" (x) ■ exists" 
for. O < X < a , and that .F(x + a) = kP(x) for all x. .(a, "k constant) 
Show that F is everywhere diff erentiable and sketch some 'possihle- 
graphs- of P assuming . " ' v ' . . ' 

- - , « 

(a) F.(0) = O , Fi(0) 0 . ' * 

(h) F(o)'^= o , F'Co) = i ,^ , ^ ' . • ■ • 

(c) If FfO) = O and the graph of F is tangent \o the y-axis show j 

■ ■ ■ ^ / 

that F is differentiahle for all x ^ 0 and sketch some possible 

graphs of P. . , ■ * 



5-2. ^ The Derivative at ^ Extrenrum * . ^ / •> 

In the prohlem oT Section 1-1, we attempted to determine the dimensions 
of a iDOX of greatest volume V that satisfies certain postal, regulations: we 
sought to meLximize the function x— ^72x hx^ . Another problem of similar- 
mathematical ^structure might "be. to determine the length L ;of the sh^ortest 
path along vhioh two 'points ^an be connected so as to meet a given curve some- . 
where on the. path (the reflection problem of a later chapter on geometrical 
optic-s)^ Here we seek the minimum of the function L . A veaue whicTn is either 
a mfiL^mum or. a minimum for a fu^lption f is called an' extremum af f 

(i^ Location of ^ extremum^ on a closed interval*' 

We Gons;Lder a function f diff erentiable on £he open interval x < b 

and continuous on the closed intervea a <^ x: < b . Since f is continuous on 
the closed interval it assumes^ maximum value « M there (Theorem 3- 7h) • That 
iS;, for all values x such -that a < x < b we hay^e f(x) < M and for at 
least \?ne value u we have ff\j^ = M • The possibri-lty that u is an end- 
point of the interval must always' be considered. If u is an interior point 
of the interval then, as we indicated in Section l-lj, f.or f(u) to be a 
maximum, ^'^ (u) must be ■ 0 . Now we prove that fact. 



. TETEQKEM 5-2a . Let f(u) ,be an extremum of f- for some value u in the - 
' interio?r^ of the domain o:^ f . , ^IC^)- exists^ then f ' (u) ^ "O • 

Proof . Suppose- ""f ' (u). 4 O • Then either f ? (^) > 0 or f'(u) < O ' 
Suppose f'(u) >d ; then, since f'(u) = lim. ^^^^ " ^^^^ , by Lemma c 

there is .a neighborbiood I of u. such thd-t - .' 
" * , --^ '^""""''^ 

> - . r(x) = "fl^EL^LJllil >o-, for^ X in. I . 

^ . X - U . o 

■ • • " • ■ ' " ' ■ & 

^ since u is' ah interior point of [a,b] there will then .be j)oints a , P 

in the interval for which a < u < and both r(a) and r(p) are positive. 
Conse.quently, - 

" . ' f (a) < f(u) < f('p) , 



i ^Maximum, iiiinimum, and extremum (-um becomea -a in plural) are words of 

Latin''origin meaning greatest, ...smallest, and outermost respecjtively, • . 
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and f(u) cannot be an extrenazm. " . ' 

* There is a; parallel' proof for the case f*'(u) < 0 • " - " 

Corollary. If f- is dif f erentiable* on the' open^ interval - an^. ' 

continuous on the closed interval [a,b] then the extreme val-J r axe 

^ taken op at- endpoints of the interval or at interior points vhere the deriva- 
tive is zero. . . \ 

Example ^^2a^ To determine" extreme values of f(x) = 1 + x - x^ --x^ 
on the interval [d>l] , we obtain ' ' . " ^ 

- ..3^/(1 -h x) • . • , 





. ft(i) = f'(.l) = 0 / • 

^ ^S-?^"^ ®' Po^^"^ of the interval and we^ conclude that the 

be taken on only at the, interior point j or the endpoints 
We ha^^e f(0) =^1 , f(i) - '|| V f(l) = 0 • . We Conclude that the 
^ maximuin value is taken on at the interior point ^ and the mini nnim, value at 
the ' endpoint 1 . — ; " 

' ' ^ ' ' ' 4^-' ■ ■ 

Exaiig)3.e ^-gb . In the parcori post problem of Section 1-i we-'^ dealt T^ith ^ 

^the fuiictlon^ f : x 72x^ - - on "^^g^j^^^' C^^^^ derivative 

f '(x) = iWtx - 12x^ is zero 12 J - We have - f (O) =1 o , 

r(l2.) - 3^56., fC^)^ (^)^ = 2985 g^^^h: this ^observation ve have . 
conjjletely proved that the solution given 'in^^ct ion' 1-1 does provide the ^ * 
carton of greatest capacity. We ^ee also that toe minanium "value of f . occurs 
fe.t the endpoint x = '0 ; that 'the deriyatiye happens -to be* zero there is 
i^rrelfevant. ] <^ ^ / . \ ^ • ■ 

Exiample Ck?as^dery:hevfl^ f : x — — |x| on the interval 

[-1,1] . We know tha-^ ^j.x| ^0* and that^^J*^,^ 6 It follows^ that the- " 
minimum of^^'^^'l on [-l^l] - is^ zero an^ dV taken on at" x = 0 i Here is *a 
case- where an*- extreme value is, -taken on at an interior poiijt, jDut the cOndi- 
tions of the corollary do not apply; . |x| . does not have "a derivative at 
3t = 0 . We have trad^to. appeal to pther evidence to locate-. the minimum. How- 
ever^ |xf is dif fe3reii|iable on -the open interveLLs • (-Ij.Q) ' and -(0,1),^. 



Since the derivative of- \x\ is. nowhere zero we conclude that any extreme 
value, of „• |x| on [-1,1] must be located among the points x ='-1 , x = 0 , 

. With a solid tHeoreticai foundation which was lacking in Chapter .1 we 
now. have an effective method of solution for a broad class of extreme value 
•problems.^ In summary, for a function f continuous on ^closed interval we 
know that the extrema exist and we 3mow.that if an extreium exists at an 
interior point u of the interval where f is different i able then f '(uJ = 0 
•.To 1-ocate the. .extrema of f on < the interval, then, we need only try endpoints 

ot the interval, points .where," f has no derivative, and points where the 
, derivative is zero. (ifcst of the functions considered here are differentiable 
"everywhere, although in some cases there may be exceptional points where the 
derivative does not exist.) To determine i^ich of these paints ylleld' the- 
extrema we m^ calculate the values of the^function at each point qf this 
restricted class; the largest such value is the maximum value of the' function 
on the interval, the smallest is the , minimum. 



Exercises 5-2a 

"I"!. ■ Conqp'j^ete the proof of Theorem- 5- 2a by proving that f ' (u) «f: O . 

2;. . Make a .careful sketch 4>n the interval [0,l] of the graph of the. ' 

; function 'f : x ►1-'+ x - x^ - x^ given in Exampre 5-2a: Does the 

.graph confirm the conclusions of the text?'. 

3. Determine "^he extreme values of the function f : x ■ 'I'l + ij-x -' l3x^ 
+ iSx-^ - 9x . and make a careful sketch of the graph of r/\ 
Compare your, results with your answer to Exercise 1-1, No. ia. 

k. iocate and characterize the extreme values of each of the following 

functions on. the interval [-1,1] . - ' # 

. . , - , , * \ . 

' (a) - f* : x-_ x2/3; . ' ' V ; " " ■ ' ^ . 

5. • (a)\ Tliree^men live on the -^^ame straigh-t road. " Where on the road' shotzld" 
they .agree to meet so that the^S^ttsyaf the distances they travel along 
the road from their hOTies ' to -their^ee ting place is. to be a- 



minimiini? ' ' ' " : 

(b) .-Wl^'is the s&swer if the nTjmber of men is foiir? S 
C.c), Ansver^the question for . H .^eq where n is .any positive integer,- 



6. ' A stone- wall 100 . yards long; stsoids .on- a ranch. Part or all of it is 

' to;\be used in fomring a" rectangul^ corral,, using an additional 260 
yards" "of: fencing^ for the -other three sides. Find the maximum area which 
7 . - can. h^ so enclosed-^ ^ 

7. A metal can with square base and open top is req^Tlred^ to ^ntain a, ^ 
gallon (231 cubic inches) of gasoline. Neglecting the thickness, ^f ; ■ 
tihe metal an| the waste material in construct ion_, find the dimensions- - 

* that require the least material • ' 

.8* A right triangle with hypotenuse is rotated about one of its legs. 

" Find the 'maximum' volume of the right circular cone produced^ 

9. Determine the lengths oCthe sides^-of a triangle of maximum area with 
• base b ^and perimeter p A. (Hint: Use Heron* s formuj-a for the area 
^ of^'a triangle: A = VsCs - b)(s - c) where a ^^^^b , c are the 

lengths of the sides, and s=i(a+:b + c)=2..)^ 



(ii) Local extrema. ^ ^ 

In the preceding exan^^les we shoved how to. locate the global ex^rema on 
a* closed interval of a'^f ferentiable function ' f Clearly an extremum of 
the function at an, interior point of a given interval may fail to be an 
extremum in the interior of '.a larger interval. However, if f(u)- i-s an 
" extreme value of f in some neighborhood of U', then, it is an extremum in' 
any smaller .neighborhood; in this case, we call f(u) a local ^extremum of, f 
(some, texts use the term relative extremum). From Theorem 5-2a if ^ ?(u) is 
a' local- extremum' then f'(u) = O^^^prbvided f ' (x) exists. In seeking the. 
globeil extr.ema by the methoja described above we shall^s 
j^xtrema of f . ' ii ■ 



yfso find the local 



^>^ample 2zS^' Consider the function ..f(x) = 3x + 4x^ - . 12x + 5 - We^ 
have ': fKx) = 12x^ + 12x^ - 24x = 12x(x - ■l)(x + .2) , whence ■ - 

f -^^^ • ■ ^ ■ - ' r, ' ■ 

. .. f'(0) = f^(l) = f'(-2) = 0 . ' ' \ 

We tabulate the values of f at the* zeros of the derivative and at the end^ 
points of an interval including the .zeros • - . ^ 





r3 

— . / 




0^ 


1 


2 




4" 


-27^ 




0 


37 



^IVom'the t^able we conclude that f(-2). is the minimum of f(x) on the inter- 
. val- •[-3,2j , r(0) a: maximum, on- -^[-a^i] . , . aid ;f (l) a minimum on [0,2] . 
•\Since there are no ottEer locaJL maxima or minima ve expect the graph ot t *to 
^have the appearance or Figure 5 -2a. ' ' ^ 




Figure 5-2a 

"* ■ . - * ~ ■ 

Thus,' ve expect t to "be a decreasing function tor x<-2;r(-2) isa 

local minimum. For ^2 < x < 0 the runction should be increasing and. -f(0) ■ 

is a local maximum. Over the interval 0^< x < 1 the function should decrease 

again to the local mlTi1 mi 7Tn j for x > 1 the function should he inci'ea^ing 



ERLC 



177 



1. ^ - *y 



5-2 . ^ - ' • . ... 

%; 

We shall prove that the inferences concerning the'>i\inction of the example 
are correct, . By deteriainiijg the . positions of the local extrema of ■ the fimc- . - 
tibn we. have been able to say a great deal about the general character of .:yie 
function. have, utilized intuitively the idea that throughout the interval 

between successive extrema, the function must either be increasing or decreas- 
• ing. . We shall. prove this result as Theorem 5-2b. In the course of the' proof 
•we shall utilize a resxilt we shall need C4gain. 
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Lemma 3-2 , Let f be a continuous function on the - closed interval 
[a,b] If f(a) = f(b)r then there is a local extrennom for -f(x) on the' 
open interval (a,b) . V ' . • 



Proof. AssTime no epctremum exists on the interior of the interval. Sine 
'extrema exist on^ the closed interval by the extreme value theorem./ the extrema 
of f --raust occur at the endppints. Since f(a) = f (b) the maximum and 
mininiam cf f must then be the- same. It follows that f is constant ori^ . 
[ajb] . Hence f(x) is an extreme value for all x satisfying a < x < b • 
Th'-s contradicts the stssumption that f(x) has no extr^^pum on (a^b) * 



1 



The two siniple results, Theoraa5-2a etnd Lemma 5-2, constitute a basis 
■ £c>r the logical development of the rest of the chapter, 

THEOREM 3- 2b . If f is continuous on the closed interval [a^b'] .and if it • 
has no "local extrema on the open interval (a,b) then f • is strongly 
monotone on [a^^ . 

Proof . Biy Lemma 5-2, ve have f(a) ^ f(b) , hence either f(a).< f(b) 
or f(a) > f(b) . If f(a) < f(b) we -shall prove f is increasing on [a,b] 
(A parallel argument woulc^ prove f is decreasing if f(a) > f(b) .) 

Let u , V be any two points of - [a,b]. with u < v . 'We want to show 
that f (u) '< f (v) . The case ^(u^ = f (v) is^ impossible in view of Lemma 5-2 
and thus it -will be sufficient xo show ifhat the assumpt;froh f(u)^> f(v) 
results in a contradicti<5nT ^'^w-^^*' 

We will first establish a simple "consequence of the Intermediate Value. 
Theorem: if a ^ p r are' three points in [a,^b] such that 



* See Definition A2-4b. 
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..(1.) 

and 
(2) 



- a < ^ <:r 



then there exist distinct points c^^ . and\^c^" such^that a <'c^ < 3 < < v 
and f(c^) = rC.Gg) - ;CSee"'Pigure 5-2b. ) "i^ ' . ■ -/ ' ' 




For, le|, z "be any value less than hut greater th-an hath and 

f(r) ; for example-, ^ = ^ [f'Cp) + max[f'(a^, f (V) } ] Then f(a) < 2 < f(g) , 
and hy the Intermediate Value Theorem there exists a c^' e [a,p] such that 
f(c^) = z ; likewise, -since ^(t) < z < , there exists a c^ 



such that f(cg) = z 

= z / r(p) . 



2 f [P.r] 

. FinallyV> =i ?^ P ^ =2 ^ ^ ^'^'^^ ^i^j?'" ^^^2^ 



^ A sirtHlSLT argument produces the same result in the case -when "th^' 

inequalities in (2) eg^ reversed. ' ' > ' .4* " V 
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!Xt, under the assuii5)-tion that f(u) > f(v) , ve vill exhibit two points 
, =1 ' . '■^''^^ ^"^^^ ^'^^'^ = fCcg) . It then, follows, by Lenma..-,. 

5-2, that f has a local extremum on! (a,b) in contrauiietion to the hypothe4v 
sis o'f . the theorem. --. • 

• . ; . Obvioi^y,. either f(u) < or -fCu) > f (a) . Suppose first that 

f(ii)'< f.(«.> . ./Thus f(v) < f(u) < fta) < f (b) . ■ ■ ... 

We. conclude ^t^en thSt , a-< v < b vhile r(v) < fCa) ahd f(v) < <(b) . " 
We' can now apply^ the previous observation (vith 6c = a , . p = y ^ 'and r = b 
and with inequalities in (2) reversed) to exhibit>ji5|he desired poin-b^ c^ . and 

Firtilly, suppose that r(u) > f(a) . Then u / a so that a < u < v , ^ " 
while, i'(u) > r(a) and r(u) > f(v) . Again we can apply the previous observa- 
tion (with a = a ^ 3 = u , and r = v ) to exhibit the desired points' c^ and 
. This concludes the proof of the theorem. . . 

Our method for finding the^glpbal extrema of a diff erentiable function 
has a useful by-product: the local extrema also are determined. Theorem 5- 2b 
Justifies the description of the ^^ss properties of the function given in 
Example 5-2d* ' \ 

We know that on- an open interval eul^ the local extrema of a diff erentiable 
fiinctaon f are selected by the condition f'Cx) = 0 * There may be points 
for which f * (x) = 0 , however, which do not correspond to local extrema of f . 

£xajig)le ^-2e ; Consider f(x) = x^ on the interval [-1,1] • We have 
2 

^''(x) = 3^ y hence f'(0) = 0 and the derivative vanishes nowhere else. We ^ 
have f(-l) ^ f(Oj.= O ,^and f(l) = 1 . It is easy to prove that x^ 

is an increas/ng function, hence that f(0) is not an extremum. We conclude 
only that the graph of f is horizontal at x = O , but this information is 
also useful in sketching the graph. (See Figure 5-2cl) • . . 



F;Lgure 5-2c ^. " . , 

The i*esult of -the. preceding example is a particular ins-tance of a 
corollary of Theorem 5-2b- 

Corollary 1> Let f be. continuous on the closed intervaJ^ ^ [a>l:>] a^d 
differeu^iable on the open interval (a,b) • If there exists on3.y one point 
u in (a,b) vhe^e f^u) = 0 and if e'xther .f{a^< f(u) < f (b) or 
f(a) > f (u) > f (b) , theh}^, f(u) is not *a local extrenruni. , ' 

^ • The proof of this corollary is left to you as. ^ exercise (Exercises 
5^2b, No. 1) / 

« To supplement Corollary- 1 ve give a rturther result. 





Corollary 2. Let. f be coi^inuous on the closed interval ^;,ti] and 
differentia-ble on the open ^interval (a,b>— I/^t there be only one point u. 
in the open ititerval where ^ i"'(u) = -O . If f (u). .> r(a) and t(u) > f ("b) * 
then .f(u) i's the maxiiaum- of •■ f on [a,"b] .- If 1 f (u) < f(a) and 
f (u> < f (b) then f (u) is the minimjim^^^p£..rp;?^^ [a^b] . : ' J . " 

/ . . ^B^proof of .Cbrollary 2 is left as an exercise (Exercises 5-2b, No, 1).. 

Exagg>le 3'2f > We a^ply the knowled^e^-ve^Jiave gained to find the local*^ 
•and global extremq|^of the function ^ --^ ^ ^ . ^ 



f : x- 



hyP ^ 5x\ - kOx^ + 100 



oh the interval' -3 < x < 4 . We differentiate and' obtain 

Er|c. ' ■ . ' 187 



5-2 



. f ' (x) «=. 20x^ - 20x2 - 120x^ '=^x^(x '+ .2)(x - 3) : 

Conxpu-tlng -the values of. f ' a-b, "bhe zeros of ^ f* and at the endpdii^ts we 
obtain tbe following table. . : / " i\ ^ 



X 


. -2 ■ 


-Si 


■ -0 


.3- 






■ -197 ■ 


• 212 


100 




"35€ 



Considering^ triples of consecutive values of f " in this table in the light o*"" 

Corollaries 1. and 2 to Theorem 5-2h ve find that the function f increases . 

' * * ■ 

from a l^cal minimum at x = -3 to a local maximum at x = -2 , then decreases 
to i-ts ''global mininrum at x = 3 atnd increases to its global maximum at x = 4 ♦ 
(Jl^ we were to ^consider the entire real axis as the domain of f then, since 
f^ has no zeros outsido^he. interval (^3,14.) , we would conclude tliat f is 
increasing for x < -3 and increasing for x > . ) We can utilize the 
information of the table and a few additional plotted points to obtain an 
excellent idea of the behavior of ^ the ; graph of f , on the given interval 
(Figure 5-2d): ^ ■ - 

^ summary, to locate the extrema of a "continuous function on a closed 
intervaJ.^ in the light of the preceding discussion'-we restrict our search to 
the- endpoints the interval, interior points where the derivative does not 
exist, and points where the derivative is zero. ■ ^ ^ 
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-5: . ' . * Exercises ^^ 2b 

Prove the corolla-ries to- Theorem ^-2h. 

-■ - ■ ■ _ . ' jh.. . 

For each of. the following functions locate 'nnd characterize ' all extrema. 
On -what interyais is.' the ''ftm&tion increasing? decreasing? ■ 



(c) f 



X" 



2 

X 



.(d) r : X— V 



(e) r : X- 



' - 2 ' ' 

. • - ■ ■ ■ ' . " ' ■ • " 

,A -rectangle is inscribed in a circle of radius R . Find the rectangle... 
of maximum areaj of. maximum perimeter. . ^ - 

The area of the printed text on a page is A isqtiare centimeters The -~ 
left and right margins are' each c centimeters widfe, and the upper and 
flower margins are each _d , centimeters^ Wlijskt are t hi most.' economical 
dimensions of the pages' if only the amount of paper matters? 

A rectangle has tvo of its vertices^ on the x-axis and the other tvd -above 
the parabola = 6 - x • What are the dimensions of -such 
_ . if its area -is- to be 'a maximum? 

* ■ / - J 

A rectangular sheet of galvadized "metal :is bent to fqrm the sides and 

bottom of a trough so that ythe* cross section ha-s this $hape: 



If the^ metal is lU inches vide, how deep tfiust the trough be to. carry 
t^^pst water? . ^ 

Find the right circular cylinder of greatest 'volume that can be 
inscribed, in a- right circular bone of rfiidius r and height - h . ^ 
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The -lower right-hand corner of 
page is: folde_d over so as I to reach 
the left 5Pge in such a vay that 
one endrtJS^nt^of the crease is on 

Tright-hahd edge or the page and 
the other ehdpoint is on the bottom 
edge of the page as'" in the figure. 
If the width .d't the page, is c 
Inches, find the aiinimum length 
of the crease* 




What is the smallest positive value of t such that the slope of 



y = 2 sin(| - |) 



is z:ero?- 



10, 



11. 



A vail h feet high stands . d, f.e^/away rroS^talT^iilding. A.- ' 
ladd^ L feet long reaches from/the ground Wside the wall to the 
bu4ping>. Let ' 0 be the apgi^etween the ladder and the building. 

(aP Show, that if the ladder tOuci^es^ tlae top of the wall.!^' ' ' 

L = d CSC JZ5 + h sec 0 , .' " , 

(b) Find the shortest ladder -^at will reach the building if h = S' 
. • and d = 24 i . - * *■ ' ' ' . . 

In an experiment repeated n-tilmes, one 'obtains the riinabers a ' A 

a^ -for a certain physil'cal' quantity x . What value of x. should 
we take if we want to: V 

_(a) minimize^the sum of -the squares of the deviations, i.e.. 




the sum of the absolute values of the deviations^ i.e'.. 



+ |x - .a^ 



X - a 



13. 



Find the maximum of xV (m rational and > O) 'if x + y = c 
(c constiSnt) and x > O , y > O , ■ ^ 

Find^he^inimum of x h- y if ^^y^ ^ j, ^k. c6nstant) and 
Cm , nS?ational and o) . ' ■■ ■ ' 
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• Until - now ve have used derivative or a function only to locate extreraa. 
As we shall see in Section 5-i+^\ however, the derivatives^- in one senses 
determines the function ' f eilmoYt completely. In order to make use^of this 
fact we need' an efficient way of larguing from properties' of the derivative ft cr 
properties of the function. The /Law of ■ the Mean provides such a way. 

(±\ Statement and proof of the Law of the Mean > , . . 

In -geometrical terms^ the Law of the Mean states that on: the arc between 
any two point's of the graph of a differentiable function there exists appoint 
wbere}the curve has the same slope as the chord,* Thus, let ^p y f(p)) and 

, f(q)) be any two points on the graph of a dif f erentiable function: f 
with p < q"* say (see Figure 5-3a)* ^ >. ' ' ' 



4 



(u,f(u)) 



Cp,f(p)) 




^ ' • - ^ Figure ^tSQ- 

According to the Law of the Mean there exists a point u betvee^i p and q 
where . " 



•The word "mean" here signifies "average . The slope- of the chord is.- 
interpreted as average rise in, function value per rise in val-ue' of x . 
The Law of the Mean states that this aveorage is 'equal to a v^alue of the "''vX^ 
de-riva1v-ve at some *point *of -the intervaJ..^ - , 



5-3 

q - p . 

We can make the Law of- the Mean plansible by an arg^ument similar to that 
by vhich ve found tha^^he flope of a graph at an ini^erior ' extrenrum is zero 
(Section 1-1). ^ Take^^Tparallel to the chord at a point (u , f(u)} vhich lies 
on the arc at ^raaxinaim distance from the chord. Since no point of the arc lies 
at a greater distance from the chord ^ the arc cannot cross the parallel. The 
ajrc cannot meet the parallel at an angle for then it -would cross; therefore the 
tvo must have the same direction at ^ ^ f (u)) . (See Figure 5-3"b.) 




(q ;f(q)) 



Figure 5-3"^^ - - ^ ^ 

Xn order to derive the Law of the Mean we first prove it for the special 
ca^ in which the chord is horizdntal. 




Lemma $-3 > ( Rollers Theorem ). If f is continuous on the chosed interval 
q] and dif f erentiahle on the open interval (p^q) ^ and»,i^ ^'(p) = fCq) y 
"then there is at least one point u in^the open interva^ vhere f'(u) = 0 - 



Proof . From the assumption of continuity alone -we have alreadcy shovn 
that f has aiT__^extrenTum on the open interval (Lemirjk 5-2^. If u- is a poinf 
of (p^q) for vhich f(u) .-is 'an extremum tihen since f is dif f erentiable on 
the open interval we knov by Theorem 5- 2a: that f'(u) = 0 . 
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. Before proving the Law of the Mean, let us examine some the other 
consequences of Bolle * s ' Theorem' ( Lemma 5-3 " f , 



Corollary !• Let f he _ciif f erential:)le on an interval. -Any zeros of f 

■ ' .1 ^ ^ 

vithin the interval are separated by^ zeros of the derivative. 

' Eroof . IT < and f^x^^) = fCx^) = 0 , the conditions of Lemma 5-3 

atisj 
f'(u) = 0 



are satisfied and there exists a value u such that x^^ < u < x^ and 



As a consequence of this result we observe, further' that , -in a given 
interval^ a function may have at most one more zero than its derivative, ' From 
this fact there follows a familiar result: 

\ ; . 

Corollary 2, A polynomial of degree n N>€t^ have^ nd more than n' 
distinct real zeros. 

•The 'proof is left as an exercise (Exercises 5-3, No. l), - 

Example 5-3a , (i) Let us ^ply Corollary 1 to the zeros of 
f(x) = x-^ - 3x + 1 . We know that f'(x) = 3x^ - 3 has zeros^at x = 1 and 
X = -1 . It follows that f ^may have as many, as three zeros. We observe 
that ~ 3 and f(l) = -1. . By' the Intermediate Value Theorem we con- 

elude that there %s a zero of f betweeix' -1 and ,1 . Clearly we can mate 
f(x) negative for suf f ic^Lently larger aegative values and positive for suf - 
ficiently large positive values. It follows that, f hajs a zero for x < -1 
and another for x > 1 . Specifically, we have f(-2) = -1 and f(2) = 3 ^ 
so that there is one-zero between -2 and -1 and another between 1 and .2 

(iij) The function f(x) = x-^+3x+l has the derivative 

2 ^ 

^''(x) = 3^ -^'3 which is always positive. Since the derivative is alw.ays 
positive f can have at most one zero. Cbserving that f(-l) = -3 and 
f(0)^ = 1- we see that a zero exists and lies between x = -1 and x = 0 • 

■U P ' ' 

(iii) The function f(x) = x - h-xP - 8x +'64 has the 

derivative- f'(x) = 4x"^ - 12x l6x which has zeros 'at x = -1 , x - 0 and ^ 

X =' iTj^-^N^^us f may have as many a-s four zeros.. We have f (-1) = 6l v 

f(0)-= 6h and'' f(4) = -64 . It follows that' f ha^ a local maximum at 

X = 0 and from Theorem 5-2b that f is inc^-esising on the interval (-1,0); 

consequently^ there is no zero between -1 and 0 . Further, ^^rom 



l'(-2) = 80 ve see tha-t f has a- local minitnuni at x = -1 hence that t 
decreasing Tor x < -1 , and there is no zero to the left of -1 - Finally^ 
ve observe' that f(6) = 203 so -that f(x) has precisely^ two zeros, one^ 



between 0 and 



h y another between 



and 



Because the curve of FigTjxes 5-3a, b is drawn* overly slijiply 
it would, be easy' to leap to the conclusion that the Law oT Ahe Mean 
is geometrically ideni^ical'''with Rollers Theorem in a rotated -coordi- 
nate JTrame Tor which the x-axis is parallel to the chord, but this^ 
is not so. In such a coordinate Traxne we may lose the property 
that the graph may be Represented by a function. Thus, in Figrire . 
5-3c the perpendicular to the chord from the point , f (x^' of 
the arc intersects the graph in more than one point. This dif f ."^^ , 
culty is surmounted by expressing the distance of a point ^ , f-OcJ) 
on the arc from the chord (the ordinate in the rotated coordinate/^ ' 
frame) as ^ d(x) , a function of the number, x in the domain of -"f- 
rather than attempting to express it in terms of distance along the;, 
chord (the abscissa in the rotated coordinate frame). 
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THEOREM 5:^3 ^ ( Law oT^the Mean ). If f is continupus on the closed interval 
[p/q] .*siid difrerentiable pn the open interval (p,q) ' then -there is at 
least -one point" 'u in the open interval vhere . ^ 

(1) : , 'f'Cu) - - .^fCp) 

. r q - p ^ ^ - 

^^ooT. It is more convenient" to deal not with the perpendicular distance 
d(x) of the point (x^^.r(x^ on the arc Trom the -line joining its two end- 
points (see Figure '5-3c) but with 'the verti<!al height h(x) of the poiiit 
above the' chord. ' The t>ro quantities are proportional: d(x) = h(x) cos" 8 
where 6 is. the acute angle made by the chord with " any horizontal line. An 
extreme value of the one is, thererore, an extreme value of the other. The 
equation of the straight line joining the points (p , f (p)) and (q^, f(q)) 
'is ■ ■ : ■ , . . 

' . )'." . 

X2), y = g(x) ^ f(p) 4-. (x - p) ^^q^ - ^^P^ '\ ■ • 

-iT^ ^ ' > • q - p 

^It follows for any point - x in (p;,q} t'hat the height h(x> of (x , f(x)) 
above the* chord is given by " , 

- ■ I 

: ' ^ - 

(3) h(x) = f (x) - g(x) ^ f(x) . f (p) . - p) ^^q^ " ^^^^ ; ■ 

From this equation it follows straightforwardly that . h(x) satisfies the 
conditions of .Rollers Theorem (Lenmia 5-3) on [p,q] • First, as you may 
verify directjl^^, h(p) = hCq) = 0 . IText observe that h(x) = f (x) - g(x) - f 
is the sum of f (x) and a linear function;* since both terms of this sum are 
differentiable on the open intervals -.Cp^.q). and continuous on the closed 
interval [-p,.q] it. Tollows from the theorems on thej derivative of a lipiear 
combination and on the sims of continuous functions^ (Theorems k^2a. and 3-- 6a) 
that h also is differentiable on the open interv5&l and continuous on the 
closed interval. From Polle ' s Theorem, we- conclude that for some- value u 
in Xp^q) ' ^ ■ 

/ ; h^(u) = f '(u) - g'(u) = 6 , 

or, from Equation (3) for h(x) above, . . 



/ 



q - p 



(ii) Llneeor interpolation . ^ ,. . 

Linear interpolati9n is a useful method or approximation to the values 
or a function, in an 'interval when the endpoint values are knovn. ■ If bounds ^ 
on the range of the derivative can be obtained^ the Lav of the Mean gives, a 
vay of estimating the error of approximation. 

Geometrically ;r linear interpolation consists of replacing the arc of the 
graph of f on (p,q) by the chord joining the endpqints. Thus^ on (.p^q) 
we approximate f(x) by the linear function ,g(x) given in Equation (2). . 
The error of the approximation &(x) - f(x) = -h(x) is given by Equation (3) 
For our purposes i'^^is convenient to recast Equation (3) in tKe form 

g(x). - -(x) = (x - p) I ^-—^ - ■ X _ p J ■ 

KowV by the Le*. cr xhe Mean 

(U) S(x) - f(x) = (x - p)[f'(u2) - 

where p < u^^ < x < q , p < < q - If the derivat.ive is boxmded in '(p,q) , 
say < ■ ^ (P^S) J. then from Equation (4) 

ls(x> - f(x)i < ix - p'l ^f'Cu^)! + lf'(u^)iy ' ^ ;.- 

whence 

(5) [g(x) - f(x) I < 2>L |x - p| . . - • - , 

■ • Exajnple 3.-3^ . Let us estimate v'lO by ptinear interpolation 'for.^^-tfte 
fianction f : ^ -fx. . Since 3 < -/lO < ^4- w^ take p = 9 aj^d q = l6- 

7 



in Equation C2) smd obtain g(lO) as our estimate for -/lO On the 



interval (9jl6) we have 



f'(x) = ^.<-^'< I 



Entering this bound in (5) we obtain 



^3^ 



We observe, however, that 
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> 



and we suspect that our estimate of error is rather . exude - 

If on the interval (p",q) ■ f • has a derivative f" , the-, second deriva- 
tive of f , we may apply the Law of the Msiui again to the difference 
f'Cu^) - f*(-u^) in Eqxiation (k) to ottain 



S(x) - f(x) = (x - p)(u2 - u^)f"Cv) 



where v is somewhere "between and 



Since and are both 



. <c J. 2 1 

points of (p^q) we know that the distance between the two points is less 
than the_ length ,of the interval : ' 



Suppose, in addition, that we have a bound on the second derivative, 
-|f"(x)| < on (p,q) . Then we obtain an upper estimate for the error 
in terms of the second derivative: 



(6) 



|g(x) - f(x)| < (x - p)(q - p)M^ 



: ^ u 

^^^1 5'3c> Now let us use Formula (6) to db^a±n an estimate for the 

error of approximation to VTo by the linear intei3>olation scheme ot 
Example 5-3"b. We have 



0r 









4- 9^/2 



for X in (9,1.6) . Consequently, from (6),, 



It follows that . - • 

s-^ff < -/io < 3.21 . 

We have obtained sharper estimates for -/lO and now we can repeat the 

process to obtain still sharper es^mates \ising p = (3.07)^ ^d q = (3. 21)' 
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Exercises ^-3 



Prove Corollary 2 to Lemma 5-3 • * 

Sketch the graphs of the functions in Example 5-3a. 

Is the following ^onvei'se of Rollejs Theorem true? If f is continuous 
on the closed interval [p,q] and dif f erentiahle on the open interval 
(p^q) X s^^d if there is- at least one point u in the open- interval vhere 
f'(u) = 0 then there are two points m and n where I>^'^<'^,<^^ 
' such that f Cm) = f(n) ♦ - 

Db.es Rollers Theorem* justify the conclusion that ^ = O for some value 

of X in the interval < ^ < 1 Cy + l) = ? 

'Given: f(x) x(>x - l)(x - 2)(x - 3)(x - h) • Determine how many 

solutions f'(x' = 0 has and find "intervals including each of these 
•without calculating .dT* (x) . ' ' ' • 

Verify that Rolle'^ Theor^i (Lemma 5-3) holds for the given function in / 
the given interval or give a reasoa why it does not. 



(a) f : X ^oc^ + 4x^ -'^x - 10 , • 'Kl,2] 

X ■ . . ' 

V 

Prove that the equation 

3 ^ y \ fCx) = x^ + px ^ -q O 

cannot fiaye more than two real solutions for an even integer n nor 
more than three real solutions for an odd' n • Use Rollers Theorem. 
This problem can also be done without it (Exercises 3-1 j No. 2l) • 

A function g has a continuous second derivative on the closed interval 
[-^^b] . The equation g(x) = 0 has three different solutions in the 
open interval (a,b)* . Show that the equation" g"Cx) = 0 has at least 
one solution in tfie operf- interval (a,b) . ^ 

Show that the conclusion of the Law of the Mean does not follow for 
f(x) = tan -x in the interval 1.5 <x < 1.6 . . 
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10. For .each of the following fimctions show that the Law of the Mean fails 
to hold on the .interval [-a,a]- if a :> 0 . Explaiii why the theorem 
fails. . ■ , . • 

(a) f : X Ixl 



V (b) f^: X 



X 



11. ^ Show that the equation + - x - 2 ■= 0 has exactly one solution in 

J the open interval (l,2') . 
2 

12. Show that X = X sin x + cos x for 'exactly two real values of x 

13. Find a number that can be chosen as the numb^ u in the Law of the 
Mean for the given function and interval. 

(a) f : X -cos x,0<x<^ - 

(fc) f : X -x^ ^ -1 < X < 1 ' ■ ' 

f ■ - . iF 

Cc) f : X ^ - 2x^ + 1 , -1 < X < 6 * - 

(d) f ' : X cos X + sin x ^ 0 < x < 23T 

±h. Derive each of the following inequalities hy applying the Lav of the 
Mean . 

(a) |sin X - sin y| < |x - 

o" < arctart x < x if x > 0 

• ■ 1 + X 

15. Use the Law of the Mean to . approximate , ^-/l.OOS 
. . " Use. the Law of the Mean to approximate cos 6l° . . ' 

Show that a f 1 + -S ) ,< ^^{^TTT < a ^1 + 

V n(a^+€)/^ V na^/ 

for e>0,a>l,n>l (n rational) . 

18. Using Nimber 17, obtain th^fe following approximations. 

- ^ ^ (a) 3 -H ^ < ^^30 < 3 + I 

^Cc)^ Show that the approximation 

is correct to at least - 5 decim^ . es. 
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19* (a) Show -that a straight line can intersect the graph, or a polynomial 
, of n-th degree at most n times, 

(b) Obtain the corresponding result for rational functions. 

^ .(c) Could sin x or cos x "be ration?^ fupctipf^is? Justify your ansver 

A 20. Prove the intermediate value property for derivativejj; namely, if f is _ 
diff erentiahle on the closed interval [p,q] then f'Cx) t^kes on 
every value between ^ 5-* (p) and f*(q) in the open interval (p,q)' • 
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5-^- Applicatl on s ^ of the Lav of the Mean, 
(i) Monotone fui/ctions , 

In Section 5-2 we related the zeros of the derivative to* the extrema of a 
function f . Here we wish, to consider the properties of the deriv-rffl^e f ' 
on those intervals where there are no interior extrema. As we know from 
Tjheorem 5-21^^ on such an interval the function f must be either increasing 
or'v^cr easing. If f is increasing we do not expect to find, any points where 
the slope -'of the graph is negative although, as the function f(x) = x^ 
illustr;ates (Example 5-2e) , there may "be values of x for which f'CxL-^ 0 . 
Since ^ cannpt exclude the possibility ^that . f * (x) = O , there is no reason 
to exclude the possibility >hat f ' (x) =0 on an entire interval* On such 
an interval fC^) is constant. To include this possibility, we have intro- 
duced the concept of weakly increasing function. - 

The monotone character of a function f is' directly connected with the 

sign of the derivative f ' • 

r " ... 

THEOREM ^-^a . If f is dif f erentiable on (a^b) and weakly increasing then 

f'(x) > 0 for all X in Ca,b) ; if weakly decreasing, then f * (x) < Q . 
/ - * — 

Conversely, if f'C^) > *^ ^or ail x in (a^b) then f^ is weakly 
increasing on (a^b) ; if f*(x) < 0 then f is weakly decreasing^ 



See Section A2-k for a discussion of the concepts of weakly^ 
increasing fiinction, monotone function, etc. 
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Proof. We consider only, the increasing case here; the proof for the 
decreasing case is similar. 

If f is veaJ^ly increasing on (a^b) , then, for in (a,b) and h 

• sufficiently small that x + h lies in . (a^'b) , we have 

fCx ^ h) - fCx) ^ ^ . 
h — 

whether h > O or h < 0 . It follows hy Theorem 3-i+f that 

f«(x) = lim ^(x ^ h) - fCx) > o > 0 . 

h^O ^ . h-0 

Converse jpose f'Cx) > 0 on (a,b) . For any two values x.^^ , 

x^ in "the ■ int^erval satisfying x^ < x^ we have by .the Law of the Mean 

fCxg) - fCx^) = f'Cu)Cx2 - x^) 

. where x^ ,< u < x^ - Since f'(u) > 0 and (x^ --x^) > 0 we conclude that 
f (x^) - f (x^) •> 0 . Since f CX2) > fCx^) for any pair satisfying x^ > , 
the monotone property of f is establi '-:bed . 

^ Corollary 1, If f'(x) = 0 for ^11 t.,--. rs x in the interval (a,b) 
•then f(x) is constant on (a,b) . 

The proof of this corollary follows ^'rom the observation that f must 
be both weakly ^-Incr easing and weakly . decreasing, hence constant.'* 

From t»he preceding- 2orc -r/ wc can see to wha-fc extent the derivative , of 
a function de-tennlnes the fiincti^^.. Zf -t:wo functions g knd f have the 
same derivative then 3(g - f) 2^ I>f = 0 . It follows from Corollary 1 
to Theorem "^hat 

g^ ^ f = c 

where c is a const&r:+> f*unction. Thu^ 

£ = f + c . . 

In words, the -derivative of a f^anction determines the func1:ion to within an 

■ ■ «^ 

additive constano. Geometrically"^ the graph of a function is determined by 
the derivative except for a possible vertical i:ransla"tion. This- result" is 
summarized as follows. 
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5'-^ 

r . , 

Corollary ir two functions have the same derivative on an interval 

they differ by a cons'tant. Conversely^ if two functions differ "by, a constant 
they have the same derivative. ' " . 

3l ^ - ' " • • ~ 

Proof , jjf^g proof . of the first proposition is given above* The converse 
is a direct^onsequence of the differentiation theorems of Section h'-2. 



Finally, we observe that the proof of the converse proposition in 
Theorem remains valid if all weak inequalities are replaced by strong 



ones : 



THEOREM ^'h^ . If f'Cx) > 0 for all x in (a,b) ^hen f fs increasing . 
on( (a,b) . If f*(x) <0 , then f is decreasing* 

The converse of Theorem 5-^b is not true (Why not?)-^ if you inde- 

pendently caji find a condition on the derivative of f which is equivalent 
to requiring that f is strongly- monotone (Exercises 5-^, No. lU) . ^ " ^ 

(ii) The reversal of sign ^ test for an extremim. 

In the examples of Section 5-2 we found the local .behavior of f near 
a point u where f'Cu) = 0 , namely, whether f(u) is s local maximum', 
minimum, or neither* For this purpose we compareH f (u) with fCp) and 
fCq) where p < u < q and p , q are chosen as next adjacent zeros ^of f 
or as endpoints of the interval. Since the values, of f in any neighborhood 
of ir are sufficient to establish- a local property, we are led to seek a 
criterion which does not depend upon the values of f at distant points', such 
as other zeros of f * . 

THE0K5M 5-lrc : Let.*-f be dif f erentiable on a neighborhood of a point a for 
which f'(a) =0 . If • f ' (x) reverses sign at a then f(a) is an 
extremum on the neighborhopd • Specifically^ if f'(x) < O wh^ x < a^ 
and f*Cx) > 0 when x'> a then f(a) is a minimum; if f'(xj > 0. 
when x < a and f*(x) < 0 when ^ > a then f(a) is a maximum. 
(See Figure • , 



'2 ^ ' 
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Proor . Here ve prove the criterion Tor a maxinium. Let x be a point 
of the neighhorhood other than/ a^. By- the Lav of the Mean ve have 

f(£f) - r(x-). = r'(u)(a - x) , ' ' ^ 

where u lies "betveen a,^- JS^id i^, VThe-bher x >a _ or x <a it follows., 
from -the conditions of the^heott-em that f»(u)(a - x) > 0 . We concluae--feiipt 
r(a) > r(x) for all x in the neighhorhood* ' >l * 



The conpliision of^the theorem remains valid if the inequalities governing 
the si gn of t he derivative are vesik j hut ve seldom "^need^ the theore m in that 
form. (Exercises 5-^4-, No. 11.) The proof parallels that of Theorem If 
ve have strong inequalities, hovever, ve have a sharper result. 

Corollary > Under the conditions of Theorem 5-^^, the extremxrn of f at 
X = a is isolated, that is, in the deleted neighborhood of a , ve have ' 
f(x) i fCa) 

Proof > For the given .4Qignborhood of Theorem ve have already proved 

vheh f(a) is a maximum thai there is a strong ineq-uality fCx) <^f(a) for 
X j4 a . A similar argument establishes the result f (x) > f(a) for x ?^ a 
vhen f (a) is a minimum. 

CD II- - ^199 



To complement tiie preceding theorem ve-need to know when f(a) is not 
a local eactremum. '.- 

THEORBt-^zjid. I^-' T '"be dif f erentiahle on' a neighborhood of the point" a- 
^ for which. f*(a) = 0 . If f»(x) has coTistant non-zero s-lgn throughout 
•a deJLeted neighborhood of a' then f (a) is not a local extrenmm. ^• 



J 



^oof.. Suppose that f'Cx) is positive on a deleted neighborhood of a 
Let h > 6 . be any value smaller than the radius of the neighbo^od. From 
Theorems ^-l^b" and 5-2b it follows that f is increasing in both closed^ 
intervals [a - h,a] and [a,a + h] . Consequently, 

* 

f Ca -■ < f(a) < f(a + h) . 

f 

,It follows that a can be neither a* local minimum nor a local maximum. 

Example '^-h^ . If f (x), = Sx"^ - + + 93 then 

f'(x)'=-2Uc - 20x^ + 2v^ X . Observing -that f ' (o) = 0 , we ask whether 
■f(oX is a local minimum or maximum. To find the other zeros of f»(x) we 
would have tc' solve the cfifth degree equation 21x^'- 20x^ + 2v^ ='o / It 
seems preTerable to ^est for reversal of sign. Writing 

f'(x)*= x(2v^ - 2'Ox^ + 2J^) 

,we observe that for x near zero the factor in parentheses is close to 2>^ , 
hence positive. It follows that for sufficiently small x , f'(x) changes 
sign with X ; if X < 0 then f»(x) < O and if - x > 0 then f''(x) > 0 . r. 
We conclude that f (o) =93 is a local minimum. - ~ ' 



-arable 5-l£b. If fCx) = x^ - 7x^ + rtx^ 



+ stx-^ - 102^+ then 



"7 ^ 2 

f»Cx) = 8x - 35x + 3irx 'and f'(o) = 0 . We test for reversal of sign. 
Writiing - . ; . , - 

1-, . f^'Cx) = x^CS^ - 35x^i+ Sx^) - ^ • 

we see that .the factor in parentheses is positive when, x is sufficiently 
small- It foiiows that f'(x) is positive whether x > O or x < O . We 
conclude by Theorem 5-J+d that' f(o) is, neither a local maximum nor a ^ocal ' 
min±mum,. but that f _ is an increasing function in the neighborhood of x = O 
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Tne reversal-or-sign criterion'^ is especial TSr-srgjj^a'ble when -tbereis only 



"one zero of the derivative in an interval. The- critierion is then sirfTicient 
to" conTirm an interior glQbal extrermnn : ^ (See Exercises No. 12.) 

Ey^TTTpie ^--hc m A cord of ^ length L has a small ring ^attached to ^ one " 
end; the other end is first passed through ^the 'ring so as to form a loop, 
then 'fastened 'to a weight.. If the loop is passed over two horizontal pegs 
a distance M apart, jutting out of a wall at-^the same lfevel,^-at what height 
h below the level of the pegs will the weight- come ^to^ rest. (Pigirre 5'-^t») ? 
(it is assumed that L is' considerably longer .than 2M^ ^''tteit tiie height of 
the pegs above the groiind is greater than L , and that .friction 'plays no 
role - ) J 




Figure ^--^b . 1 

We denote the distance between the level of the weight- and the level of 

-the pegs by h , and the distance between the levels of the weight and ring ' 

by y . If X denotes the angleje^rmed by the cord at either peg, then we . 
have 



h = y + i^)%^n X , i. = y 2:("^)-'^e-c-3r 



where we may assume O < x < ^ • eliminate y between these two rela-. 

tions, and obtain a function f given by the equation 

\ 

f(x) - '^ = (^)tan X + L - M - V sec x , * 
:> whose maximum. we seek. The derivative 

fV(x) = (:r-)sec X - M sec x tan x 

= (^)sec x(sec x - 2 tan'x) 
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5-4' ... 
is zero only for sec x = 2 tan x% or sin x === —that is/ for x = 5 



From the riearranged form 



f'Cx) = C|) sec^ xCl^- 2 sin x) . 



we see T:hat jr»(x) > 0 Tor O < x < g and r^Cx) < O Tor 
that 



^ < x < - , so 



= (|) tan f + i. - M - 'm sec | 



is a local maximum value of f' -Jt woiild be tedious, but not difficult, to 
show that no greater value of f 'is attained art the endpoints of the interval 
of physically possible values of the angle - x —when the ring is at the' level" 
of the pegs or when the ring is at the level of the weight. We observe, 
however, that there is no other zero of f » in the extended domain ' 
0 < ^ < 2 ^° ^^'^ without further test we know that f (^) ' is the overall 
maximum and describes the equilibrium position. 



Exercises 5-^ 



^Lt._.On..Xhat_.int.eryal^_J^±he_^Aac±i^n^ 



f : x. 



X - 2 



strongly monotone? Use Theorem 5-4c to charactet^e all extremai - 
2. Locate all intervals on which the function 



fCx) = 1^4 + 1+x - I3x^ + i8x3 - 



5 



is increasing; ^decreasing. (Compare with your answer to Exercises 5-2a,^ 
.No. 3.) 
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3-* For eacti of the following functions find „ all points a for which 

f»(a) = O . Examine the sign of f and determine those intervals on 
which ^. f •is strongly monotone. 

^ (a) f(x),.= / . ■ . ' ■ 



(b) :eCx) = (1 - x)' 

(c) ;f(x) = (1 - x)- 




hm If and q are integers and _ ^ 

fCx) ^ (x-- i)^(x + 1)"^ , (p > 2 , q > 2) 
find the extrema of f , for the following cases: 

(a) P both even. 

(b) p is even smd q is .odd. ' " ' 

fc) P Is odd and g is even. 

(d) 'p and .q are both odd. . • 

5- If p , q , and r are positive integers-, and a <b < c , discuss the 
. .graph of the function ^ 

^f : X -.Cx - a)^Cx " b)^Cx - c)"" , 

Discuss some special cases as in Number i*-. 

6, A tank is to have a given volume V and is to be made in. the form of a 
- right circxilar cylinder with hemispherical ends . The material for the . ' 
ends costs twice as much per square foot as that for the cylindrical 
part. ^Find the most economical dimensions • . > 

?• Find the length of the longest rod which can be carried horizontally 
around a y^(^rner from a corridor 10 ft. wide into one 5 ft. wide. 

8. Find a point P on the arc' AB 
such that the sum of the lengths 
of the chords AP and BP is a 
maximum ^ 2*^ • 
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9*. Show how to construct a line, if possible, which passes through the point 
C5aS) such that the area the triangle formed in the first quadrant 
is a positive ^number - a . For what values of a is it impossible to 
constmict such 'a triangle? ; ' 

10. Find a point on the altit'tT-i^^e of an isosceles triangle such that the sum" 
of its distances from the vertices is th^ smallest possible. 

1,1. Let f be dif f erentiable on' a neighborhood of a point a for which 

f'(a) = O . If f^Cx) < 0 when x <a and f^(x) >0 when x >a , 
then f(a) is a minimum. If^ f'(x) > 0 when x'< a and f'(x) < O 
when X > a then f (a) is a max;Lmi3m» Give a proof. 

12. Let f ^ be continuous on the closed interval [a,b] and di:ff erentiable 
on the open interval (a,b) . Suppose u *is the one point in C^^h) 
where f*(u)' = 0 . Prove that if T^(x) reverses sign in a neighborhood 
of u then f (u) is the- global extrenrum of f on [a,b] appropriate 

" to the sense of reversal. 

13. Giveh a fxinction .f _ such that f(l) = f(2) ^ h ^ Wnd such that 
, exists and is positive throughout the interval " 1 < x < "3 . 

(a) What can, you conclude about f»(2.5)?. 

(b) Prove your statement, stating whatever theorems you use in your 
proof. . 

14. Let f be a .Siff erentiable functic^on "(a,b)^ . Prove that the require- 
. ment .that f be i^icrea^ng i-s equivalent to the condition that f*Cx) >0 

everywhere but that every intei-val contains p6ints where ,f'(-x) > 0 . 

15* Given that- f is everywhere dif f erentiable. If for all x such that- - 
f'Cx) >'0 , £{y:) < f(0) , prove thafc^ f(x) < f (O) for all x > O . 

l6. A function .g is such that g" is continuous and positive in the 

interval (p>q) • What is- the maximum manber of roots of each of the 
equations g(x) = O -and g*(x) =^ 0 in (p,q) ? . . * 

Prove yojLLT result and g;Lve some illustrative examples. 

!?• (a) If f*(a) > 6' show for values of x^ in' a neighborhood o£/ a- that. 

if^ x >a then f(x) > f (a) , and if x < ia then f(x) < f (a) . 

y\(b) Give an example of a function f for which f*(a) > 0 but which 

is not increasing in any neighborhood of a , no matter how ^ small. ' 



5-5« Applications of tlie Secon<^ Derivative , 

. (i) Second derivative test - for an extremm. • - 

Reversal of sign of the first derivatitve is a stifficieht condition for an 
Extremm (Theorem • As ye survey the^ graph of f from left to right in 

a neighborhood of a , if first f'(x) is negative for x < a ^ next 
f '(a) = 0 , finally f '(x) is positive for x > a , then we know that fC^) 
is a local miniimm. To^ guarantee a mininium at a ^ then, it would be, 
siofficient to demonstrate that f ' is increasing on neighborhood ©f a . 
To efetablisSti the increasing chstracter of f ' and hence that f(a) is a 
minimum it %s sufficient by Theorem 5-4b to show that the derivative, of f » , 
the second derivative f " of f J* is positive on a neighborhood of a 
ActufiULy it is- enoxigh to know only that f"(a) > 0 as we now prove. 

THEOREM ^-5a > Suppose f'(a> =^0 • If f"Ca) >0 then f (a) , ik a local 
minimum of f • If f"(a) <, 0 then f(a) -^is a local maxim,im of f . 



i ■ 



Proof . We consider ttie case f"(a) > 0 . From the definition of ,1 im.it 
and . ' ^ 



X - a 
x«.a 



we know that for a feufficiently small deleted neighborhood of a . - 

; ' ftcx) - f'Ca) ^ ^^r- 

X - a 

This ■ inegxaali!ty implies for x > a that f'Cx) - f * (a-) > 0. and for x < a 
that f'(x) - f^(a) < 0 . Observe that .this proves the resiilt of Exercises 
5-^> No. 17 for f * . But this condition assxures a mininium^ by Theorem 5-«i4-c, 

. . r 

Example ^-^a > In Example 5-i4.c o-f the weight suspended from a string 
'looped ov^ pegs we found for the derivative of the height function 

f'(x) = (|) sec^ xCl -2 sin x)" 

and thus showed that x = ^ is the only zero of ^ in the releva^ domain, 
,We test for an extremum and obtain ^ ' 

f (^) = -M sec ^ =. - — . 

Since f"(^) < 0 we conclude that f(^) is a Ibqall maximum, and sj.nce' ^ 
is the only zero of f* w^ conclude that the- maximum is global. 
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- Example 5-5'b * ; Let us "rind the extrona of 

' ^ * f(x) = + 5x^ -'20x^ - 50x^ - UOx . 

We obtain the first and second derivatives: 

f«(x) = 20x^ + 20x^ - 60x^ - lOOx - i+0 

' _ ' = 20(x + l)^(x - 2) 

and •• 

f"(x) = 20E(x + 1)^ + 3Cx -h - 2)] 

. = 2C(x + l)^(^x r 5) 

The" zeros of f ' occur at x = -1 and x = 2 . We attempt to apply the 
second derivative test and obtain r"C-l) = 0 ^ r"C2) = 5^0 It follows that' 
f(2) is a local minimum* The criterion of Theorem 5-5a gives us no informa- 
tion about f(*l) (but ve observe that there is a reversal of sign of f 
from. positive to negative so that ,f(-l) is a- local maximum). 



(ii) Convexity . * - . " ^ ■ ^ 

The sign of the second derivative corresponds to a useful geometrical 
property of the function. If f"(x) >0 on an "interval, then as x 'increases 
the graph flexes upward (Figure 5-5a) - If f"(x) < O , then as ^ increases 



"y 



upwaxd f lexiire 



^dowhward flexure 



Figure 5 -5a' 



Figure 5 -5b 



the graph- flexes downward.^ The geometrical concept of flexure does not 
require that f have first '%nd ee«;pnd derivatives and we define the concept 
slightly more gei^^lly. ' ^ * . " 



■ - ' ' '5-5 

DKb'lNlTlOH The "gragli of the jPunction f is said to be 

flexed upyard on an interval of the donain if no point on any 

^ chord to the graph lies below -the comresponding arc. The 
* * * . 

^ graph of f is said to be ' flexed dovnvard if the gr^ph of " 
-f is 'flex^ upward. --^In e'ither case, we say *he function f ' 
is convex on the interval. ' 

Note that this definition includes the limiting case o^ a straight likie 

which is considej^^to be flexed both upward and downward • 

J, ' ^ ^ " . 

The idea^' of convex function is closely linked to the geometrical concept 

of convex set. A set of points is convex if, for each pair of points in the 

set, the set contains the entire line segment; joining^ them. Thus the interior 

2 2 2 2 

X -f- y < 1 of a .circle: is convex;, the exterior x^. + y > 1 - is not. This 

idea can be expressed analytically as follows. If a and b ai'e two points 

of the nutober line then X' is a point of the closed se^ent joining them if 

^ and only if 

- X = 0a + (1 - 0)b 

' - ' V 

' for some^ number 9 - satisfying 0 < ^ < 1 • Similarly if Ca,b) and (q:,P) 
"kre two points of the plane, the point (x,y) is on the closed segment 
Joining them if and only if " 

^x = ea 4- (1 - e)a 

!y - e>-±.(l - 0)3 ■ ^ 



for some 6 satisfying 0 < 8 < 1 . ^^^{The verification of these ^assertions 
is left as Exercises 5^5^ I^o. 14a. f - \ 

Figures 5-59-^ h make the connection between convex sets and convex 
functions evident:^ if the graph of f is; flexed upward then the set of 
points D-'-'^rbpve t^ie^raph is" a convex set. Here the set* D of points above 
the graph for an interval I in the domain of the function is defined by 



{(x,y) : X « I and y > f (x) ) 



I>efinition 5-5 can be expressed in analytic terms as follows. Let f 
be flexed upward on interval I . Let a and b be points of I . We 

represent a point (x^y) of the chord joining (a, f^(a)) to^ (b, f(b)) by 

(aa + (1 . e)b , ef (a) + (i - e)f (b)) 



o . 




vhere 0_< 6 < 1 . The Statement that the graph y = f(x) is 
fiexed upward on I ^^is equivalent to 

- * ^ ■ ' f (©a + (1 - e)b) "< ©f(a) + (1 - 0)f(h) 

■for all numbers a . and b in I and ftH & satisfying " - • 

0 < e < 1 . » 



Example ^-^c . The graph of y = jxl'^^is easily shown to he flexed 
upward: « 

^ f©a + (1 - e)b| < |ea] + 1(1 - e)h! ■ ■ 

< ©[a| + (1 - e) |b|' ^ I 

where 0 < 8 < 1 - 

, / » • • 

THEOREM ^-^h > Let f have a second derivative on the open interval (a,h) 
The graph of f is flexed upward on (a,h) if and only if f"(x) > 0 
on the interval. ' - 

The theory oK,^^^onvex^^f\3j^ and convex sets is an elegant and use- 

ful subject .but to prove any of its significant results would lead us too 
far from our main theme- We leavfe to the exercises the proof of Theorem 
5-5b and the derivation of some of the preliminary results of the theory, ■ 
The exercises require- a subtle interweaving of geometry and analysis* 
After exploring the pri^blems of this section, you may wish to extend 
your know;L^dge by • collaHeral readings. 



For the theory of convex sets, see Yaglom, I*M. afnd Boltyanskii, V.G. 
"i^ Convex Figures . Holt, Hinehart, and Winston, 196l« For applications see 
Glicksman, A.M. A^^ Introduction to Linear Programming and the Theory of 
X Games > Wiley, New York, 1963* For the theory of convex 'functions at a more 
advanced leyel, see Hardy, Littlewood and Polya . Inequalities . University 
Press, Cambridge, F^gland, 1953* 



Exercises 

^ ■ " ' C ^ 

For each of 'the following functions, locate and ^^aracterize all e^rema 
and state the intervals on which lih^-v£u3rfction is in'c^easing (decreasing) 
On what intervals iSj the 'graph flexed upward? .downward? _ ^ 

P -2 \ • ^ 

(a) f : X ■ X + X . - '. ^ 



4^ - 

2 X 



X 



(t) ^ : X- 

(c) r : X — x^/2 -.X- • 

(d) r : X ^^-^ + ax + lox + c 




2. Show that the graph of the function 

f : X ^"3 sin^^ x + 5 cos 2x 

is flexed upward when, f (x) < O and flexed downward when f (x:) > 0 • 
.3» Find and characterize the extrema of the function 

' f : X ^ X sin x + cos x 

on the closed interval , LO,-jrj • On what intervals is the graph of the 

function Tiexed downward? upward? 

t ■ ■ 

hm (a) Assume that the ^function f (x) has a local maximum at x = a , 
where f'(a) = O , and f"(a) ^ 0 ^ Determine conditions on a 
function g , assumed dif f erentiable^ such that gf (x) also has 
a local maximum at x = a . | 

("b) What are the corresponding conditions for a minimum? 

5« Use Theorem 5-5s- "to locate and classify all extrema of the fiinc^ion 

f : X »sin xCl + cos x) . 

on the closed interval [-jt^jt] • On what inteirvals is the graph of the 
fTjmction flexed downward? upward? ^ 

6. Let fCx) ^ X " sin x • Does f hJwiS*\any extrema? Justify your answer 

x X - 

7* Let f C^) = g^j^ ^ • Does .f harv.e any extrema in the open interval 

(0,~) ? Justify your answer. * 

8. At what point of the positive x-axis is _pie angle suhtezjded hy the two 
points (0,3) ^and (4,7) greatest? / 
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9. Suppose that f^^^(a) = = ... = f^n-l)^^) = 0 Imt that 

f (a) ^ O . Determine -whether f(a) is a local extreraum, and if it ' 
is, vhich kind. (Hint: consider separately the cases n even and n 
odd.) 

10. Prove that if the graph of f is flexed dovnward on an interval -I 
then the set. D of points -under the graph is a convex set. 

11. Prove that a necessary and sufficient condition that the graph of f be 

« flexed downward on an interval I is that for each point a in I , the 
■ .-slope of the chord J-oining a point (x,f(x)) to the "fixed point (a,f(a)) 
is a weakly decreasing function of x on I . (See Figure 5-5a.) 

12. (a) Let f be differentiable and its graph be flexed downward on an 
• ■ interval 1 . Prove that the function 




f(x) - f(a) 
X - a 



f'Ca) ^ X - a 

is wealdy decreasing, where the fixed point a is any interior 
point or I . • , 

("b) From -the result of (a) , prove that a necessary and sufficient 

condition that the graph of f be flexed downward on I is that 
f ' be weakly decreasing, 

IS* Prove Theorem 5-5b. 

lif. (a) Let X ajid y be j'two points on an^intoarfl^al I . in the domain of a 
function f . Shoy that a point is onj the chord>^joining the points 
^x,fCx)) and (y,:^(y)) on the graph j^fy f^if, and only if, its 
coordinates are I 

(ex + (1 - a>y ,ef(x) + (i - 0)f(y)) 

- for some 0 such that O < 0 < 1 . 

(b) Show that Definition 5-5 asserts that f is flexed upward on I if, 
and only if, for all x and y in 1 .and all 0 such that 
' ' 0 < 0 < 1 , ' 

f(0x + Cl - 0)y) < 0f(x) + (1 - 0)f(y) • 
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(c) Use (b) to show that the graphs of" the folloving Sanctions are 
flexed upward. 

"(i) f : X p-ax *. ^ 

(ii) f : X my? 

(iii)- f : X *--i/x 

15* (a) Derive the following property of convex functione . If the graph qf 
f is flexed downward on an interval I ^ then for all points a , 
■fa in I and any positive nxmbers p q 



f r Pa + qb ^ ^ pfCa) ^ qf(b) 



q 

In words ^ the fxinction value of a T^eighted a;v'erage is >not less than 
the weighted average of the function values • 

(h) Prove that this property is sufficient for downward flexure • 

16^ Prove that if f is continuous^ then a necessary and sufficient condition 
for its graph to be flexed downward" is that 

2 2 V 

\ 

■ \ 

17. The graph of a function f is flexed downard and is J)ositive for all.-, 
x • Show that f is a .constant function. Do not assume f^ exists • 

18. Under what circumstances will the graph of a function f and its inverse 
both be flexed downward? one flexed downward and the other upward? 
Answer this question both with and without calculus. Ns,,^^^^^ 

19. If either of D xFCx) or D FC— ) is, of one sign for x > 0 , show that 

^ s - . 

the other one has the same sign. Interpret geometrically and illustrate 
by several examples . . 

ZO. If F(x) is flexed upward and F(a) = F(b) = F(c) where a < b' < c ^ " 
show that F(x) is constant in (a,c) . 

21. Show that an increasing convex function of a convex function is convex.' 
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.5-5 _ ^ ' 

22. (a) Let , a , b , and c he joints in I such that a < h < c , and 
suppose that the graph of f is flexed upvard in I . . ' 
Show that 

< Hi - f (c) - 

(Hint: txse -tbe result of Ifumber 15.); 
hence, 

A (b) If -the graph of F is flexed '^ward in a closed interval, show 
that F is hounded in the interval. 

A Cc) Shaw by a counter-exan^jle that the result in (b) -is not valid" for 
.an open interval. 

A 23. (a) If the graph of F is flexed upward im an open interval, show that 
F is cdhtinuous ip the intenral. 

(b) Show by a counter-exaii5)le that, the result in (a) is not valid for. 
a clSfesd interval. 

A24. If the graph oX f is flexed upward in an inferval, then f possesses 
left- and right-sided derivatives at each interior point of the interval 
(Exercises i4.-2a. Ho. 'd) . ' ' 
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5-6» Cons-trained Extreme Value Pro'blenis^ 

In tills section ve treat the problem of finding the extreme value of a 
f\inctlon or more than one variable subject* to certain side conditions or 
constraints > 

Ey^nipie 5-6a. Problem: to find the point or points nearest to the orig-in 
on the parabola - ^ 

^ ■ ^--^ hy^ - l6y - 12x - 75.- O V . 

We vish to "minimize the distance of (x^y) from (0,0) ^ namely 



d(x^y) ^ Vx + y 



subject to the constraint,^ 



r 



g(x,y) ='l+y^. -:l6y - 1^ ^ 75 = 0 : 

However, to avoid dealing with square roots, we may equlvalently minimize 

f(x,y) = x^ + y^ = [d(x,y)]^ . 

Let us assume, that x is implicitly defined by the constraint as a differ- 
entiable function oY y , tWb^ls, x = ^(y) where 



JJow set: u = f (j^(y) , y) , V = g(^(y) , y^ .. fiifferentiation with respect to 



= 8y - 16 - 12 1^ = 0 - 
because g(x,y) is constrained to be a constant, and. also 

cay dy ^ 

Eliniination_ii£-— ^ gives ' . 



g = I (2xy - + 3y) . 



du^ 

For an extremum, we must have 0 . Simultaneous solution of the two 

ay , ' 

equations ^ =^-0 and g(x,y) = 0 , or 



X — 



3y U\r^ 



4 - 2y 



, l;.y^ - l6y - 12x = 75 



^ 21^ ^ 
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shovs -that the y- coordinate of each extreme point must satisfy 

- 50y + 300 =,0 . 

2 25 



We factor: 0 = Sy^Cy - 6) - 50(y - 6) = SCy^ - ^)(y - 6) 
5 5 

have corresponding x- coordinates x 



y - . ^ ^ 6 



5 . 



The roots 

15 9 



Cociputation of the distances from the origin for the three possible 'extrema' 
-•u ^^-^ / 5 5^ . ~ ^ 



shows that (- - ^) 
(Figure 5 -6a) . ; 



is 'the nearest point, at a distance of - ^ -/lo 



The general idea of a^Constrained extreme value problem gf this type is 
easily vitalized geometrically. We wish-to find the extrema of- f (x,y) ' • 
. subj^t to the constraint g(x. y) = 0 . We may think of f(x,y) in I three- 
_^dimensional frame of reference -a^ the height above the x,y-plane of a point 
on the surface z = f(x,y) , . Tne equation g(x,y) = 0 may" be thought of as 
the equation of a cylinder (whose elements are parallel to the z-axis) which 
meets the surface along a curve. The extreme value problem is to determine 
the. high, and lo^..poil.ts of this curve.. The general situation is depicted in 
Figure 5-6b. In Figure 5-6c_we show the picture for Example 5-6a. 
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, Figure 5-^^ 
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- l6y- 12x- 75 =0 



Figure 5-6c • 
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A natural approach to the constrained extreme value"" problem, 
i.e/, find the extrema of f(x,y) subject to g(x,y) = O , is to 
solve the equation g(x,y) = 0 * to express one variable in terms 
of the other and to substitute this . expression in f(x^y) , The 
problem is then reduced to the ordinary one of extremizing a fimc- ^ 
tion of a jingle variable. As ve hsve indicated' in Section ^-8, 
.however, such explicit representations are often difficxilt or 
impossibie-to obtacin (furthermore, if otftained they may not be 
* ' paxticiiisLrly useful). 

We consider the problem^ of ynaximlzing a function of three variables 
subject to two constraints in order to show how the techniques'^ an be extended 

more complicated cases. . 

*• ■ ' , * ■ 

( ■ 

^- ^ ^ 

Exanrple 5^6b. In Example 5--4c we jnight have introduced the quantity z 

which represents the difference in level between the ring and^ the pegs ( se'e 

Figure 5-'^'b, p. 201.) and ref orniuia^Jfed the problem as the problem of finding 

the maximum of ' , ■ 

<^ 

«i , . 

-h = y + z ^ 

if y arid z are subject to the constraints 

M = 2z cot X ,"L=:M^-4-y-h2z esc x * 

Of course, we could eliminate z and y and obtain the same problem" as 
before but we need not do so. This time, we treat x and' y. as functions 
■ of -^-z and- obtain .-- \ / , ^ • V . " • 

h' = y' + 1 ' ; 

aad from the constraining conditions we obtain ^ • • - 

p 

2 cot X - 2zx' csc-^ = 0 
y' + 2 CSC X - 2x'z CSC X cot x = O , 
sinae L , M are constants. From the first of the equations we obtain ' 

zx^* = cos"!x sin x " ■ . ^ ^ 

2 

and substituting for zx' in, the equation for y' we obtain 
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i 

■ i ^ ■ 

The condi-bion for a maxiraum then beqomes 

= 1 2 sin X 



which -yielcSa -the same condi-bion sls before. 



There isj no special meri-b for preTerring the present treatmen-b of this 
problem '^io the earlier one. Our only purpose is to show that elimination is 
not necessary should it be inconvenient 02^ difficult. 



The next example is /cautionary . 



Example 5^6c* Given 15 ^^ard?. of fencing, Z decide to plant one square 
and one -circular flower bed, and to surround them wl'th the fencing, ' What 
should be the dimensions of the^two fences so as to contain flower beds^ of 
* greatest possible area? 

We express the problem in terms of the side s of the square bed and the 
radius r -of the circle, leaving them in the implicit functional relationship 
' «i . ,- _ ■ 

k-s +■ 2jrr = 15 . . / 

Subject to this constraint, s and*^ r are to be chosen so a^ to maximize 

A = s^' + 7tr^ . 



Denoting derivatives with respect to s by a prime, we obtain 

' ■ . • " ^ . - • •■ *^ - 

' " ' ' k + 2kt^ = a ^ and 'A' - 2s + ■ 2n:rr r ' • . 

Setting A! ='0' and eliminating r' • we obtain^ the condition" for an extremum. 
Because of •the 'constraint, this occurs vhen 8r + 2rtr,=^ I5 or 

The sum of the corresponding areas is 11:85 sq. yds, (to two places after ' 
the decimal point). . - - 

We take the usual precaution of checking the end -points .of • the intervals - . 
of physically .possible values of r and s . If r = 0 , then s = , and 



15 

i = — 

and we have a single round bed of area 17.90 sq. yds. Both exceed the sum 



we have a single square bed of area 'ik.OS sq. yds.; if s - O , then r = ~ 



a 
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or areas found by the method of implicit differentiation, vhich in fact is a 
IocclI minimum* It appears that- the problem has no solution in the terms posed; 
a square and a round flower bed together vili never^encompass as great -an area 
as a single roxmd bed vhose perimeter equals the totaI>:^ngth av.ailable. 

This example reveals one of the -weaknesses of the method: if there should 
- be an ^ndpoint extremum it may be concealed by the formulation of the problem. 

In the next example, ve use the method to find an extremum vhen too fe-w 
constraints are imposed by the problem. In that case. ve introduce an arti- 
ficial constraint. \ ■ 

Example $-6d . We return to ^rthe posxal problem, of Section i-T^^to find the 
linear dimensions z,x,y,ofa carton vhich maximiae the volume 

' ' ' ■ ' i 

(1) V ="zxy ' • 
subject "to' the cons-traint ■ . - . 

(2) ■ 2z + 2x + y = 72 , _ (y > X- and^ y > z) , 

(i.e.^ the length y of the longest side plus the "girth" or perimeter of the 
cross- section prependicular to the longest side is fixed)-. In the solution 
to this problem in Section' 1-1^ ve indicated that to achieve 'a maximinum ve 
" mnst have square ends; = x . ^This condition served as the extra constraint 
necessary to complete the solution. Now ve proceed in a different vay. • 

We take as an unproven assumption that there exist dimensions z ^ x-. ^ 
vhich maximize .'V . If ve toev. y ^ , ve could, then taice y = y^ -^and solve • ^ 

the problem as an- ordinary constrainecf -^extreme value problem, in x and z . 

We. do not Krtov y^ but ve can impose t'he artificial constraint 

(3) ' .'y=k^k constant, 

and solve the extreme value problem subject to this^ extra constraint. For each 
choice of k ve obtain the largest possible value V ; this association vill 
ordinarily be expressible as a_f unction, of k . * 

• ... - . ^ ■• ^ — . ■ 

Finally, -we det-erraine }c so "that V = f (k) is a jnELximum. , 
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In the above problem, "then, we begin 'with the constrained* extreme value 
problem, to maximize V as given by (l), subject to the constraints (2) and 
(3). We assume that, z is a f\mction of x . Differentiating with respect, 
to X we obtain the condition, for an extrenrum ' ' 

subject to . ' 

(5) . ' ' 2^ + 2 = 0' . ' 



where we have employed condition (3) to set = O in these differentiations 



dy 
dx 

From (U) and (5) and the observation that y = 0 certainly does not maximize 
V , we obtain - . 



. 2 = X ^ 9 ■ 

which is the Condition that the box has square ends, .From this '5t>oi2^'t on^ the 
solution is conventional. 

Finally^ it shoxild be remarked t£at, the second derivative can also be 
con^Juted by imcplicit differentiation, but that this ususLHy- entails further 
conrpli cation. Moreover, the most we can do with the second derivative is tc? 
infers the 'nature of- a local extremum* Even if there is just'- one extremum 
found by this method, we cannot conclude, as we coiild in Exercises 5-4, No. 12 
that it is global* As we already remarked in Section 4-8, the problem* may 
define not one but several ingplic'it functions and it is possible thiat a global 
extrennim does not exist, or is ^an' endpoint maximum for^^n implicit function 3 
other than, the one,- for which a local extremum was found. An example is given . 
by the equation : - ^ ^ ' . . . V ' 

-.. V ■■ i ' - :■■ . . ■. ■ ■, . - ^ V • ' 

322 * 2 2 ' 

x-'-xy-x - xy + y + y=(y-x )(y'- x + l) = O 

which has as its graph the parabola y = x and the line^ y = x - 1 



(Figure 5-6d). Our technique locates a lo'c.al m-Tn-f rmiTn of ' y at x = 0 



on 



2 

.the branch y = x but misses the fact that the graph considered as a \diole 
does not have a lowest point. In general, before hard and. fast conclusions 
can be drawn for any given problem of this type a deeper investigation is ' 
necessary. . - - 
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Figure 5*6<i 
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Exercises $-6 

laj For a given volome V find the dimensions of a right cylindrical 
tin can with smallest s^lrf'ace area.. , * 

(b) If the cost of the sides, top, and bottom of the can is a cents^ 
. ^ ; per square inch, ^and if the .cost" otf the bead Joirfing the top and ' 
bottom to the side is b cents per lineajr inch, find the most 
economical dimensions of the can for a given volxmie V . 

(a) A cylindrical sheet -iron tank without top is to have volume V . 
Let h be the height of the tank, 'anci r , the radius of the base* 
The side o? the tank is to be constructed from stock costing P 
""dollars per square foot and the base from stock costing Q' 'dollars 
per .square foot.- Find the radius afcd height<^of the tank for which 

- -the cost of material iii the tank is minimized. 

(b) More realistically, suppose that the base <has to be cut from a 
square of side ^ 2r . -Find the dimensions yielding minimum cost 
including thf cost of material trimmed away. 
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5-6 
3. 



Find the radius and height of the 
cone or greatest volume thatt can ^ 
be made from a circiolar sheet of 
radius r t»y cutting a vedge from 
the center and "bending the remaining 
portion to form a cone. ^ 




A point P is at a distance h above the center C of a sphere of 
radius r , vhere h > r . A. cone is constructed having P for vertex^ 
and for base the circle formed by cutting the sphere vith a plane perpen- 
' dicular to PC • - In order to have, the volxme of the cone as great as 
possible^ should this plane be above or below C ? How far? 



A long strip of paper 8 inches wide is cut off square at one end. A 
corner A of this end is then folded over 'to the oppos-ite side at A' , 
thus fox'ming triangle' ABC • Find the area^ of the smallest triangle that 
can be formed in this way. 

A' • ' ' , ' * . 
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A ■ C ■ 

Let the general- -equation of a straight line L be given in the form 

■ ax + by = c • 

Find the point Q on L for which the distance to a given po>nt 
P not on L is a minimum. Prove that the line joining" P to Q 
is pez^endicular to L . ' . 

On th^^ujTve C , given, by - f (x,y) ^Ofe let Q be the point tiearest 
to a point P not on the curve* If Q is not an endpoin^ of C , 
and all necessary derivatives exist^ prove that the liRe^joining • 
P to Q is pearpendicular to C . 

2 



extrema of x + y 



if 



and 



are subject to the constraint 



" \12x + y - 8y + 51 - O • Give a geometric interpretation. 



8. If X. > 0 



i = 1 , 2 , 



n and 



find the maximum value of the product x-j^ 
exists) . 



X2 + 



X = S (constant)/ 
n . ' 

x^. (assuming it ^ 



T2S 
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5"7» Tangent and , Normal Lines > 

Iri Section 5-3 discussed the approximation of a dif ferentiable function 
f on an inte^rval "by the linear function g which agrees with f at the end- 
points of the inter-wai. We olDtained estimates of the error with the aid of the 
Law of the Mean. 

Here we consider a linear approximation to f in the neighhorhood of a , 
point a • For this purpose we use the linear function ^ 

h(x) = f{ay + f*(a)(x - a) 

whose graph passes through ^a^f(a)J and has -rhe same direction as the graph 
of f at X = a * The line ' . - ^ 

y = fCa) + f Ua)(x -= a) 

is called the tangent to the curve y = fCx)' at x = a , (see Figure 5^7a) . 



y = f(x) 




Figure 5 -7a 

12 5 

Example 5-7a > The parabola y = ^x ■!-x + — goes through the point 
(l,U) with a slope m = 2 - The line tangent there has the equation 

y = 1+ + 2Cx - 1) - . 

Elimination of y from this et^uation and the equation of the parabola yields 



i + X + 1 - (2x + 2) = ICx-^ - 2x + 1) = |Cx - = 0 

the parabola and its tangent line me 



Ir 2 



It follows that 
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Example ^-7b * We can always choose the coordinate axes so" that the 

: 2 2 2 

equation of a circle has the form x + y = ir , where the positive constant 
r is the radius* Implicit differentiation gives, for the point (a^h) on 
the circle, the slope m = - |- • 'The tangent line has tile equation 

y = b - ^x - a) ; we can rearrange algebraically, using the fact that 
2 2 2 

a + b = r to obtain the more symmetrical form 

' ' ' ■ 2 ^ 

ax + by = r 

In geometry, the line tangent to a circle at one of i-^s points was defined 
as the unique line through the point that meets no other point of the circle** 
This definition would not serve for the parabola of Example 5-7a (Why notJlJ^ 
-In a neighborhood of the point oif tangency, the line tangent to a graph 
y = f(x) does usually have the property that the curve lies on one side of 
the tangent. However, at special points (the points of inflection discussed 
in Section 5-^8)^ the cxirve may cross- its tangent. Thus the ctirve y = x*^ 
crosses its tangent at x = O . 

; - «» ■ 

In case f has both first, and second derivatives in the neighborhood of 
a we can easily obtain estimates for the error of approximation to the graph 
of f by the tangent line, - ^ 

We find for the absolute error e , using the Lav of the Mean, 



e 



= |fCx) - f(a) - f'(a)^ - a)[ ^ 
= If'CzXx - a) - f'Ca:)(x - a) I ' C- 



where z is some value between x and a . Thus, 

e = If'Cz) - f '(a) I • |x - al , 

and, applying the Law of the Mean again, we obtain ^ 

e = If"(u) | . |2 - a| • |x - aj < lf"(u)I • . (x - a)^-, 

where u lies between z and a . If it is possible to obtain a bound for 
f" in a neighborhood of a , say ff^Cx) | < ^ , then obtain the error 
estimate ^ ^ 

(l) * e < M^Cx - a)^ . 

This estimate for the error is to be compared with the estimate for the erro3i^ 
of linear interpolation {Section 5-3^ii, Equation (6)). 



r' 



* This property gave rise to the term tangent — d,e rived from the Latin 
word tangent is whicb means touching. 



Ex^rnr"^ ^ 2lI£* estimate of the error in approximating, f(is;) = x-* by' 

■the.eqxiation of the tangent- at x = ia on 'the neighborhood a-5<x<a + & 
is to be found. ' - • 

We ha;v^e f"(x) = 6x for all x , so that . 

' lf":(x)| = 6ix| - 6l(x - a') + al 

■ ' '< 6{\x - al -H |a|) * ^ . " 

< 6(5 + |aj)' . ' 

Consequen"^ly, -> - 

• • e < 6( |a| 5)(x - a)^ . 

< 6( la| + 6)6^ . . 

If, for example, we take a = 5 , 6 = -1 ve see that the «rror in eetimating 
r(x) is less than •SX in the approximation of a function value near 
f(5) - 125. . . " . 

The tangent at a ''is^ the "best" linear approximation to the graph .of f 
on the neighborhood of x = a in a sense vhich is easily understood. If ve 
take any other line passing throiigh- (a,f(a^ , say, 

where ^ f ' (a.) , tb^n, from the Law of the J|ean we obtain for the absolute 
error of approximation - 

e = |f(x)' - f(a) - m(x - a) [ 
= |f'(D -'ml - |x - a| 



where z" lies .between x and a . Since f is diff erentiable it is 
continuoxis, and by taking x saif f iciently close to^ a we can make f'(z) 

as close to f'(a) as we wish* Since m / f'(a) we can guarantee that 
If^Cz") ^ m| is greater than. -some fixed positive quantity K Csay, 

K^= ^If*(a) - m|) by" taking \x a| small enough- Denote this quantity 

by }i . We then have 

(2) * e > kIx - a| ■ ; (x j^.a) • 

It follows from (l) ^and (2) that 

e <.-g-ix - al e ; 

that is, by taking x sufficiently close to a , we can make the ratio of 
error e of approximation by the tangent to the error e of approximation 
by any other line as small as desired. 



In many problems we a,re concerned not only with the direction of the 
curve as represented 'by the tangent Line, but 'also the direction perpendicu- 
lar to it. ^For instance, ^ch wat^r particle at the front edge of a wave 
advancing on a beach moves along a path perpendicular^^to the edge (at least 
approximately). The line through . (a,f(a)) perpendicular to the tangent line 

defined to be the line normal to the curve y = :^'(x) at (a,f(a)) , or 
Just the normal ^^g"^ the point -(a^fCa)) (Fi'g?ure 5-7b), 





Figure 5-7b . • * ' 

If f*(a) = O , then the normal is simply described by x ="a . Other- 
wise, since the normal , is perpendiciilar to the tangent, the *^lqpe f^Ca) of 
the curve and the slope m of the normaL must satisfy the '^relation 

(3) - . mf 'Ca) -1 . • , 

and the ■ normal has the ecruation ' 

^ " ^^^^ f'Ca). ■ • ■. • ' ; . . 

The equation for th{ 



il may also be written in the form 
• . X = a - f*(a)[y - f (a) ] 

which is- valid for all values of ^f ' (a) , sero included. 



The. relation (3) is proved as Theorem 2-3b, SMSG Intermediate 
Mathem^.tics'j p. 133 . * ' 



/ 5-7 



%C. ■ / Zeroises 3-7 



-1. Shov that the mim'ber" of tangent lines that can be Srawn Trom the point 

(hflc) to the curve y = x is tvo, one, or zero acoording as k is 

• 2 '2 2 

less than h , equal to h , or greater than -h , xespectively. 

2. Find equations for the tangent and normal lines to the graphs of the 
following functions at the given goints- * 

• (a) f : X- ^ X sin x,x = 0,x=^. 

* 1 
(b) f : x — — ^arcsin (— ) , x = 2 • 

,(c.) f : X p , X =,-1 , X = O • 

1 + X ' • 

(d) f ^: X — , X = vhere |x 1 ^ 1 . 

X - 1 

' 3* (q-) ^or the ellipse , . ^ 

' - * 2 2 . . 

2 2^^^ . - 

- ^ p q 



ancj the hyperbola 



2 2 
2 2 



o " ^ 



obtain equations of the lines tangent at (a^b) on each curve in a 
symmetrical form like that of Exanrple 5-7b for the circle* 

: (b) For the same tvo CTJXves, obtain equations for the normal lines at 
_(a,b) <^ . on each curve in an analogous . form. 

4* Prove: The line tangent to_ the. circle of Example 5-7b at (a,b) .on 
the circle meets the circle at no other -points 

^5* Show that the graphs of the functions f etnd g ^ where f : x m 6x 

and g : x - ^x^ + 2 have a common tangent line at. the point (l,6) . 

Sketch the graphs • ' . ■ 

' 2 " " 

6* If f :^x — : — ^iax 'H- bx + (a ^ O) , show that the tangent . line to the 



graph of f at 'the point (p^f(p)) is parallel to the . chord Joining 
the points (m,f (m)) and ^n,f (n)J only if ^p = ^ ^ ^ . 



2 2 2 2 2, 2 , ^ 

7* Given the ellipse b x + a y . = .a d and an 'arbitrary point P on the 

curve /but not on either axis • Prove that if the normal at P to the 

ellipse passes through the origin^ then the ellipse is a circle. 
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Conmen-b on the footnote in Chapter 1, Section 1^1, page 6. 

Ca) Estimate the error or the approximation to y = sin x "by the 
tang^t at X = 0 ~ . 

(b) ^ Sliow that the error is at- least third order in |x| ; i.e*, that 

]x ^ Sin x| < C|xp. ' . . ^ 

^ ■ ' '■ ■ ' 

where C is constant. " " ^ ■■■ 



Cocrpare th.e methods of this section vith the methods of Section 5-3 in 
Example 5-3'b and Exercises 5-3, Uumhers an^^6. 

n/lT" 

Show how to approximate' /2 + 1 and estimate the error of approximation 

The location of an object at time t on a straight iine is given by the 
law of motion - 



s 



= 5 sin 3t - 3 sin 5t • 



After it-^s started^ ,when does the particle first reach a stop? How 
far is it then from the starting 'point? - 

Find an eqfuation of the tangent line to the folium of Descartes • 

x-" + y^ - 3axy =0 . , 

at the point (^q^Yq) - Note particularly the si-^uation at the point' 
(0,0) . . _ ^ . • _ - c^---^^ ^ 

Find, an equation of the tangent line to the graph of the equation/ 

■ x^ - xVxy r- 2y^ = 6. v' • ; ' : . ^- 



at the point 



r 



V 5-8, ^ Sketching of Graphs > 

^ The prohlem we set for otirselves here is to obtain a- sketch of the graph 
of a function, a pictiire vhich reveals the important general features of the 
graph hut which need not be a precise point -by -point representation. 

In coordinate geometry we ^aw that the x-intercepts (the solutions a of 
f(a) = & or zeros of f ) and the-y--intercept f (o) yield easily pl^otted 
reference points (a,0) • and (o^pj^C^)) on the graph of f ( Xnt , Math , p, 114-5) 
Moreover, we learned tests for symmetry with respect to the y-axis and the 
. origin, and observed that we can construct the entire graph of a symmetric 
function from the portion lying in a halfplane ( iQt . Math. pp. ll+7-lJ;8) • We 
observed further (Section A2-l) that the graph of a- fxinction with period p 
can be constructed from the; portion of the graph over any interval of length 

Prom the calculus we obtain more information. Most of the fuh9tions we 
deal with heo^e are dif ferentiable to all orders on an interval. ' Such a func- 
tion must be continuous and we Jknov that its -graph has no gaps. Furthermore, 
since the first derivative is continuous the-grarphis smooth; in particular 
'-tjbere can be no -comers like that of the graph- y. = -|x| at the 'origin. AOiiost 
always the zeros of the^ derivative are isolated: -that , is, each zero has a 

neighborhood in which ^ no other zero of the derivative appears. Prom Theorems 

■ ■■ ^- ■ . ■ . . - ■ , ■ : - ^ • ■ 

5-2a and 5-2b ve. t-hen know that' the_ graph of f is -strongly ^monotone^- between* 
successive -zeros, of the derivative. -Furthermore, by*observing the rise and ^ 
fall of the values of the functigci at successive zeros of the derivative we - 
can detennp.ne which are extrema. .With this informatio^ we can obtain an 
excellent idea of the appearance of the graph. 

We may wish also to incorporate information from a study of the second 
derivative. Thus, it is geometrically intuitiveVthat if a curve is convex in 
a neighborhood of x = a then it does not cro^s the tangent at x = a (see 
Rxrercises No. 11a), The cxirve y = x^ does cross its tangent at x = 0 , 

but as- !x increases there is a trans ±*€io^s^t x = O from downward flexure 
for X < O to upward flexure when x > O Qsee Exercises 5-8, So. lib). At 
such a point of^transition. we must have f"(a) = O if .the second; derivative 
^exists. These considerations suggest 'that such .special points be singled out 
for. consideration in a description of the gross properties of a function. In 
particular, we introduce the concept of point of. inflection: « ' ' 



DEFTKITION ^-8 . ir is strongly monotone in ,ttfe^ neighborhood 

or a , and r"(a) = 0 then (a,f (a)J is defined! to be an 
inflection point of f • 



The" tvo. possible cases are ill^istrated in Figures 5-8a and 5-8b* For the 
most part the zeros of the second derivative will be isolated and the "graph 
will in general consist of convex arcs .separated by points of inflection where 
the flexure reverses sense. 





. Figtire 



Figure '5-8b 



^ Example 5 -8a . The function f(x) = 1+x^ + - 20x^ r- 50x^ - kOx of 

Exau^le 5-5b has' the second derivative which may be factored: - 
;f"(x) = 20(x + 1) (4x - 5) . The graph of f is flexed downward for x < -1 
and at x = -1 the second derivative is zero but the cuarve remains flexed 
downward 'as also may be seen from the fact that f(-lX is a local maximum. 
At X = ^ , is again zero, and now it changeg^ ign . There is an 

inflection point at (l.25 , -li;2.,8) , and the cur^e changes from downward to 
upward' flexure, remaining flexed upward on the portion - x > of its domain. 



The concept of asymptote , a line approached by the graph for large . values 
of oc- or y was -introduced in the study of the hyperbola 1 We give 



simple criteria' which help .to locate horizontal and^ vertical asymptotes like 
those of the equilateral hyperbolas xy = k (Xnt. Math. pp. 3^6-3^7) • 



In rough terms ^ an asymptote may "be defined as a line vhich approximates 
a given 'curve,' "both in position* and direction, a^ Istrge distances foroni the - 
origin* It is the idea of "large- distances from the origin" vhich needs 
clarification.- • " - 

The simplest case is that of a horizontal asymptote, ' y = c . The line 
y = c may occij^r as an asymptote to the graph of x in two ways: for large 
positive values of . x or for lar^e negative values of. x . In precise terms 
y- ~ c is an asymptote of f for large positive values of x if for every 
€ > O it is possible to maKe |f(x) - c| < € "by taking x large enough.. 
In other terms, for each € > 0 we must find a value w for which the condi 
tion is satisfied when x > "ta . For example, to prove that the hyperbola xy 
has the asymptote y = 0 for large positive values of x . we observe that 

provided |x [ > « > ^ . - ' " ' 

Clearly, in describing an asymptote we have defined a new kind, of lim^-t* 
-We write ^' 

(1). ■ ' ' liia =^Cx) = c ' ■ ^ 

x~» 

if for every € > 0 there exist's a valu^ « such that ' ■ \ 
whenever 

X > a> . 

Tke expression (l) is read "as x approaches infinity the limit of f(x) is 
c The traditional word "infinity" does not signify anything mystical or 

vague here* It only means something in context, and in this case the context 
is precisely stated. In a" similar vein, to descri'be asymptotes for large 
negative^ x , we say "as x approaches minus infinity the -iimit of fCx) is 
c" and write ' 

' • lim- f(x) = c 



il* ,f or every € > 0 there exists a value such that 

whenever 

X < a> • - 

In this limit notation, the condition which defines y = c as an 
asyi^rbote to ^ = -f (x) for large positive x can be written 

lim f(x) = c . 

X*^oo " . 

SxTCTple Let 

. . ■ '^'^ 3% - 1) • 

ft 

This is a typical case for a rational function. We find' the horizontal 
asymptotes, if any, -by conqparing the leading terms of the mmerator and 
denominator (see" Exercises 5*8> Ifo. 12) • In the fraction above, the degree 
of the denoaninator is greater than that of the numerator and we conclude^ that 
the fraction approximates zero for large positive or negative x . It follows 
that ,f . has the asyii5>tote y = 4 for both large positive and negative x • 
The precise epsilonlc- proof is left as an exercise* 

A vertical susyii^rbote x ^= a can only occur at a point, a , where f 
is discontinuous because |f(x) | exceeds , any given positive real value for 
^x in some sufficiently smal 1 deleted neighborhood of- a For a vertical 



asymptote, it is sufficient to show that ~ \ approximates zero when x is 



near* a . ; • - f 

. . . ■ ■ 1 ■ . 

Example $-Sc . For the function f of the previous example we have. 

1 ' (x + 3Kx - 1) 
^^""^ (kx^ + 9x - .12) ' 



aiid .f^^ aEproocLmates O 'for x near -3 and 3?or - x . near 1-. The- lines 
X - -3 , 3c = 1 are vertical asympto-tes (Figtire 5-8c) . . ' . 
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Figure 5-8<^ 

Oblique asymp-to-tes are also easily deTined; -bbe a ppr o p riate condi-tion 
"tha"t "the line y = mx + b . be an asymptote "to "the graph, of: f for large 
posi-tive . X is . ^ . 

11m [f (x) - [mx + b] I i= 0 . 

- , X— » ■ , . ■ • ' ■ 

If 1;be grapb of y =^(x) has ja. slant asymp'tote i"t is easy to v eri fy that the 
slope of the asymptote is given by ^ 

f(x) ' 
m = lim ^ ^ 
x 

x--«> 

(Ebcercises 5-8'^ No. lifa)^ On the other hand the limit inay exist althou^ the 
curve may not have an asymptote (Exercises 5-8, Tib* l^rt)). 

Wi-th €lie weaith of a^IxiliaIy inf orma:ticm obtained 'by the methods described 
above, the plotting of relatively few points is sufficient to obtain an 
adequate sketch of the graphs of most fimctions met in applications. Here 
ve give a checklist of the information. . * 



f(x} determines: , ' - 

1. the domain of definition. 

2, the x-intercepts — the zeros of f (x) — and the . y-intercept — ^f(O) 
(For a curve in implicit form gCx,y) = O , the x-interc^fts are 
the ^eros of g(x,0) , and the y-intercepts are. the zeros of 

' g(0,y) .) ^ \ ^ .* ■ 
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I 3. . syxnmetiiy vith respect to the y-axis if. : f (x) =.f(-x);, with respect 
^^^j;^ to the origin if rCx) = -f(-x) • (For a curve in impli<;it torm 

there is symmetry with respect to the x-axis if s(x, -y) .= 0 when- 
ever g(x,y) = 0 ; with respect to the y-aXis if s(-x,y). = 0 when- 
ever . g(x^y) = 0 ; with respect to the origin if g(-x,-y) = O when 
ever g(x^y) = O •) 
U, periodicity^ ^ . ' . ^ ■ - 

also determines: 

1. a horizontal asymptote y = p to the right if 

lim f (x) = p 

2. a horizontaX asymptote y = q to the left' if 

lim f (x) = q . = 

' X oo 

1 



'3* 



X = a 



if 



approximates O in a deleted 



a vertical asymptote 
neighborhood of a . ^ 
a -slant asymptote y = mx + h to the right if hoih limits 



m = lim 

X~oo 



and 



b = lim f (x) - mx 



exist. 



and f » ( X ) changes from 



f (x) determines: - . • 

1. an interval on ^hich f(x) is increasing if .f'(x)' > O <weaka;y" 

. increasing if f*(x) > O ) on the interval. 
2/ an interval on which f(x) is decreasing "if f'Cx)'<0 (weakly 

decreasing if f'(x> < 0 ) on the interval. 
3. a maximum ^lue f(a) if' f*(a) = O and f'Cx). changes from 

positive to negative at a » 
h\ a m i n i m um value f(a) if f »(a) = O 
negative to positive at a . 

f'Cx) and f"(x) . determine: ' 
1. a maximum value f(a) if f'(a) = O 
2 a minimum value fCa) if f * (a) =0 

f''(x) determines: 

1. an interval^ on which the graph of - f 
f"(5c). < O on the' interval • 

2, an interval on which the graph of 'f 
f"(x) >0 on the interval • 

"3. an inflection point (a,f(a)) if f"(a) = O' and f"Cx)' changes 
■ ■ sign as^ ^ increases through the value a . 



and 
and 



f"(a) < O . 
f"(a). >• O . 



is flexed downward if' 
is flexed upward if 



5-8 



• ^ , It is a good, procedxire tp prepare for the sketcli or a graph by making a 
tahle in vhich pertinent items from the above check list are presented. Bo 
rsall calculjations .separately from the table, so that only those data ^e sho-wn 
vhich go directly into the sketch. 

Example 5-8d% We give a ccraplete checklist- for the function 

^ _^ 3)(x - l) "^^^ previous tvo examples: 

x-intercepts: x = -3.I9 , 0.9^ • ■ . ■ 

'y-intercept : y = k ■ v^^^ * 

horizbntaLL asymptote: y =.h to left and to right ' , 

vertical asymptotes: x = -3 and x = 1 ' 

intervals of decreasing f(x) :x<-3., -3<x<l,l<x 
dOTmward flexure: • x < -3 , x^ ^ x < 1 , -where -x^ is the abscissa 

of the inflection point 
upward f lexur& r -3<x<x^., l<x 

• inflection point: ^,f(x-^)) , vhere x^. ^ 9x^ + 6 = 0; to one 

place after ^the decimal point, -O.7 < x^ < -0.6 

The sketch. Figure 5-8o,^ has already made VLse of «t» 'this information. 

UTote that intercepts, extrema,.'or inflection points may be only 
approximately dete^rminable, with an accuracy dependent on your skill in. 
approximately solving tfee apprppriate egtiation f(x) = 0 , f'(x) = O , or 
f"(x) = 0 • ^ . . ^ . 



Sxample ^-8e . Draw a graph of f (x) = cos x - 2 sin x , for . 
O < X < 23r . Here f '(x) = -^sin x -"2 cos x , f"Cx) = -cos x + 2 sin x 
Zeros of f(x) (and simultaneously of f"(x)) are numbers x for which 
tan X = i ; 2eros of f^(x) are numbers x for i&ich tan x = -2 . Htanerical 
values have been taken from a trigonometric tabZe, rounded off to two places 
jafter the decimal point- * * ' 

x-intercepts: x == 0-46 , x = .3.60 
y-intercept: y = 1 

minimum: .x-="2,03. , fCx) = -2.24 

• maximum: x = 5*17 , f (x) = 2.24 . , ' . 

intervals of decreasing fCx) : 0 < x < 2.03 ^ 5-^17 < x <'2jr- ' 
intervals of increasing f(x) : 2.03 < x < 5.17 ■ • - . - 
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inflection points; same as x-intercepts ■ 
internals of downwaxd flexure :| 0 < x < 0.h6 , 3.6O < x < 23r' , 
Intervals of upward flexure: 0.^6 < x < 3,60 

The points f (x) . for x a multiple of ^ are also easily plotted, and were 
iised in the construction of Figure 5-8<i- 

" Finally, we sketch an implicitly defined curve (F±s^^ 5-8^) • 



Note ; the gr^ph of f : x >■ cos x - 2 sin x could have 
been obtained more easily "by noting that 



cos x - 2 sin x = 



COS X 



wheire cos <x = — • but for the sake, 
proceeded in a more complicated way. 



- — sin x\ = V^* cos (x + a) , 
^ J , 

illustration we have 




Figiire 5-8d 
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Example ^-8f Drav the curve with egaiation + = 1 . Only points 

in the square 9<3C<1 , O < y <1 can lie on the 'graph. Implicit 
differentiation gives 



or 



and Tor tne^econd derivative 



1 V 



1 f^.^ + y 

2 / y 2 



_ 1 X + _ Vx + Vy 

2 2" ~ 372 
X 2 x-^' 



2 X 



37^ • 



The checklist is quite short: t 

' x-intercept: y ^^1 

y-intercept: x = 1 * 

interval where y decreases: O < x < 1 

interval ot upward flexure: 0<x<l. 

11 * ^ 

With the plotting of one. additional point (jJ'^TJ') . ^ "^^^ sketch is easily 

made (Figure 5-8f ) . 




X 



: ^ . Exercises ^-8 . 

Draw -the graph of ' \ " 

/ ^ f : X— ^ ^x^ + - 20x^ - 50x^ - ItOx . 

(See Example ^Sa,) ^ ^ 

^ I " 

Locatie "bbe poin'b" of inflection on "the graph of f : x » ; Cx + l) arcfcan 

■ ' • " -■ " 

• ' *^ ■ * ■ . 

De-bermine equations of the horizontal and vertical asymptbtes, if any, 

of the graph of ^ 

(a) xy + y x . ' . ^ 

(b) x^y - 3x 2 = 0 . 




Find hori2onta!L-«fii><fe3rbicai asymptotes^ max^jna, minima, and inflection.' 
points; Show all^^tests used to i'dentlfy^, eacH^ such point and draw the 
'graph of the function. 




(a) f 



X 



2 

X + 1 <- 



(b) f : X 



x^ -..1 



Use information about extrema, . and flexure to draw the ' ) 
graph of ^ . . 



' - ■ ' f(x) =^.-xV3 - x^ • * ^ 

Draw the graphs of the given functions making use of extrema and informa- 
tion about flexure: . 



(a) f 



V 2 X- 



2 

(b) f : X— ♦ cos X +-2 cos x . ■ ^ ^ 

(c) f : X—* X arcsin x - 

Discuss symmetry, intercepts, 'asymptotes, extrema, intervaJ-s of flexure, 
and sketch the graph. 



_ 2(x - 2) ^• 
2 

X 

(b) f Cx) = x^/^Cx - 2)^ 



X 



■ ■ 5-8 

8. liraw "bTie grepla of x y + xy =1 ♦ 

(a) ■ Itetermine horizon-bal and vertical asymptotes, if any. 

^ (Id) Locate tlae^axis of symmetry and the point pf intersection of tlae ^' 
cxLTve with, tlii's line. 

(c) Show that the cixrve has one and only one extremxm and locate and 
classify this point, , , - 

■ 9* Show that th^-' function ' x * + d Consumed non-^onstarit) has no 

THftySmft or- miiiig^ regardless of the values of a , h ^ c , and • d . ^' . 

f" - • ' - -> * - ^ 

10. Prove that the inflection points of the graph of y = x sin* x lie on- • 

2 2 2 * 

the curve "^y (i* + x ) = . - 

7\ll. (a) Prove that if a curve is diff erentiable and flexed downward, in an 
interval, the curve lies wholly under its tangent lines in this 
interval. 'V 

(b) Show that the graph of f crosses its tangent at -x = .a if a is 
a point of inflection. ' ■ . . ' ^ 

(c) Let f(x) = x^ where n ^is a natural' number For what values of 
n , if €my, does ^the graph have inflectdon points? ^ Give sjcetches 

' comparing the graphs for different values of n . 

12. For a rational fianc-tion given by ^ ■ , 

a + a 'tX^"^ + » . . + a^ 



ERIC 



b x'^ + b ,x*^"-^.+ .;. + b. 



q-1 . o ...... 

where a , b 4 0 I find conditions for the ^existence of horizontal 
P Q 

asymptotes, i.e., conditions that either liiiiit, lim rCx) ^ ' ^Cx) 
exists. ,^ 

2 

X + 2x + a 

/\13. For what values of a does the function f : x ^ — assume 

X + l;x + 30- 

ail real values? Sketch the graph of the functi^cTfor this case* 
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1^. (a) Sketch the graph of the fimction 



x2 



.. ' ^ ■ X - a > a j£ 0 , . • - 

■'and determine all the horizontal, vertical and slanfasymptotes • 



2 

X 



(b) In part (a) the slope of the- slant asymptote is lim ^ ^ = i 

x-a ^ ^ ^ 

Show -that for the ,function 



f : X 



• 1 + X - '2Vx , X > 0 , 



f ( x) ^ 
the lim — exists^ although the graph has no straight - line 
x-*a' . * • . ' 

asymptotes. . ' ' ' . 



Miscellaneous Exercises 
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1. Show that tvo tangent lines to the graph of y - c= - 3x^ 3x pass 
through the point*- (J+,,1) . Find their equations. 

2. ^ Show. that the tangent line to the conic "section 

■ 2 2 " - ' 

.ax 4- 2"bxy + cy + 2dx + 2ey + f = 0 

at a point C^q'^O^ on- the curve has the' equation: 

ax^x + bCy^x + x^) + cy^ + d<Xp + x) + eCy^ + y) + f = o 
3* For what points (h,k). can one draw • - 

Ci) two tangent lines.* 

* - • . • * - 

(ii) one tangent line, 
(iii) no tangent line 

to the graph of /-^ . - . . . , ; ■ 

(a) X +-3xy + y = a , (a > o) . 

(b) 3x^ + xy + 3y^ = , (a > 0) . 
•(c) i<!x + 5y = Va , (a > O) . 
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4. Determine equa-bions of the horizontal and vertical asymptotes, if any, 
of the graph of 

(a) xy - % - X = (5 . ' / 

(b) xy - cos* X = 0 • ^ 

5* Sketch the graph of ' , - ' 

A _ \m • 

(a) y = — — ^ ; , n integers, m,n>l,a?^b. 

(x - b) ^ ' * 

• X 2 Cx ■ a)°^ ' ' 

Vb; *y = — ■ ; m , n integers, m,n>l,a^b. 

(x - b) ^. - 



Cx a)^Cx b)^ 
(x - c)-^ 



9 
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A tq; y = -f ^ — - — ; m , n , p xntegers, iii,n,p>l,ajtb^c 

^ (x - c):^ 

6, In past writer^' conferences it has been observed that yhen the 

^ nxmber of writers on a team is 28 or greater, all tHfe available tiifte 
is spent in discussion between members of the groim, so that no wri/tihg 
gets done. Assuming that in a group of x writers (28 > l) teach 

participant is engaged in writing ^[l^ - ( ^^^ ] houxs "per week,/' 
determine the size pf the team which maximizes the total nximber^'oi'tioiirs 
the group spent writing, (Draw yoto: own conclusions about the team which 
wrote this book) . ' \ ' ^ . 

L 7- A picture h feet high is placeci on''a\wall with its base, b feet\bove 
.-the level of the observer's eye. If he stands x f efii ^rom the wall, 
verify'that- the angle of vision 0. subtended by the picture is given by 

• . - 0 = arccot V ^ , - arccot ^ . ' - 

- . -\ \ . .. y> ... ^ . 

Show that to get the ''best" view, of the picture, i.e.-, the largest angle 
, of vision, the observer shoiold stand V^(h ^ b) feet away from th^ wall. 



8. Lei; A3C be "a right tirlangle with AB perpendicular "to BC , the length 
of AB = h , the length of BC = 2x ' • Let AD be the median, to side BC 
Determine x so that the angle '.0 between the median and the hypotenuse 
of triangle ABC is a maximum. 
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The location of -an" object' on a straight line at time t is given by the 

- . ^ 

S = At" - (1 .+ A^)t^ . ' , ■ 

S: -r^ tha^ -Dice •:>"bject moves forward initially^ when A is^positive, but 
ultimately retres^ts. Show elLso that for different values of A'' the 
maximum possible distance that the particle can move foarwrard. is • ■ 



A/man standing a,t the edge of a circi^ar JJfcimmfng pool. wishes to .reach . 
a point ^ of the' way aroxmd. the Pjool in the -least ^l^sible time.- . He- 
plans to rrui along the edge of the^mool for some distance and then swim 
' , "straight to his destination. If he can" swim 20 feet per second and 
rrm feet .per second^ how far should he rim before diving in? " 

/\11. A conical cup with radius r \ heigl^t- h ^ is filled with water. ^ Find 

the ^radius R of the sphere which displaces the largest volume of water 
when Jammed into the cup. 



Appexidices . 

These appendices con-tain primarily three kinds ot materials: matters 
which you are presumed to have studied hejTore and may use Tor review . or to - 
acquire the nece^saiy KxLow'led^e; matters alluded to in the text and ampliried 
here; matters which .are nprmally studi^3^n later courses but supplied here - 
for reference if you'woxxld like a "brief account for corapleteness. 

Appendix 1 contains reference material on' -th^ real number system- 
.Appendix 2 contains reference materiaJL on functions^, relations and their 
graphical representations* Appendix 3 describes the^ethod of mathematical 
i-nductiqn which is essential^for mathematical literacy but is often neglected 
in the secondary curriculum. It is assumed that you are conversant with most 
. of -€his material or .w^ll' become so a,s the course progr^sses^ The later 
- appendices contain material which would be ot^ oif place in the text/ either ' 
because it constitute?- an interesting digression or because it is normally , 
sti^die^at the next highe^r level* With the appendices many of the gaps, left 

in. .the iext-may be' reduced or eliminated -altogether,- ' ' 

- . ■ ■ ^ ^ ^ .■ - ^ ■\ ^ i . 

( '■ : ■■ ■ - ' . : ■ . ' ^ ' . V ^ . ' ■ ^ , - ■■ . ■ - >^ 
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^ Appendix 1 
^TffR REAL NUMBERS 

. We etssixme "that yofti are .familiar ^with tlie real numbers repre sensed as 
inTinite decimals and eis points of* the mamber line ( Intermediate Mathematics^. 

For the calculus, it is especially in5)ortant that you master the material 
on inequalities and ahsolute value. If you are at «i t unsure of yourself^ 
/work through this material thoroughly. Many o:f the resiiltg, ohtained in the 
exercises are alluded to in' the text. ' 

Al-1 Algebraic Properties of the Eeal Nuiribers 

. . We let Jt denote the set of real numbers and represent the. elements of 
by lower case (Roman) letters, b, c, ... . The real numbers constitute 
an €LLgebraic system in which, addition, multiplication, and their, inverse 
operations, subtraxrtion and division (except by zero) can be performed. Such 
a system is known as a field. The field properties of ft are summarized in 
the following laws. ^ ■■ " 

■ ■ ?^ ■ 

Closure 



(1) . ■ (a + b) -c , ab r . 

. ' ♦ 

If a aiid b are real numbers, then their sum anS .. product are real numbers. 

Cominut at ive Laws " ^^^^ * 

(2) ^ a + b = b + a , ah =^ ba . 

■ ' ■■ ■ Z' 

A sum or product of two real numbers is independent • of the order in which^they 
are taken* • , . ^ ' ' * 

Associative Laws ' * 

(3) a + (b +^c) = (a-+ b) + c. , ■a(bc) ^ (ab)o . . 



Al-1 • ' . ■ * 

A Sim or product of* three real. mam"bers is independen-t or the vay in which they 
are associated in pairs. 

"5 

Distributive Lav ^ . 

(^) a(b + c) ^ ab + ac . 

Jtiltiplication is distributed over a"s\ini. , . 

Identities . 

There exist real nunibers 0 (the additive identity) and 1 (the nrultiplica- 
tive identity) such that 

(5) a+0=a^a-l = a* 

Inverses 

Each real number a has an additive inverse, -a , "the negative of a", 
such that 

(6a) a + (-a) = 0 . : 

Each real number except O has a nniltiplicative inverse — , "the reciprocal 

a 

or a", such that 

(6b) >. . a(^) = 1 , (a ^ O) . ^ . . 

a 

Finally, we require -that 0 and 1 are not the same mamber. 

(6c) ■ . ■ -0^1. ^ 



Subtraection and Division 



The operation /yf- subtraction is defined by 

(7a) . a - b = a + (-b) , . . 

and division by ^ ' ■ " 

(Tb). . I - a(^) , (b ^ O) : . . •• i . 

We shall* not attempt to derive the entire catalog oT Tamiliar properties 
or * the real, numbers implied. by (l) - (7). The derivations of* a number ot these 
properties ^are lert to' you in exercises- ' There is one fact^ however^ to 



Al-l 



which we wish -to give prominent attention: 

DIVISION BY ZERO CAHNOT BE GIVEir ANY MEAHING. 

a 

If b ^ 0 ^ the statement (7b) assiires us that is a real mmber; 

about the case b = 0 the statement, is norsterlously silent. The Tact is 
ttiat it is inrpossible to assign a single definite value to ^ consistent 
with (l) - (6). In proof we show first that 

(8) . • a • 0 = O . 

We have ^ 

•a • O + a . O = a(0 + O) 



Put a = a 



hence 



and 



a^ 



that is. 



= a • 0 
By the preceding result 

a + a = a 

_J(a + a) + (-a).= a + (-cr) 
a + (a + (-a)) = a + (-a) 
a 0 = O , * 

a =■■ 0 



(Distributive Lav) 
(Additive Identity) 



(Associative Xaw) 
(Additive Inverse) 
(Additive * Identity) 



In order to define division 3y zero we must be able to find -a "reciprocal 
of zero" under the definition of (6b), i.e-, a number - a such that 



However, from (8) we have 



a = 1 



a = 0 



in con-fcradiction to (6c). It follows that" division by zero is meaningless 
and cannot be made meaningfizl. The attempt to . define division by zero'leads 
to a contradiction. 
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Exercises Al*l v 

Verify: . " . 

(a) »that the nattiral niimbers are^ not closed under subtraction and * 
division. ^ 

(b) that the rational numbers form a field. ' 

(c) that the operations of subtraction and division on the reals are 
not commutative or - associative* * ■ 

Prove: For any real number a , -C-a) = a • 

Prove: For any real number a ^ (-l)a = -a . ♦ 

Prove: For any real numbers a and b ^ 

-(a + b) = (»a3 (-b) 

Prove; For any real numbers"/ a and^ > " ' 

(-a)(-b) cr^^b • : 

Prove : For any real manbers a and b 

ab = O if and only if ^ a = 0 or b = O . 

(or a = b^ O) . , 

' a H~ b ' ' ■ ^ 

Verify that the numbers — ^— . , vhere a and b are rational nunibers, 

constittite a field, 

% . - ■. 
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Al-2 Order BelJfrions on the Real Numbers ( ine quality ) 

The rield relations are not only satisfied by the set R of real numbers, 
but also by certain of its subsejfcs including the set of rational numbers (see 
Exercise Al-1, No- lb). Furthermore, 7t itself is a subset of a number field 
• the field O of complex numbers, vhich may be thought of as the set of all 
nximbers of the form a + bi vhere a aJid b are real arid . i = -l . The 
real number system differs from the con^lex number system in' one^icrportant 
respect: it is possible to order the reals by a relation of inequality. The 
properties of an order relation are given nov in summary - 

There is an order relation in 7t , denoted by . a > b (read> "a is 
greater than- b**) with the. following properties: 

Trichotomy 

Each a and b satisfy one and no more than one of the following relations: 

a > 'b , , a' = b , b - > a . 

Transitive Lav 

Xf a > b and b > c* then a > c . 
Addition Lav 

If a > b , then a + c > b + c . ; 

/ - 

Mult ipXi c aft i on Lav - /' 

If . a > b and c -> 0 , then ac > be ; if a > b and c < 0 , then be > ac . 

It is often convenient to write b < a (read "b is less than a") for 
a>b. If a>0,.a is, said to be positive; if a < O. , a is said to 
be negative ; thus, from the law of - trichotomy a areal number is positive, 
zero, or negative. 

The tvo expressions a > b and b < a 'de^cz^be the same relation arid 
neither is generally preferable to the other. , We shall speak of a > "B and 
b-"< a strong inequalities. 

Two other relationships which we shall use are the inequalities a >b 
and b < a (read-"a is greater than of* equal to b" and "b is less than 
or .equal to a"^ respectively). The first of these^ a >b , means that either 
a > b or a b ; the second , b < a , means that either b < a or b = a; 
the two inequalities represent exactly the same relation. (Sometimes, for 
en^jhasis, the relation a < b is called a weak inequality.) ■ 



Al-2 

By the law or trichotomy, each a and b In 71 satisfies one and' no 
more than one or the following relations: 

a >.b , b > a . 

Thus, ve note that' if a > b , then a > b>^; JEaso," if a = b , then a > b • 

By the" transitive proper tyr 

(i) a > b and b > c , then a >: c . 

(ii) If a > b and b > cjjj'then a > c . * 

*(iii) If a >b and b >. c i then a > c , 



We observe that in (ii) and in (iii) the symbol " > " representing 
strong inequality appears, hence ve -use the strong inequality in the con- 
clusion ^'a > c". ' - 

In inore general application of the transitive property the symbols " > 
" > and " = " may appear several times in a chain of reasonings; care mils t 
be exercised in selecting the symbpl in the last step to insure that the 
conclusion is valid. 

Example Al-ga : . 

If a > b , b ' > c , and c =r -d , then a > d ' ' - " 

It is convenient to write ' ' ' 

- . " ''■•^ ^ ^^^ c > d , - - -^ ■ 

so that the valid conclusion "a > d" is apparent. (ifote: we did not / 
write a > b > c = d. The valid conclusion Is not "a = d"; therefore, we 
shall, avoid this form.) _ . ^ 

Exair^le Al- 2b : ^ ^ . 

If a>b ,b>c, c = d, d>e and e > f , then a > f . 
We write " . 

a > b > G > d- > e > f : 

which shows that the strong inequality "a > f" is valid. We observe that 
the symbol " > " for strong inequality appears at least once in the chain 

a 

. and hence we may use it in the final step. Kote that within the chain we 
avoided writing c = d , but used c > d as in the preceding example* 

^, In our discussion of the transitive property we have u"sed the symbols 
> , > J and = , but the statements also' hold if the symbols > and > are 
replaced by '< and < , respectively. A vord of. caution is in order. We 
consider the expression 
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b < a >■ c 

as completely meaningless (an example or vhat you shoxild never vTi"te), 

We leave the well-knovn properties ^or order i*or you to derive as exer- 
cises, but there is- one property which -we derive -here as a useful example 
or such derivations: 

THE SQUARE OF A NON^ZERO REAL l^UMBER IS POSITIVE. ' 

If a > Q , then from the n^iltiplication lav 

a*a>0-a. 



that i s J 



2 ■ 
a > O 




'If GL < 0 , then from the addition lav, 

- ' . ' . r " a -h (*a) < 0 + (-a) 

and from the properties of the additive inverse and identity we obtain 

\ 

0 < -a . 

Thus (-a) is positive and by the preceding argument (-a.)\j/^0 , We knov, 

(■ 

in general- (see Exercises Al-1^ Ko. 5), that (-a)(-b) = ab. . Setting b = a 
in the last relation, we have (-a) = a . It follows that a > 0 when 
a is negative_, and our argument is complete. 
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Exerclsea Al-2 

!• Prove: For any real number a : ^ 

(a) if ^ a > O , -then O > -a • 

(b) ir • O > a , -then -a > O . 

2. Prove: For any real nxmibers a,b,c,d ir a>b and c > d , 
then a+c>b + d» . 

3- Prove: For any real nimbers a,b,c,if a>b and c <'P ,--then 
be > ac . ' - 

Prove: ' . ' ' ' ' . 

(a) For any posi-tive^^ncumbers a .-and b , ^ >b if and only if b 
Cb) For any negative' numbers a and ^b , a > b if etnd only if b > a 
5* Prove: For any real nimiber a and any positive number b , 

(a) a >b if and only if ^a-> i^ or a < -Vb • 

(b) a^ < b if and only if 7 < a < Vb 

6* Prove: If a > b > O and c .>'d > O , then ac > M^^^^ 

7- Prove: For amy real numbers a ajid b if ab > O , then either, 
♦ both a > O 8Lnd b > 0 or bot:ii a < O and b < O • 



8, Prove: For any real nuziber a 

(a) if a > O , then — > 0 , 

(b) if a <.0 , then — < O . 



9--. For bd < O - show that ^ < §■ if and only if ad > be . 

b -v^ 

10* Show that for two positive numbers a and ' b if a '> b then — < 

11 • .J Prove that" the con^lex numbers fotm a field ^ and that there, can be no 
order relation on C • - * ' 

12* The field 9 of numbers of the form a + bv^ where a and b are 

— ^ * 

rational numbers has the ordering relation > becaxise is a subset 

of . Show that is also curdered' by the relation where 

a + bVa >- c + dV5 means that 

a - bv^ > c - dt^ • - 
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13 • Shov -bhat for- al 1 reetl numbers x and y 
14. (a) Prove rhat 



2 2 
X + xy + y'^ > 0 . 



. +- y) > hxy ; ' 

(b) For positive nimbers a Md b , show that the arithmetic mean 
^ is not less than the geometric meaji which is, in turn, greater 
- ..tfhwi'or equal to the harmonic mean: ■ 



2 — — a + h ' 
When does eqijality hold in this relation? 
15- Find all values of x for which 



o 

ax + 2'bx + c>0, a^O.' 
Discuss aH possible cases • 
l6'« Observe that • • . - - 

(a^x + b^)^ + (a^x + bg)^ ^ .5* t (a^x + b^)^ > O ; 
-then use the sola-bion of Number 15 to prove the Cauchy inequality 

with equality, if, and only if^ a^ = kb^ or b^. = ^0 y for r = 1 , 2 , 
• , n and k , some constant. 

If a-j^ , a^ T^**» 9 Q-j^ positive numbers, show that 



a-^ + a^ + • • • a 



n 



\ ^ - ... ,11 



a 



i 



n 



(Arithmetic Mean) > (Harmonic Mean) 
This generalizes- Exercise l^b. 

18. Prove the general triangle inequality 



r 
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Al-3 Absolute Valiie and Inequality > 

The absolute value 'of a real number a , written |a| , is derined by 



a = 



a 


. if 


a 


> 


p 


0 




a 




6 


-a 




a- 


< 


0 



ir we think of' the real members in their representation on the nurrfber line,! 



a| is the distance between 0 and a (^gure Al-3). In general, Tor 



then 

any real numbers a emd b ^ the distance between a and b . is 



* ■ I a . b I . ^ ; i 



^ 



1 



Figure Al-3 



b - a •= a - b 



IT X lies ^^^fthin the span < x < €.'* where € > O , 



•then clearly x is no , farther, from the^ origin than € and we must have 
-|x| <■ € . Conversely, ir |x| <e , then -€^< x < € . It follows immediately 
thaV 

(1) - jxl < X < |x| 

(See Exercises Al-3, No. 13a.) 
r^om the inequalities 



we obtain 



- j ar] < a < | a | and --| b | < b < | b | 



(!ajH-|b|)<a + b<|a|-h|b|, • 



vhence •' - ■ 

(•2) ' . la + b| < ]a|. + Ibl' . 
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(OlLis rel&tioinis knovn as the "trismgle'^inequality.") In words,-' tJie^. absolute 
value or a sum ot tvo terms is not greater than the sum or ^he absolute value 
of.^fhe terms. Since any sum can "be "built up by successive additions, the 
result holds in general, viz,, ^ - " : : \ : • 

■ . I I a. H- b H- c ] = I ( a + h) H- c } 

" <|a+hi^1c| ,-. 



. We say "that- y Is an upper estimate Tor x , and that x #s a lower " 
estimate tor y if* x < y . In (2) we have ?ound an upper estimate for the 

ahsolute value of the. sTim a n- h. . It is often useful to have a lower estimate 

/ - ' - - 

which is "better than 'the' ohvipus estimate 0 . Such an estim^e ean "be 

ohtained from (2) by the dfvice of setting a "= x + y and then setting 

;"b = -X and . t = -y in turn. We then obtain 



- X 



and 

Since |,|x| ly| | : is one or. the other of the values' .|xl - \v\ . or |y| 

we have - . .. \ ; 

(3) ■ "^llxL- Iy|l < 1^ + y\.- .. : 

(See Exercises Al-3, No. I^J) 

Special 'Symbols : . ^ . ^ 

The symbol max(r^, .r^, r^} - denotes the largest of the niimbers 

r-j^,^r2, ^--^ similarly, the -symbol minCr.^, t^, r^] denotes the ^ , 

smallest of the numbers. , . ' . 



Exainple .^l-3a: , 

max{2, 8, -3, -1} = 8 
min{2, 85,-3, -.10] = -10 



inax{-a, a} = |a| - . . . 
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Exercises Al-3/ 



•Find the absolute value or the following nolmbers: 
(a) .-1,75 .' V (c). sia 'C-J^) 



IT • 



(d) cos (:|^) . 



72 



3. 



• (a) For -what real numbers x / does vx ^ -x 
•(b) For what 'real numbers x does |l\- .x| = x - 1 ? 
\ Solve ,the eqxia;tlc: - * 

(a) |3 - :3ci = 1 . • * "'^ 

(b) Iltx + 3| = 1 . - '\ - 

(c) Ix + e! = X . 

(d) |x + l[ = [x - 3l . 

(e) |2x + 5| + |5x + 2| = 0 . . 

Cf) 'jax + 31 = b - x| . . 

(g) 2l3x + i^i + ix - 2| = 1 + |3 + x| 

For what values ot x is each of. the- following 'true? 
answer in terms of ^^egualitjKes satisfied by x .) 



^Express your 



(a) 


jxl < 0 : : 




:ix - i| -h |x - 






O < Ix^ - af 1 


(c) 


W <3 




|x a( < 5 - 


(d) 


|x - .-61 <l 


Co) 


< . ■ .. 
0 </fx - a] < S 




|x - 3i'>:2 V 


•' Cp) 


- 1 [ < 2 and 












|2x - 3l < X 


Cq) 


|x - l| < 2 and. \^ 


Cs) 


fx' - a 1 < a 




[x + yj. = " Ix| + [y 




\^ - 3i <i ■ _ ; 




;|sin x| = 0 


(±) ■ 


|(x - 2) Cx - 3)1 > 2"" 


Ct) 


[3in x| > 2| ; 


(J) 


Ix - 1| > |x -.31 - ^ 








|x - 5l. + 1 = |x + 5l 


- (v) 





fx + ll <| 

|2X - li < | 
, for all 




■ ' ' ' ' -^ ■ V , - 

5» Sketch -the graphs of -the following equations: ^ ■ ^ ^ , 

(fi) |x - Ij -K j.y| = 1 . ;' " ' . V •• •• . . . , 

(b) -Ix.* y| .+ |x. - y| =-2 . ." ' . . ■ ' . . ; 

• • ,(c) y = |x - ii. + |x - 31' • ' ■ • 

(d) y = Ix - ij + Ix - 3l + 2|x ->f . ' ' . / • ■ 

' • -(e) y = jx - l| + |^!C - 3| + 2|x ^ 1;I +-3|x - 5| . ' • 

6. (a)/ Show -that, if a >b > O , -then . 

\ ■ ■ ab • ^ , , ■ ■' •- 

(■fa) Thus, show -tha-b for positive numbers a and. h , -the conditon 
& < minfa^h} is satisfied by 5 = ■■■ 
7« (a) Show Tor x>ositive "^a , b that . - • , 

^ g ^ < maxta,!)} if ^ a h . 
(h) .Prove for all a ^ "h that 

inax{a,b} = i{a^^);xs+ |a - bj) . 

(c) Prove for all a , b that 

iiiin{a,b) = -^a + "b |a - .bj) . ' - . 

^ " ~ --"^^^ •' 

8. Show that • ^ . 

inax{a,b3 +* maxfc^d) > max^a, + c , b + d} . 



9^ Show tha<?^if ab > 0 , then ■ - 



ab > Tnin{a } ,^ . 

Show tlfet if . a = inax{a,b,c} , then -a . = min{^a,-b,-c} • 

( a^ a^ a 1 , /^pX'* ' ' 

11-, Denote min \y— , yT^ ^ ^ • • ^ y~c iTr*) similarly . for max- 

Pi ^2 n) r \ r/ 



/If b^. > O , r = 1 , 2 , , n^ prove that 



min 
r 
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12 Prove that 



n + (n - 1) 



1 2 + . . , + n" ■ ^ . ^ 

P — —5- < 1 for n = 1, 2 , 3 J 

. . . + 2"^ + 1^ ^ 



13. 



(a) Prove directly from the properties of order for € -> 0 that if 
-€ .< X-< € 'then .< e • Conversel^^,. if |x| < e then 

("b) Prove that Xt x. is. an , element of" an ordered field -and if |xj < 
for 'all positive values .€\, 'then' = O* . ■ ^ " 

lif- . (a)- Prove that [ab] =.|a|I-b(/ ^ / . ;• V J /'^ / " 



15. 

■ 16. 

17^ 



±8: 



("b) Prove -that 
Prove -tlaat '|x-y|<|x[ + [y|. 

Under what conditions do tlie . equality signs hold for '. 
. . - ■ _ I |a-| - .|h I I < |,a + h i < |a[ + |h| ? 

• If" 0 < X < 1- j^. ye can multiply 'both sides of the itiequality x < 1 '- "by 
X to obtain x^ <x.. (and^, simila_riy, .ve' can shoti' 'that . x'^.-<x^'-, ' " ■ ■- 
X < X , and so on),\ Use this result to show that if .0- '< •lx{' < l , - 
then Ix^ + 2x| .< 3|x| . . 



Prove the following inequalities: 
■ (a) X + i > 2 , X > 0 . 



- < -2 , X < 0 



X 



> 2 , X j4 O . 



19. 
20, 



(lb) . X 
Prove 



Show that if Ix - a| < , then 



X >x|xj for all real x . 



for al 



y 0. 



21. Prove for positive a and ' h , where a ^ b , that 



Al-i*^ . Intervals , lfeishi:>orhodds . 

■ • 

An interval or the mimber line is any ^et or real numl^ers vhich contains 
more than ..one member- and. which has the property that ±t a -^id 'z are ' 
elements, or the set, then so is eveiy real nximber x "^tveen them, i.e., ' 
f .s'cVy ^ ^"oar vhich . a < x .< b . . It is. easy to verify tha* the following are 
dnxer-vals- ; ■ \ ^ 

^* The segments (two endpoints) • Given two real n-umberc and b'. 

with . a <'b Jthera are-four kinds of segments which 'have' a - .and 

.. . b as "endpoints: the set of all x for which 

• >.....■. > ' . . ^ , ^ 

■ (a) a < X < b , also written [a,b] (closed interval) 
(b) a < X < b ^ also written (a,b) (open interval) 
'(c) ^ a < X < b , sometimes written' [a,b) ^ ■ 

(d) a" < X < b , sometimes written (a,b] \^ 
We emphasiz^p, when the symbols [a,b].' and, (a,b) are use J. Tor-' 
intervals 'it is assiimed that a <b . (The set^ defined by (c) ar.d (d\ are 
sometimes called half-open or half- closed intervals, but. the concept is not 
particularly useful and we sha^^l have, no occasion to refer to it.) , - ' . 

2.' ■ The rays or half ^ lihes (one endpoint Givei; a real numbisr a there 
_^ , i are four kinds of rays having a as. an eridpoint: the set of all x 
for which ^ \ 

(a) X < a or x > a , written C-«b^a] and [a,oo) (closed rays) 

(b) X < a or x a , written (-oo^a) and (&,«) (open rays) . 

- 3* . The entire number line , (_oo,«). 

'A point of an intervstl which is no"^ an endpoint is called an interior 
point of the interval. ' - 

The catalog above lists all types of intejrvals;- it is possible (by use of 
the Separation 'Axiom, Section Al-5) to show that the catalog is exhaustive but 
we are not concerned with that question. * In- the text we distinguish only the 
closed and open intervals among the others: these are intervals having two end- 
points and the endpoints ar^ either simultaneously included in the interval or 
simultaneously excluded from the interval. ^ " 

• ' The length of an'o?nterval (whether open, ^closed; or other) with two end- 
jpoints a and b is the distance ^ |b - a| betweenir sl .and b . - The 
mid-point of an intervaO, with endpoints a and* b is the jrj^Tit ^ (a + b) . 
The closed interval with endpoints a and 'b is the set of values x' 
satisfying ' « 



-..similarly.,' -the open' in-bervaJ. ±s "the 'feet of values sa-tisfying "the corresponding 
. strong, ineqifality/ ~ . ^ . ... 



a 



en -5 •> Q the S-neighbor^iood of a real number a is the set of all 




;. ■ . : ^ / ■ ■ fx - a| < 6 ; ■ . . • - : , . 

■ .* / 

-and 6 is called the radius of the 'neighborhoods - Thus the 6-neighborhood of 
■■ a- i'S the open inte^rval . - * ' . 

* ■ \ ' ' a - & <>: < a + S ^ - , ■ . 

of length 25 and midpoint at, a . ^ If ve do not wish' to specify the radius 
--5- y we refer only to- a . ne ighborhood of .a . Every, open interval containing , 
the ppint . a contains a neighborhood of ^ a ; conversely> every interval which 

■ contains ' with- each of its points an entire neighborhood of the pointy is open. 

For many purposes it is "useful to have .the concept of a deleted neighbor- 
hood of a y that is, a '&-neighborhood with the* center ^ a deleted; namely, 
all X satisfyii3g ' \ 

. • 0 < Ix - a| < 5 . 



Exercises A±~h' 



1.' Use absolute value and inequalities to express the following facts* 

(a) ^ The point x is closer to -2 ' than is the point a • 

(b) The point x is closer to point . a than-- it is. to the. origin. 



. .,2.^.-In each" case, iise absoiute values and inequalities to express the fact 
, . ' "that - X. ■ is in the ^ interval . — . ^ ' . ^ " - ' 

' • Xb) (-1,5) 
. * . (c) [5.9,6.1] 

(d) (■2.95,-2.85)^ 

•. ^' .^^^^ in-tei-val or deleted interval to which all values "of x nnist 

\ ' ■ 'belong for' each of the followingr % " ' . 

*' ■ • (a) '-jx + sj <1- . - ■ ■ ^ . -[■.-'■' , .-. 

("b), 0 <.lx + 2I < 1 ■ ■ ^. - ■•• : .-. •. 

- (c) jx ^- ar<-^ - ' ■ • . . . . ■ - ■ ; 

(d) . 0 < Ix + a[ <-l|l . ■ ; ..- . .. 

4. (a). A set of points is said to he hounde.d if. there exists a real number 
' ' ' : \ A' such thal^ |x[ < A^ , .,for aU. real members x of the' set. Which 
' ' of the intervals in Kumher 3 axe bounded? . Which are not? Prove ' 
yoTor assertions. - • 

A niomber M is said to be an upper bound for the set if x <"M for. 
^ _^ all members of the set; a number m is said to be a lover bound if 
X > m for b2± members of the set. If a .set has an upper bound, is 
it necessarily bounded?. What if it has both an^' upper and a lower 
bound? If a set is hounded does it have both an upper and a lower 
bound? Prove your asseBtions. 



For each of the following- statements give the interval or intervals on 
which the statement is true* - " " . * 

(a) x^ - X - 6 > 0 

tb) (x - a)Cx - b)Cx « c) < O , for a <^b < c . ' 

(c) cos X > sin X : . 

(d) X + 1 > 2vSc; ■ . / - ' ■ ^ \ ' 
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6. In each of the following, for "the given value* of' a find, a nel-ghhorhgod 
of a- where- the given inequality holds. 



- T 



(a) . 


a- 


- 1 
2 




1 s_ 




■ -'^ •■ ... 


■ u» 




a 


2 




1 sin X - 




'-^ > ,,■ • ; .■ 






a 




J! 


Ix^ + xl 


<^ 








a 


= -I. 




Ix^.+ xl 


^ 100 . . 








a" 


= -1 


> 


1x2. xl 


lOOO 
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Al-5 

AI-5 . . Conq^leteness of tlie Real Ifumber System* The Sepaxa-bion Axiom ^. ; 

The field postulates and the postulates of order do not alone serve to 
define' the real number system; the rational numbers satisfy the same postu^ 
late s,yi^^ so. do other fields (Exercises Al-2^ No. 12)- Althoxigh no physical 
measurement requires anything more than the rational numbers, they are not: 
adequate for. either geometry or ^tnalysis. For" example ^ the hypotenuse of a ' ' 
right triangle with -legs of unit length, has the .-irrational length . V^. ; thus , 
th^ Pythagorean ^Theorem vould not exist if lengths vere . msasured. Dy rational, 
values alone. in the rational field the copcept of infinite, decimal -would be ; - 
Timited to terminating and' periodic decim^TI s; an infinite decimal like^ 
*l6llOOillOQO - - - vith chains of ones and zeros of increasing length is 
uninterpretable in .the rational field.- The- system of rational numbers ^has 
theoretical gaps, but the real number system, is complete in that real numbers 
a:re* adequate to represent aill the points on a line (lengths) , and all inf inite ' 
decimals/ At /the same .time, it is possible .to. represent any real number by a 
point on a line or an infinite decimal; in fact, ve use the concepts i>f point 
on the -number line or infinite decimal "as. synonymous with real 'number. 

The completeness of the- real number system, its lack of theoretical gaps, 
is a consequence of a geometrically plausible axiom.. ' . 

The Separation Axiom . if A and B are non-empty sets of real numbers 
for vhich every "number in A is less than or equajL tb*each nuit±ier in B , 
then there is a real number ^ which^ separates A and B ; that is, for each 
x t A and y e B ve have x < s < y . •> ^' 

" ; Tr>' geometrical terms, if no point of a set A lies to the right of any 
point of a set B , thei? there is a point s .such that all ^^dints of A (but: 
s , should it happen to be, a point of A ) lie 'to the left of s , and all 'j 
^points of B (but s , if'^s « B ) lie to the right oT \d (see Figure A1^5a). 



i 




Figure Al-5a 
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A sin5,le example of tyo sets satisfying the- separation axiom is given by 
• ' -A.-^* < -1? > 3^ {y : y > 1} -. 

Clearly, any xmober s. i:i, the ■ interval' [-1,1] serves to separate these/ 

■.. - ■ ■ . ^ ■ • ^ ..- ; . ■ 

.IT two sets . are,, separatee hy. an entire interval, as' in the preceding 
exangjle, then it is possihle to rind a :rational separation number s because 
.eveiy interval on the r^ber lin^^contains rational pbigts." The interesting •■- 
cases' axe tl^se'-for ^cH there are- eleme^^^^ B ' 

closer -together- than any- given positive -distance:' Gaps in ."the systenv-of 
rat ionai- numbers can ]5e exhibited as failures', o^ the^^eparation axiom 'for 
such sets. Jbr exa^s^le, let .A be the set of "positive ra1.iorial-nx£ibers ' a ' - 
satisfying a . <\2 , and let B be thdr set- of positive rational" numbers 



p. 



satisfying ^ >2. Tt is; possible to find rational yalues' ct and , p 
closer together than any stated" tolerance (see Exercises' A3- 1, ' No. '-18) but -a' - 
separation nuBfl>er: s vould have to satisfy = 2 . and. no rational number 

has that property (Exercise AI-5, Ho. 3c).- We can define V2 as the. unique ' 
real nuito vhlch separates A and -B . In fact, any re^ ' number; can be 
defined as a separation number for suitable classes of rationals. •' Jfore ' / 
generally, it yin be convenient for some purposes to determine a' real number 
as the unique separation number for tvb sets by the criterion of the follo^ng 
lemma* ' 

L^^A^^^^ Csihsider tvo sets of real 'numbers A and B such that 

x< y for eaen X « A and each y r B ■.■ If Vor every pp si tive ■€ z there 
. exist a.* -A and ^ c B such that' 3 - a <^ /"then the nunib'er s separ- 
ating A . , and .B - is unique. Conversely, if there -is Just one separation ' ■ - ' 
-nuiBber s , then for evei:y positive .e ' there exist and p with 



.. Proof . -let s and t be'-^separatibn points for A and B . Given 
a « A , and; g « B^ such that p. - a < e , it . folio vs from- the taet that ^. 
and. t lie between a and ^ CFi^g ili5b;) ^that ■.:|s\- 't | V^^^ 



S 



t 0 

figure Al-5b 
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is. true for fevery positive e it fo3J.ovs^ that, (s - t] = O and hence that ; 
s = t (see Exercises Bb. IS'b) . ^ 

For the proof of the converse^ let s denote the one number separating 
A and ' B .• Por every positive € there naist exist points. Oc « 'A and 
^ r B ■ such that -.^ * ' * ' 

". . ^ ^ .* ' ■ ■ .... 

- _ a > s ' -5 and "p < s -h "I , * ^ 

for -shovLld one of these inequalities- fail > then we vouid have s - "I ^ or 



s ^ as a separation nuipber.. . "We conclude tliat ^ a < e - * 

^ - ' / " .-. ■ - ' " ■ ^ 

Nejft.ve derive "^me' iciportant consequences of the fTi'Jplj iitioh Axiom* 

■ ■ r The Heated -interval Principle. ^ A set of closed intervals - [a^,h^] 
n = i;V-2 ,3y is called, nested if j'a^l■,'^l^Cr^ 

, natiiral nunib^r . n. . The principle stetes that there is at least one point s 
common to all the intervals of a nested set of closed intervals. 

' ^ Proof. Let ^ A consist of* all the lower endpoints , . a of internals of 
the nested set, and let B consist of all the xipper endpoints *b^^^,^^-^7Ete sets 
A and B satisfy the conditions of the Separation Axiom> and there exists a 
number . s separating the two, Tims Q^^^ < s < "b^ * ' , 

The Leaj^t Upper Bound Principle > Let A "be a' set of numbers vhich is 

hounded above ; i.e., there existrS a value M 'such that a < M for all 

a c A . In the set of «n upj)er bounds of A there is one iipper bounds which 

, * 

is , smaller than any other, ^ the least xqpper feound* - \ 

•» ^ ^""""^"^ ■ ^ 

/Proof. . Let B denote the set" of upper bounds of A . The sets. A and 

B* satisfy the conditions of the Separation -Axiom.* It follows that there 

exi^sts at least one separation number for A and B . Let s be such a 

separation number. Since s . is^ a separation number it is an trpper bound^;of 
• . > J, 

A and is by . definition an element of B Since s is also a Ipwer bound . 

for B it is. the least element of B and therefore the .least, upper bound 

of - A.^ \ \ . . ■ ' ^. . .. 

^ ' - The Least Upper Bcjund and Nested Interval Principles . are ,also ways pf 
.expressing the cornpreteness of the real numbers; they are equivalent to the 
Separation Axiom in the sense "that either may replace the axiom, and that the 



*This number is also called the sugremm of A and is^ denoted by. sup^ A . 
The abbreviation lub A ' is. also .common.^ . _ ^ ^ ' 




mc y - :^ , ■ ' . ^ :f^^-' 



separation pr-opeajty vill then follov. ■ - • - 

• In order, to verify that the Separation Axiom and the Least Upper Bound 
Principle are equivalent formulations of the conlleteness of the real number 
system it, is necessairy to prove that^in an ordered field the Least Upper Bound 
Principle iniplie^ the. Separation Axion. The, proof is left as an exercise. 

• : gpr,ollaiy^l. If M ±^ the least upper bound of the' set A / then for 
each positive e there exists' an a « A such that . a > M - e ' ' ' ' • 

■ : -CcXrbllaiy 2.. A set of numbers' -which is bounded below has a greatest 
lower b'l^und. . 

„ The proofs of these Corollaries are left as exercises. 



Exercises Al-$ 



1. "Prove Corollary 1 to" theXeast Upper ^und Principle. • ■ .." . 

2. Prbye^ Corollary 2 -to the r^ast Upp^^^^^ ^.r:, 

3. _ (a) ^Consider, the Sets'' 'a of positive ratiorikl number s " ct- 7aiisf/±ng 
••• . ■ ^2 ^^ ^ J- and B "of .pcSsitive raticsnal numbers '3 s^isfying ' ' 

■ ; -P />. 2. . :Prove if a t -A and 'p - e B that a < p . . - _ ' 

- ■ a separation number s; for "the. ^ets Va ' and " B.. '.mastr - ■ - . 

satisfy s = 2 ; I.e.,- s = V2 " - - . ■ . ^ 

(c). Prove that . is' irrational, - ■- ' ' ' \ ' " ' - ' 

■. ; ' • ' ■ - " ■ ■ / \ .. • < •' .' ' ' . 

Xa-) Prove for every' real number -a 'that -there" is a^'^^ integer ' n greater 
/ • -.than' a (Principle, "of -Arehimedes) / ■ ' ■ - - ■ ' 

• ^ " " ' . •■' .■ 

. .Cb>; Prove, that given 'any r'-e. > 0 ' there^iis an' integer/ ~ii such that ' ' ' 
O < i <: e . ■ ' ■ ° ■ " ■ • 



5* (a) We define the InTinite decimal 



where , is . an integer,, and " i , ^ , are digit.s, hy 

"the nuaiber r vhere ' . ^ 

Show that the preceding inequality doe^ in facjt, define a unique ' 
real number. 

A(^) Given a real number r we -define its decimal' representation 

recxirsively in terms cSf the integer part' fiinction [x] as follows: . 

. ■ Show that the inequality itr^part (a) is satisf ied ■ f or this choice 

of c ^ > ' ' - ^ 

n • 

Show also that decimals consisting entirely of 9* s from some point 
^ ..on are avoided* (Thus, we obtain 2 = 2.0O0 but not 

2 = 1.999 .-.). V 

6. .An infinite decimal ^q*^^!^^^^: * . said to be- peric ^^c if for some 

, p^vfixed.' value - p , the f>eriod of the decimal, we have c ^ o' for. all - 
, - ^- ^. r j ' - . " ' ' n+p n - • " . 

r- :v. h - satisfying ' n* > n-.-" y . where we require that p is the smallest p6sitive 
' - ■ . . . ^ / ■' ■ ■ ' ' ' 

integer sisitisfying. tliis coiid^ion. 'in words, from- some place on, the 

decimal consists of the^indef Inite repetition of the same . p digits." 

\ ' -' .Thus ' . ^^^^^ -/^ ' -\ * 55 .'■ ^ 

^ . , ' \ ^ " 3"' ^ • 33333 • * - — . -\r ■ " • 

- . ; , ' ■ ■ ^ = .3^+090909. . ^' 

are periodic decimals. It is convenient to indicate a cycle of ,p . digits 
- by underlining, rather Jthan repetition; e^^g.^ " ' 

• • •■ • ' ."'i ■ " .. ■■ •• . ■ v. - - . 

"• -"-'■'^■^ ■■'7- • ■'' ■ - . ^ 2y' 



(a) • Prove that every periodic aecimal represents a rational nxmber^ 
(Hint: Consider the [decimal as a geometric progression.) 

ACb) Prove that every rational numhel- has 'a periodic decimaJL representa- 
tion, (a " terminating" decimal in which each place "beyond a . certain 
point is zero d.s considered as a special case , of periodic decimals*) 
ir r = represents rational ntmber given in lowest terms, find 
the largest possihle period of the infinite decimal representation 
of • r- in. terms of the denominator t . • ' 

' / " ^ - ■ : " ' 

From b we conclude that a decimal which, is not periodic represents an' 

irrational number, and conversely » , . " - 

A (c) Prove for every positive prime a other, than 2 and 5. that there 
exists an integer, ^all of 'whose^ cjigits are on^s, for which "a is a 
factor; i.e», a* is a factor of some number of the form 

« ■ ' 10^ + \0^'^ + 10^"^ + + 10/+ 1 • 

(a) Consider a polynomial, with integer coefficients: 



Prove 'that if ^ is a rational root of this polynomial given in'* 



Xowest -terms, -then 'p is a factor- of a^^ and is a factior of 

(b)- Show that x + x^ 1 has no rational- root . 
. (c:) • Prove that if >G is rational then it is integral. 
(,^) Prove that V3 - is irrational* . ^ 

■ .-f ' ' . ■ . " , 

Prove »that an- ordered* -field in which^the Nested- Interval Principle holds 
also obeys the Reparation Axiom. . * " 

.Prove that ari* ordered field in which the Least Upper Bound Principle h- . 
obeys' the Separation Axiom. ^ . 
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Appendix 2 



' - ^ • ' RJNCTiONS AND THEIR REOPRESeAcATIOKS 

A2-I% Punctio^, . ' • " . - **' 

The concept of a function is basic :in the study caXculus; it is 
inrperative that you have a cXear understanding of the concept as as 
related matters ^ch -as ftinctional "notation, operations on f\inctions 
(composition, inversion}, and special classes or functions such as monotone 
functiona, polynomial ftmctions, the absolute value function, the circular \ 
(tri'gonametric) functions, ^ etc. - V 

The preoiise definition of function can he . formulated in many ways : ' 
.as a set of ord^^ pairs (usually, ordered pairs of numbers), as an associa- , 
tion or correspondence between two sets, etc. But no matter what definition 
we choose, for a. function three things axe required: a set called its domain, 
a set called its range, and a 'way of' selecting a me^^r of ^he range for each ^ 
member of ^he domain. 



* Example A2-^a . The multiplication of /integers by 2, defines a function. 
The domain of this function is the set of all" integers; the . range' of the 
fuirotidh is the set of all even integers. - ' ' . 

• - - . • « » . ^ ' . . 

, We choose to' define a -fttnction as* an association between elements- -of two 
<sets; thus^the function of^-^cample A2-la" associates- with each integer its 
double. ' " . ^ " ' . ' ^ ' 



DKbTUmON A2-i > If with each element, of a set ^ A thd^e is 
associated exactly- one element of a. set B , then this -ass ocia- " 
tibn ^is called* a function from A to 3. The set A is called ^ 
the domain, of the function, and the set C of «ii members of B 
assigned to members of A by the function, is called the range 
of the function. - \ ' ' . ^ , - ' 



In what follows we shall be exclusively concerned with functions whose 
/domains are subsets of' real- numbers and whose ranges -aire also- subsets -of real 
-numbers. Jfore con5)licated functibii.s C^il^^ -'vector valued functions") may be 
built from -.these.- - ' , ' 
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The' range ' C" may be ttte-vhole set B , in which ce^se the function is 
called an . onto f^inction, or it may be' a proper sv^ * of - B . In any case, 
we generally take for B the whole set of re^,, ■ se a ftmction is- 

usually specified before its range is considere 

• It is common practice to represent ^ function by the letter f (other 
letters -such as F^g,h,0^ etc, will also be used)t If x is an" ' - 
element Qf the' domain of a function, f , then denotes the element of 

tbte range whicK f associates with x . (Head for f(3c:) "the value of the 



function 
used to 



at 



or simply 



at 



or 



'f of ; X An arrow is 




est the association' of , f(^) with x : ' '< ' 

♦ f : X ^f(x) . -\ ■ - 

(read* "f takes x into f(x)*').\ This notation tells us nothing about the 
functioti f or' the element x ; it is merely a symbolic description of the ^ 
relation between x and f (x) . - _ 



-^ ^Example. A2-lb « Consider a function f defined as follows: f takes 
ach number -.of the domain into its sgual'e. Thus^ if 3^, is an element of the • 
domain, then' f takes 3 into 9 , or f associates "9 with 3 ♦ Concisely, 
^(3) = 9 - In genei:ai, if x .represents any number in the domain of jf* ' 
then 




or f(x; =^'X 



The^Tunction i 
domain is the se' 



deiifineiS" 'until we specify its ^domain* If the _ 
ir. C... yr -2 , -1,0,1^2, v" '-...) , then 
egative integers,- . CO , 1 , 9\,. I6. , /♦ ) . 'If*- 
number's as domain, then a different function is 
defined, even though the ru-te- ^ "Association »^is the s^ej'^in^ this case the . 
rSuge of the function is th'e set o? ndnnegative re^ numbers.: 



the range is a subset 
we choose the set of all are 



A to 



B is a one-way association; the 
is not necessarily a function. In -5 - 

reverse association 



Obsearve tha^^ function- from 

^^.^ ' /v^-V ■ 
reverse ass^iation from B to A _ . 

Exampie A2-fe, f(3) -=^9^' .-ant^ fC-S) = ,9 , while the 
would ^as.sigi^ both 3 - and^^ rS to , 9 > ^violating the defitiition of -a f^ctip.n. . 

It is often useful to thinly of ^eC funqtion as a mapping ^ and we^ say that a ■ 
■function maps each element 'of its domairi upon one and. only one element of its 

r&ngeV^ . In this^ vein,^ f : x -^■f(x) can. be ^read, ' "f^ maps x'^ upon: f(x) 

f(x) -"^xs^^called the Image of x, "under . -feh^^^^^^^ x'^-^^is called- a ' 



•pre linage of f (x) .* This notion is illustra-ted in Figure A2-la, where 
elemen-bs of the domain A and range B are represented by points , and the 
in£lpping is suggested "by arrows from the points or the domain to corresponding 
points of the ' jrange . ; • " * ' 




Figure A2-la 



Note that each element of the domain is mapped into a unique element of the 
range; i»e»/ each arrow starts from a-^ different point in the domain- This is 
the requirement of Definition A2-1, that with each element of the domain there 
is associated eixactly one element of the range. 

Our Definition A2-1 of function contains the rather vague phrase, ''there 
-is associaJted.^* The manner of association must b<2 specified whenever we 
dealing w*th'a particular function. In this course, "a function will generaJ-ly 
"be defined by a formula giving its value: for eynirrple, f(x) = 3x ^ 5 ; 
g(x) = X + 3x + 7 other- ways" of defining ^ function, include verbal des- 
cription, graph, and 'table.- (Recall Exercises l-£7^^ * ^ 

. ' The- notation f (x) is particularly convenient when we refer' to »values 
of a function; i.e., elements in the range of the function- We illustrate 
this in the ^next ' example . " '> 



ggampie A2-lc > Consider the' function 
. ■ . f 



X 



3x^ - 5 



whose domain is- the set of al.1 real, n*umbers. Tlien 



2 



= 3 (-2)'- -.5=7., 
> (O) = 3(0?^ - 5 = --5 , 



-ff 



and if a + . i s a^>r^al riumber, 'then f(a + -/b) = 3(a + VS) 5 • 




^ We note, since x may be any nonnegative real nxmher, that 
3x - 5 > arid hence the range of f is ,the set of all real nttmbers not ' 

less .than -5 . 

As .mentioned earlier, a. function is not . completely defin"ed tmless *he 

domain is specified. If no other inforSation ig-given/ it is a conveniSL- -;. 

practice, especially -when dealing with- a fu^ctioh def xned^by a formula, "to 

asame that the domain includes all real numhera. f or which the. formula 

dej^rfbes a real nxmber. For example, if a domain is nox. specified for the' 

' * 2x ■ ' ■ • *' 
function f : x— ^ — , then- the domain is assimed" to be the set of all 

— '■' '■ X. - 9 ■ • . 

real hum bers ex cept 3 and -3 . Similarly, if g is a function such that 

gCx) = -A .- , jje assume, in the absence of any other information-, that. the 

<Sx < 2} ; 'that is, the set of all real numbers ' x 'from 

. 

) '. ■ ' ' 

We note here that two functions f and g are identical if and only if 
they have the 'same domain and fCx) = g(x) ' for each x "in their domain. 

The graph of a 'fxjnction Is perhaps its most intuitively illuminating 
representation; it conveys important- information about the function at a 
glance. The graph of - f is the set of all 'those points Cx,y) for which x 
■Is in the domain of f and y - fCx) . ' " ^ 

Example A2-ld . The^raph of the .function' f : 'x m-y. ~ is 

the- semicircle shown in Figiore A2-lb.* The graph gives us a clear £)icture • 
of what the function is doing to "the ' elements of its domain, and we can, 
moreover, usually infer from the graph any limitations ^oh the domain and range. 
Thus, it is easily, determined ji^rom Figure A2-lb that the domain of . f is the 
set of all- X- such that -5 < x < 5 and the range is the set of all y such 
tha-t O < y < 5 . Ti^se sets are "r epres ented - by. the (^eavy segments on the 
X- and y-axls,- :j;espectlvely, , - • 



. * In this figiire a" complete grapli is displayed. " The graph in Figure A2-lc, 
as well' as most of' the ^graphs i^ the text, are necessarily incomplete. ' 




^- . Pigiire A2-l"b 

We remind you of tftie Tac-t that not evexy cturve is the graph of a f^inction 
In pairticrular. Definition requires that a ifunctioh map each element or 

its domain onto only one element of its range. In terms of points of a graph, 
this means that the graph of a function does not cpntain the points ^^^^^2? 
and (x^^yg) if y^ ?^ ^ ^•^•^ two points having the same abscissa hut 
different ordinates. This is the hasis for .the "vertical line test": if in 
the ocy -plane we imagine all possible lines which are parallel to the y-axis, * 
aiid if any pf these lines cuts the graph in more thm one point, then the 
graph represents a relation which is not a function. Conversely, if every . ^ 
'line parallel to the y^axis intersects a graph in at most one point, then the 
, graph is that of a function. J. ^' . ^ 

* 2 2 ^ ' ' ' ■ ^ ■ ' 

JSxaEzrple A2-le . The equation x + y = 25 , /whose graph is a circle with 

radius 5 and cent'er^at^ the origin, does not; define a function • On the open 

interval -5 < x < 5 every value of- x . is associated with two different 

values of y , contrary to. the definition of function. Specifically, (3,V) 

and ^3^-^) are two points of the* circle; they determine a line parallel to" 

the ^^xis and-* intersecting the circle in two p6ints, thus 'illustrating- 'that 

the circle is. the graph of a relation that is hot a function. We can, however^ 

separate the circle into two semi-circles — the graphs of the functions 

X— ^ 1/2^ - x^' (Example A2-ld) and x— ^ -1/2^ x^ . ^ 

■ • .■ r 

. Throughou-t -tliis discussion we have used -fclie /^Let-ters x and y -t.o 
represe^rt elements of sets. Specifically, if f si-.s the function 

" - f : X ► y = f (x) "f. T ■ . 

- ' o ■ , . . ' '. 
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• A2-1 ' : 

..... ■ ^ ' ' ' : 

then X' re^xesents an element (tmspecif l;ed) in the domain of- f , and y. ^ 

represents the corresponding element in the range of f . In many textbooks 

X and y are- called variables, and since a. particTilar value^of y in the 

grange depends upon a particiilar choice of x in^the domain, x is called 

■^^e independent variable and y .the dependent variable * The functional 

relationship is then described by -saying' that " "y is a fiiiictioa of * x 

For the most part this lan^r^iage is not used in this textbook. 

We conclude this section with a summaiy of severa^l^if f erent special 
functions; you are undoubtedly^ acquainted with some of them. j 

Constant Function > - If b is an arbitrary real number, then the 
function f which associates with every real number^' x the vaj.1^ b , 

- .^ ^ b- , is called' a constant function . More generally, * any function 

whose range contains exactly, one number is a constant* function. The graph of 
a constant function, say f : x ^ c for all real x , i^ a line parallefv 
to and lc| units ' from . the x-axis. 

The Identity Function '. Let A be th^set of real numbers; with 

each number a in A , associate the number a".- This association defines a 
function whose domain is A and whose range is A , namely 

f : X ^ X . 

More generally, for any domain %uch a function is^oalled the identity function. 
If the domain is the set of all real numbers, then the graph of f is the 
line with^qiiation y=x. .^ ^ 

- : * , ' . , 4 

Eie Ab sol-ate Vague Function . With each real number the absolute value 
function associates its absolute value (Section AI-3) :* 

s A- 

> ( X for * X > 6 

f : x Ixl = 



I.: 



for X < 0 



Alternative definitions: 



^ : ^ -7* = max {■x,-x) ; 
f : x—^ Ixl = . - 



A2-1 



""^^The graph of " ' f • is shown in Figure A2-lc; it is the union of tvo rays 



issuing from the origin. 







f ' . ■ 




















0 


1 



Figure A2-lc 



The Integer Part Function , Every real number x can be represented as 
the sum - of an integer n and a -real immher r such that 

. x = n + r,n<x,- and O <'r < 1 . 
For example, , . 

5.38 = 5 .38 

3 = 3 + 0, 
-2.I4- = -3 + .6 . 

We call n the integer part of x etnd denote it by' [xj = n ; it follows 
that [x] < X <^[x] + 1 . Thus ve see that to each real number x there 
corresponds a unique integer part [x] , and this correspondence defines the 
integer part function ^ 

f : X — Ex] . 
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A graph or this func-t±on is shown in Figure A2-ld; it is called a step graph; 




Figure A2-ld 



^e Signum Faction , With each positive real number associate the number 
+1 ^ With zero as^o^^te the nuniber , O , and with each negative real number 
associate the number -1 . These associations define the signum function, 
symbolized by agn x • ^ Thus . . " _ 



1^, - X > 0 

sgn X = 



i O , X = 0 , 
^ -1 , " X < O . 



We leave it as^ an exercise for you to sketch the graph of this function. 

Even and Odd Functions > Let f he a function whose . domain contains . -x 
whenever it contains x The function f is said to be even if 
..^C-x) = fCx) . For example, the function f with values f(x) = x^ is 
even since (-x) = x. for all x • , Gecsnetrically the graph of an even 
function is symmetric with respect to the y-axis.- 

• The function' f is said to ^be odd if f(-x) = -f(x) . For' example', the 
function f with vaiue^^ f(x)' = x^ is odd since (-x)^ = -x^ for all x 
Geometrically the graph ^•anv.odd function is symmetric, with respect to the 
origin. - ^ 
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- Periodic Functions. Certain functions have- the, property that their ^O; 
function "ral.ues repeat themselves *ln trie ^same order^ at regular Inteirvals . over 
the domain (Figure A2-le) ♦ 




Figure A2-le 



Functions having this property 'are called periodic; included in this iniJ>ortant 
class are the circular (trigonometric) functions, to be discussed in Section 
A2-5. « - ' ■ - • 

A function .f is periodic and has period p , p ?^ 0, , if and only if, 
for all' X in the domain of , x + p is also- in the domain and 

(1) f(x^+.p) = f(x) . 

-From the definition we note that, each successive addition or /subtraction- 
of p brings us back to f(x) again. For exaniple^^ 

.f(x + 2p) f ((.x + p) + p} 



= f (x ^ p) 
- f (x) , 



>n 'or sj 



and 



f (x: - p) = f ((x - p) + p) 



In general, we Infer that any multiple of a period, of f ^ is also a period;' 
that is, / ' ' ^ ^ • 



f(x + np) =.f(x)^ 



for any integer n 



For a constant function 



f : X-;- 



it is obvious that ^f xs periodid wiiiji any^eriod p , since 

f(x +'p) = c = I'Cx) "V- 
' 277: - " 
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^I't can be shown fhaZ Tor nonconstant periodic f\mct ions (continuous at 
one poiDt af lea^) there ^ is a -least positive value ot p for which (l) is 
true. This ^ is called the f^indamental period > * or siAply 'the period , / of such ^ 



a function . 



Exaiqple AS-Uf . f : x < 

■ H 

If -x =^^n + r where, n is the integer :part x>f x and r its fractional 



^P^^ is a periodic function. 



part, then 



aj2d. 



f (x) = .^Cn- + r) ■ 

= (n + r) [n + rj ■ , 
= n + r - n 
. . = r , 

r(x +1) = f(n + 1 + r) 

= (n + 1,4- r) - [n + 1-+ rj 

- n + 1 + r - (n + l) 
= r. , 



Thus, as wals asserted, f is periodic 'and its period is 1 , as shown*^ in its 
graph (Figure A2-lf ) . - . ^ ^ 




Figure •A2 -If 



"4^5 is left as Exercise lii-(h) of 3^5 after the discussion of continuity, 

note that since- f(x) = r , the fractional part of " x , this fiinction 
is sometimes called the fractional part function. ' , > . ■ 
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, Exercises Ag->1 v 

Below are given exanrples of "\ssoc±ations^"etveen "elerneni^ .(:?f - two set^. 
Decide" whether each exaii5)le mayv)roperly' represent a fainction. This also 
J^eq^lires you ta specpLfy. the domain and range for each function. Note that 
no pa:rticular »var±ab;le has to l$e the domain varlahle, and also that some ■ 
of , the relations may give rise to several functions, 

(aX Assign to each ^^onnegative integer* a the number 2n - 5 • 

" (h) Assign to each real* number the. number 7 . . 

(c) - Assign to. the numher 10 the real num'ber -^y . * A. . . ' 

(d) Assign to each pair of distinct points in. the plane the distance* 

■ between " them. • ^ ^ ^ \ ^- - . 

•(e) y'= ^:^3 , (for' all! x ).. , ^ 
(f)-^ x-='V' (for aai y and z )• ' 

(g) 
(h) 
'(i) 
(J) 



X + y = 2 , 
y = 2x^ + 3 
y2 - !<. = X . 
y < 2x - 1 .- 



(k) 



■x^ + y.2 = 16 . . 



Ske-tch the graphs of eq-uations. (e) - (i) of Nijmber 1. 
A fxjnc-tion f is con^Jletely defined "by "the table: 



X 


0 


1 


2 


3 


1^ . 




.-3 - 


•1 


' 5 • 


9 


13- 



(a) Describe ■ the domain and range ofv f . ' , ^ ■ 

(b) Write an equation with suitably restricted domain that defines ± , 



If- f . : X — 

(a) r(o) . . 

(b) f(2) 

(c) . f(.l) • 



► X + 3x - i^- ,^find 



(d-) f(V3) . 
.(e) --f(2 - 72) 
(f) ' f(f(l)) . 



(Hint: jt^h±s is the value 
of f at- f(l) v) 



If ' g is . a fxmction defined by g(x) = 

(a) -gCO) •.; . (d) gC2) / . . 

(fe) g(l) . .. ; • -(e)' g(-3) . 

■ {«) g(-l>. . : ' ■ . ■• (f) 6(v5-) . 
6.'- Which of the follovang mappings. ♦epl-e sent functions? 
(a) r } f . I (d) 



' , find; if po'ssibie. 



• (c) 





(e) 



'1 























7- 



8. 



Given the rimc-tions *r 



: X and. g : x* — ^ , IT x 

number, axe. f and v g." the same runction? Why or i^y not? 

Given the Tiinctions r : x x +.2 and k : x - ^ 

' " x-2 

reaJL, are 'f and g the same^ function? Why or why not? 



is a real. 



IT 



IS 



What number or nunibers have the image- 10 under the roliowing mappings? 
(a) r -X .^2x. (d) a-: x — ^ |x- - 



(b) g : X- 

(c) h. : X- 



■^.^c (e) X— ^[x] 

10. Which of the foll'oving statements are always true for any function f / 
as Sliming that and x^- are in the 'domain of f ? . ' 



(a) If = , then f(x^)-= f(x^) . 

(b) If x^ Xg , then f(x^) /-fCxg) . 
^c) If f(x^)'.= f.Cxg) , then x^ = x^ . 
Cd) If. fCx^*^ ^ fCxg) ./*then'. x^./'xg > 



A2~l 



11. 




12. 



ir f(x) = )xj which of the following statements t'rue. for allv'real 

htimbers ic and t ? " 

(a) . f isSan odd function. 

(b) f(x2) =• f(x)2 . , . - . . 

(c) f(x - t) < f(x) - f(t) -. * . '. " 

(d) '-f(x + t) < f(x) + f(t) . - " 

Whicli of ^iie following runctlons are even^ which .ar^s odd^ and vhlch are 
neither even nor odd? " . 



13:. 




(e) f : X 
( f ) f :; X 



+ h 

3 '-^ 



6wing graphs coiii^ represent functions? 

(c) • 






Xb). 



(<i). 



r 
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(~e) ■ y 






- ■ 


— ■ X" { 




• « / 


► 






• 

li;. Suppose -tha-t 


f : X — f(x) 


^^^^ketch the graphs of 


"Ha) 6 : X ^ 




' (b) g .:: X 1 


^f(-x) . ■ 


(c ) g. : X - ' 




(d) g ; X — 


-f(ix|y . - 


15 - 'A f \inc-tion f 


is ^d^??rined hy 




shown- 




f(x) 



\ 0- . for 



X = 0 . " 

y 

Iden-tiry this fxinction sCnd sketch its graph. 
.16. Sketch the ^raph of each fxinction, specifying its ddrnain and range. 



(a) f 

(b) f 

(d) ' f. 
.(e) f 



X 



X 

X ' 



-|xj - 
|1 - x[ 
1 |xl 
1x1 - X 



X 1 



(g) 


f ,: 


X — 


sgn 


(h) 


f : 


X — 




(i) 


f ■ : 


X 


X 


(J) . 


r 


X 


— x[x3 




r : 


X 




U) 


f : 


X 


^Jx^ 



- 2x - 3! 



( Hint: Consider separately 
the- three possilDili ties: 
X < 0'\, O < X < '1 , and 
* X > 1 



\ 



a' 
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Sketch the graphs of * the flmctions in Exercises 17 to 19- Fog^' those functions 
vhich a5re p^iodic, - indicate their perioi^s, ' Indicate those functions vhich are 
even or odd,— . ' - - 



17: 



18. 



Cc) t 

(d) f 

(a) r 
(b) 



X 


-*2x2 - 


- 


> 




X 


-^ 2x2 . 








X 


* ax . - 


lax] 


a > 0 




X 


— 5x - 


[gx] - 







19. 



(c) 
(a) 



f : X 



x(v^ + 1) - []cV^] - [xj 



1 4- sirn X - ' ' 
^ This function is also^called the ^Heaviside' 



unit fimction and is designate "by" f : x- 



(b) f : X 
, (c) f : X 

(d) ■ f : X 

(e) f : X 

(f ) f X 

(g) °-f : X ■ 



. H(x) + H(x - 2) 
H(x) • H(x - 2) 
(x - 2)2 . H(x) 
HCx) + H(^ - 2) + H(x - k) 
H(x2 _ 2) 

(sgn x)(x - 1)2. + ^gn(x - l)]x2 



20. If f and g are pei-iodic functions of periods m and n , respectively 
(m , n integers), show that f + g and f • g are also periodic. 'Give 
examples to show that the period' of f + g can. either "^e greater or -less 
than both of m and n. . Repeat the same for the product -f - g. . 

21. (a) Can a function "be "both even and odd? ^ \ 

(b) What can you say ahout the evenness or oddness of the product of: ^ 

(1) an eveh function •hy an .even function? 

(2) ' an even function hy an odd function? 
^ (3) an oJd function hy an odd function? 

(c) Show that every function. whose domain contains -x -t/henever it 
contains x can be expressed as the sum.oT an even function plus 
an odd function . * • . : * 
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22. Find functions f (x) satisfying 

' * _ . fCx) • f (-x) s* 1 (called a fim^tional equation). 

Suggestion: Use 21(c)* 

- ' 23 • Prcye ttiat no periodic function other than a^ constant can l>e a ra-iional 
function. (Note: A rational function is the ratio of tvo polynomial 
functions. ) 
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/ 



A2-2. Cosipos±teL , g\inctions • 
Given two f^inc-bions f 



3^ 



.and g with domains whose intersection is' non- 



empty, we can construct new runctione by using any of the ^ elementary rational 
operations- -addition, subtraction, multiplication, division--on the given 
functions. Thus, the sum of f and g is defined to "b^-the function ' . 



^f + g : 



?Cx) ^ gCx) 



which has for domain, those elements contained in the intersection of the^ " 
domains of f and g . Similarly there are definitions for the difference, 

product, and quotient of two fimct ions; . there is, in fact, a wRbie^klgehra' 

^ . ' -i ■ -i*. ■ ■ ' " 

of functions, just as there is the familiar algehra of real- n-umiber^'i-::. 

* ^ ' - . ' ^ i* 

In this algebra of functions there is one operation that has'-no counter- 
part in the algebra of niimbers: the operation of composition ^ This" operation 
IS best explained by examples. 



Let 



-X 



2x 4- 1 



and 



We observe th^^* 



f : X 



and, in general, the value of 



g(l) = 3 aiid^ f (3) = 9 , 
g(2) = 5 and f (5) = 25 , 

at gCx) - isr 



We have cons'tructed a new fimction which nSaps x on^b "the sqxiare of 
(2x + X) . This. f\anction^ defined "by the* mapping x » f |^g(x)). and denoted 
hy fg , is called a composite, of f .and' g . Hereafter we .shall •usually 
represent the value of "^^e- function fg "by fg(x) -rather than f ^(x)) 

f . at - gCx) f.* ' ' ^ 

_ ■ ■ - ■ : / 

The symbol fg denoting the composite of the functions f and g 
must not be confused with the_ product of the f-unctions. IlT -this text we 
distingu.is>i the latter by use' of the dot for tnultiplication; i.e., f * g . 



Either symbol means the value of 
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'• An immediate question arises as to th,e order in which two functions are 
"composed: is the composition ^ of functions a cotnmutative operation; i«e., *in 
general, are gf(x) and fs(:?:) equal? In the example above we i have* seen s 

that . f'&C^) = f(5)'= 25 ,,ana we calculate ' e^id) : 

I. ■ ' • ' 

■ ■ ^ .gf(2) - gC^^^) =^ 9 ^ f-g(2) • I ■ 

r • ' ' 

This counterexample is .sufficient to prove that in general gf (xj) ^ fg(x) • 
The operatioi^)of composition applied to two f-unctions f and g generally 
produce^* two differ^;it composite functions fg and gf , dependihg upon the 
or(^er in- whicR they are composed . ■ . ,1 

A word of caution .must ."be injected at this point • The numiber "fg(x) is 
dejfined only if . x is in the domain of g and g(x; is in th^ domain of f 
'For, example, if ' - . • I , ' 



'fCx) = vSc 'ahc?, g(x) = 3x - 9 , 



then 



fg(x) = f (3x - 9) = >^ 



>9 , ' r 

V _ . 1. 

is the set of real numbers x for whi-^h: 3x - 9 is 



at^d the domain of 

nonnegative; hence ^.the domain is 'the set of all x > 3 • {: ' ' . 

For the other composition of the same functions f and g^^^e have 

"gf(x) ^ g(v^ - 3v^ - 9 ' • f ' 

which is defined for aH nonne^ative real numbers x • - ^ 
define composition of functions fo^rmally. 



DEFUTITION A2-2. The< conqposite fg of two functions f 



and 



g is the function 



.g 



fg(xy = f ^^g(x)) 



The domain of *fg is t^he set of all elements x xn the domain 
<Sf g for which g(x) is in the domain of f . The operation^ 
of forming a composite of two functions is called composition * 



The definition may be extended to the compositipn' of three or more 
functions. Thus, if f , g , and h .are functions, one composite is 

j ^ . fgh : X ^ fgh(x) '= f(i(hCx)]) . , " 

In order to evaluate fgh(x) , we first find h(x) , then the value of g at 
Cx) , and finally the value of ^ f at Bh(x) . ^ 



Exercises A2-2 



2. 



3. 



Given -that *f : x • x 

(a) f(2) + g(2) . 

(b) f(2) • s(2) . 

(c) . fg(2) . 

(d) gf(2) . 

If f(x) = 3x + "2 and g^x) 
(a) fg(x) . ; . 

r 

ir r(x) - 2x 4- 1 ' and g(x} 
.(a) i£(x) and gr(x) . 



2 and g : x- 



4- 1 for all real 



A2-2 



find. 



= 5 



(e) r(x) g(x) 

(f) r(x) . g(x) 

'(g) fg(x) . 

(h) gr(x) . 

, rind 



= X 



Tirid. 



(b) For vhatr values of x , if any, ar^ fg(x) . and gf (x) ^ eq|ial? 

Por each pair of functions f and g } find, "the composite func|tidns 
atnd gf and specify the domain (and range ^ if possible ) of each- 



(a) 
(b) 
(c) 

(e) 



i 



f c x- 
f . : X- 

f V 



1 

X 

1 

X 

1 

X 



E 
g 



X 



g : X 
g : X 



•2x - 6 

X - -4- 



-X - 1 



5. GivexL that f(x) = x + 3 and g(x) = yx + 2 , solve the equation 
J ^ fg(x) = gf (x) - ' . , 

Solve pp:>blem 5 taJcing g(x) = /x - 2 . * ^ 

7. Describe jf unctions f and: ^ g suc^ that gf vill equal ' 
^ (a) 3(x -f- 2) - 4 . 



(d) /x^ - 

(e) (x^)2 
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8. For each pair of runctions f and g find the -ccxnpo site runctions fg 
and gt and specify th^ domain (and range. It -possible) of each. Also, 

sketch the graph of each, and give the pJeridd (rundamental) oT those 

which are periodic, 

(a) r : X > [x[ , g : x fc^sgn(x - 2) 

* J, 

(b) f : X *|x| , g : x — ^2 sgnCx - 2) - 1 ' , ' ^' 

9. What can you say ahout^ the evenness or oddness 7or the composlCe of 
(a) .an even f\inction or an even runction? / 
(hW an even r-unction'or an odd f\inction? 

(c) an odd function of an odd function? * ' - 

(d) an odd ^function of 'an even- function? 

^ ' 10. If the function, f . is periodic, what can ypu say ahout the periodic ' * 
character of the composite functions fg and gf assuming these exist 
and g is an^ arbitrary function -(not periodic)? Illustrate by examples. 

li' "t^l^e functions f and- g are each periodic, then the >conrposite func- 
tions f g . and gf (assumed to exist) are alsd periodic^. 'Can the period 
of either one. be less than that of both f and g ? ' 

A 12. A Sequence , a^ , a^ a^ , ... , is^d^fined by the equation 

^^n+1 " ^^^n^ / ^ = a . , 2 ; 3 ^ ... ; , - ' 



where 'f is a given fiinction and a^. is a given number.- If ^ a^ = 0 
,akd f : x ^ V2 + x -, then • ' 



\ 



= f Ca^) = 72 



^2" 



Show that for any' n ■ , ■ 

^ &■ 

(a) a < 2 . ' ■ 
n 

(h) - a^ > 2t- , n >0: 
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A'13* *If '^*n^ J o ■ O' * 1 * 2 , . . . y = u >.find as a function 

ot |x and n ^ for the, following functions f : • ^ 



of 

4 




and 


(a) 


t 


: X 


(b) 


T 


: X 


r - < > 


f 


: X 


** (d) 




: X' 


(e) 


f 


: X- 



.c; 




' A2-3 



A2-3, Jnverse Functions * - * ' - \^ 

Becall the vertical line test Tor the graph of a Tunction (-Section A2-1) 
ir every line which is parallel to the y-axis. inter^sects a graph in at most 
one pointy then the graph is that of a function* Thus in Figure A2-3a_, (i) 
and (ii) illustrate graphs of* runctions, C^^i) is the graph or a relation that 
.is not a fu^ct-ion, ^ 



' (i) 





. (ii) 
Figure A2-3a 



Ciii) 



This figure also illustrates an important^ distinction"* "between two classes of 
functions: for graph (i) there is at least one line parallel to the x-axis^ 
whicli intersects the. graph in more than one point; tj>is is not the case for 
graph (ii) • The latter' is typical of a class of functions called one-to-one 
functions: each element in the domain^ is mapped into one and only one image 
in the range^ an^ each element in the rang^ corresponds to one ajid only one 
pre image in the domain-. In other words ^ a function of, this kind establishes 
a* one-to-one correspondence between the domain and the range of the fun^:tion. 

DEFHrmON A2-3a . A function f is one-to-one if whenever ' 
f(x-j^) = f (x^) y then ^ ^2 - 



Note the distinction between Definitions'^ A2-1 and A2-3a. The former 
states that any function f 'has the property that if ^ = ^2 "^^^^ 
f(x3) = f(x^) - whereas the la-tter^tates that a one*" to-one fimction f ife 
such that f(x-j^) = fCx^) if and only if ~ ^2 ' ' ' 



4 The class of one-to-one fur 
of this class we c*an specify a 
undoes the work of the given 'fur. 



:s is import ajit Because f*or each member 
zn that^ in a loose way of speaking. 
Thus, for example, if ' f "is the 
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runction which maps each real number onto its double, then there is a f\inction 
y ca] led the inverse ot r , which reverses this mapping and takes each real 
number onto its half: f : x — ^ 2x g : y — ^ • 

DEFINITION A2-3b , IT a runction/ f : x ^ r(x) is one-to-one, . 

then the function g : ^^jCx) x , whose domain the range of 

f , is called the inverse of f . « , 

The functions f ' and g represent the same . association b^ut considered 
from opposite directions; the domain of g is the range of "f and the range 
of g is the domain of f . Furthermore, , g is itself one-to-one and its 
inverse i^ f . . , ^ 

It is instructive to look at the composites of two functions f and g . 
inverse to one another. If f* maps x /Into y , then g: maps y back 
into X ; in other words, if y = f(x) , then x = gCy) • H^ce, 

gffx) - gCy) - X , for all X in the doma'in of f , 

and ^ <^ ' , ' / ' . 

^'sCy) ,= f (x) = y , for all y in the range of f . * 

Observe that the restriction of the domain of g to coincide with the range 
of f , is part of the definition of the- inverse. - ' - 

Example A2-3a .- Consider the one-to-one function f : x — ^ 2x - 3 ; 
what is its inverse? Here f is described by the. instruction, "Take a ,n\miber, 
double it, aind then subtract 3 In order to ^reverse this procedure, we 

ie b3 

1^ t5^e ^^totrfcion g : x ^ ■ ^ ■■ '^ • To prove this *f act, ve must show that g 

satisfies Definition A2-3b; i.e.^ show that g maps f (x) into x fox-' ^11- 
X in the domain of f • By substitutio^j^ ' ^ - ' 

gf (x)_ = 6(2x - 3) = ~ 1^ ^ = X ; ^ 



g is the inverse of ^ f . "Furthermore, in the opposite direction, 

fgCx) = f(^^^) = 2(^^) - 3 = X 

for all^ X in the domain of g • Hence, f is ^he"" inverse of the function 
g , as ' expected . • * ' ' ^ , 

V> . 291 ^ t 
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The graph of the' inverse g of a function f is easily foa^d from the 
graph of / f . f naps a into "b , then g maps b into a . It 

follows ^tha t the point (a^h) is on the graph. of f , if and only* if (h,a) 
is on . the graph of g . Figure A2-3'b shows three points ^1^-3) > (2,l) , and' 
(h^,2) on the graph of a function f , and their corresponding poi-frbs, obtained 
hy interchange of coordinates, on the graph of g ; 

y = g(x) 



/ y = X 




y = f (x) 



Figure Aa-Sb 



r 



From this figure ve see' that 'the pi^ints (a^b) ' and (b^a) are symmetric 
with respect to the line y - x ; -^lat is, the li;ie segment determined by these 
two points is perpendicular to, and bisected by, the line y = x' • We call ^ 
(b,a) the reflection of • (a,b)^ in the line ■ y = x . , ^ 



Example A2-3b . 
2 

♦ X - 2 • The function f 



X > -2 and 



Consider the functions f : x — 
g s X - x"" - 2 • The function f is one-to-one ; g is not and, hence, 
cannot be the inverse of f as it stands. By Definition A2-3b, the domain 
of g must be the range of f , namely, the set of nonnegative real numbers 
Hence, the inverse of f is g : x — x - 2 , x > 0 (Figui-e A2-3c) • The 
composite functions verify that f ajid g are inverse to one another: 
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X ►fg(x) = */(x^ - 2) 



+ 2 = X , 



X > 0 ; 



gf- : X — »► Sf(x) = Cv'x + 2)^ - 2 :c , 



X > -2 . 




Igure A2-3C 



, The rela-tionship be-tveen -fc>-e^ coordinates ^or a point <a,b) ,and "the 
coordinates of its r _ section (b,a) in the line y = x suggests a formal 
method for obtainin^^ ax: er iation of the inverse of a given functilpn agsiirnlng 
that €he inverse exist? . 



Bxsziple Consider tj::e f^mction 

f : X — »- y = 3x + 5 



for all real x 



If we interchange x 
(1) 
>«we obtain 
(2) 



y in the eqxiation 
y = 3x + 5 , 

. X = 3y + 5 • 



For every pair of numbers (a,b) in the solution set of (l) , a pair (b,a) 
is in the solution se"b of (2)« * Hence^ (2) is an equa^on defining implicitly 
the inverse of the given function f . In order to obtain t^he explicit . form^ 
•we solve (2) for y in" terms of x and ob-bain 
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The inverse of* r is, thererore, 

g : X ^'kCx) = ^ ^ ^ Tor all real x 

You should' verify the Tact that grCa) = ai for anyr a in the domain of f , 
and that fgC^) = b for any b in the domain of g ' (range of . f ) . 

- SxaJgple A2->3d , If the given equation defines a quadratic function, the 
^ problem Ot finding an inverse is more complicated. In^ the first place, .the 
given function must he restricted to a domain whi6h gives a onerto-one 
^\inction; in the second place, the .technical^ details of interchanging th^ 
Variables x and y in the given equation and then solving for y are more 
involved- 

'Consider -the function 

^ - r : X ^ x^ -h 2x ^ 3 

T^hose graph is a parabola with vertex at (-1,2) and opening upward. If, 
^'or example, we restrict f to the domain - [x : x > -1} then we have a 
. ^Unction f*^ which is one-to-one and hence has an inverse g^ . The r-ange of 

^1 is (y— y = r^Cx) > 2} , and this will be the domain of g^' . 

» 

We proceed to find a formula defining g * Ve -are given 

. * 2 

y = x->-2x + 3, 
and we interchange the vajriables to obtain " " . 

X = + 2y + 3 . 
^e now solve Tor y in the quadratic equation- 



obtaining ^ 



+ 2y + (3 - x) = 0 > 



i . y = -1 + Vx - 2 or y = -l - Vx.- 2- 



Whlch of these formulas defines the fi:^ction g. ? Since' y here represents 
^any element in the range of the inverse function, and since the range must be 
the same set of nimbers as the domain of f^ we see that y > -1 is 
required- Hence . , 



' y 



=^•1 ikVx - 2 



defines the inverse fun*t.ion 



^1 + >^r^ 



' Whose domain- is '{x : x > 2} . " (No-te, again, that 'this is' the range of f^ .-) 
It isjielpfol to^sketoh the graphs of -the two inverse 'fiinctions in ordfer 
' to see mo^e- clearly the relatipnships between their domains and ranges. • (See 
> Figure A2^d.) in* fact,, if you" graph the Original fxanctipn f , yow may see • 
more' clearly how its domain may he* i;estricted in infinitely many ways to give 
as many different one-to-one functions', each 'of which has a unique inver.se 
fimc-tion. - 



: { 




Exarcises A2-3 - 



T^^t is -me i-efiec-tion ^of the line y = f (x")' = 3x in th^ iin>^, y = x? 
."^^te an equation definicg the inverse ot \ f . ^ ^ ■ ' 

"lich points are -dheir ovn rl^iecti ons \n tti^lir^ y = ^ ? What.' is the 
■ 'Srgjjjj of ail such points? - " ' . ^ • , 

(a) Find the slope of -tiie segment Troni t^,^) t6' "^,a) , and prove that 
^-fctie segmen±-is-perpencLicular to th^ line' y = x\ ^ 

W prove that' the segment from" (a,h) to^ (l^^a) is'bis^ted "by the 
line, y = X . > ^ ^ 

Wa^t is the refi4cti;?n-of (^.,i) in the line' 

Ca) X = 0 ? - (d) y = 2 ? 



a) 



= 0 ? 



(e) X = -3 ? 



(c) „ = _x ? 



^scriije any function or functions you can. think of lAich are their own » 

equation oKan expression "(phrase) is said to he synmietric in x and^ 
y if ±he equations or the expressions remfiin unaltered by interchanging 
^ ^d _y ; e.^.^ ^2 ^ ^ 0 ^ ^ ^ ^ _ 3^ ^ _ y| 1^ ^ ^1 ^ 

^ ~ ^ y." ^"t follows that graphs of syrnmetric , equations are symmetric 
a^Tit the y = X line. ' Geometrically, we can considei- th'e line , y = x 
^Wing as a, mirror, i.e., for any portion of the graph there mJst also 



^® ^ portion vtuch is the ^mirror image 

The e ^jix^x^ri . ^— = 
is obv-iously s^c^etric with respect 
"tiie line y = x . "What other - 
of symmetry (mirror type) 
i-t have? ' • . 



The ejcpression 









V 










xy = a 




> 


i 






y 






y" » • 

• X / 




• 







^'^'fc>+[a-b|+2c+|a'+^b+|a-b| -2c 
^"bvip-usly symmetric in a and b 



Show' that 3^t is also symmetric in 



8. Find the inverse of each function .V^^ • . ^ 

(a) f : X - 3x +6 ^ " ' 

(b) -f : x-^.x3 - 5' ■ ■ ^ ^' . z"^'. 

. - (c) x-^i- 3 / 

9. Vfalch ofL "tlie follovlrig funcl^ions have inverses?* Describe eaclx inverse iDy 
'means of a graph or equation and give i"ts d omain and range. 

— ^DO 

X . sign X 



(a) 


f : X—r- 


2 

-^x 








f : ,x — 








(c) 


t : X — 









10. As we have seen,^ f x— for all real . x ; does not^liave an iziverse, 

.^Do -tlie following: • . . " 

(a) Sketch graphs f-L : ,x ■ x for ^ > 0 and. f^"- ^ x for 

' ' ^ X < O , and deliermine -the inverses of - 'fj^ , an^^ f^ . 



(b) ^What * relationship exists emaong i±Le S.omains of v?; >"^. ^ ^2 • 

(f^ is called -?tlle restriction of f to the domain {x.^i-x > 0] , 
and fg is similarly the restrict±-on lof f ^ the domain 
C3C : X < " .'^ / " ^ - 

11, (a). Sketch ^a graph of f : x— A - and shoV that ; f does not have 

an inverse. ' ^ . 

(h) Divide the domain of f into two parts such that the restriction^ of 
f to either part has an. inverse. - v " 

<c) Write an equation defining each inverse of part (h> and sketch the 
graphs. * - ■ 

11I2. Do Problem 11 for f : x— — x - 4x . . 

13, Give?^' that f(x) = 3^-2 and- g(x) = -2x + k , find Isr^ such tb^ 

fg(x) = gf(x) . For this value of k , are . f and g inverse tp-^one 
another? Give resLSons for your answers. S . , 

lif. Show that f'% 3C i- x^ . Ux + 5 for^ x > 2 ahd g i x-— ^^--Jisl - 1 

. for X > 1 are inverse to one another by showing that fg(y) = y , ^ or all 
y in the domain of g , and that gf (x) = x for all x in the domain 
of -f . 

15. If f(x) = (2x^ + 1)*^ , find a# least two functions -g such that 

fs(x) = gf(x) . ' * ' , ' . 

* • \ - 
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A2-i;. * Mono-tone Functions. " * / 

- * - • » ♦ 

If we examine, the behavior, for 'x increasing, of the functions 

^ • ^ — ^ and g : x — sin x , -we note tha-D the values of f inciasase 

. as X increases, while the values of g ^are sometimes increasing and some-- 

. times decreasing. Geometrically this 'means that the graph of f is con- ' 

tint^ll^ir rising as we survey it from left* to right (the direction of increasing 

x),. whereas the graph of g , like a wave, 'is now rising; now falling. Thej 

graph of a- function may aiso.^con=tain horizontal portions (-parallel -to' the 

X-axis), where the values of the function remain constant on an interval. A 

function such^as x -1^ [x] '^illustrates this, and also points up the fact 

that the graph of such a function need not he continuous. 

■ Example AS-jia,. The function h , defined hy . . 

2 ^ " 



hCx) = 



-1 



x3 



0 < X <^ ; 
2 < X 



has the graph sjiown in Figure *A2-.l+a. 




Figure- A2— 1+a 
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Xt is easy to see that the fianction decreases as ^ x increases .except on 
the irrteznral [l,2] on yhich it remains constant . On its entire domain, ^ 
the values of h are said to be weakiy decreasing. 

Ta^en as a class, the {fncxeasingj decreasing, wealdy increasing, and 
veakly decreasing' functions ^^^e called . monotone (compare vith monotonous) 
"because the* changes in the ^^^ttes of the functions as x increases are ; 
always in one direction* ' / / * ^ ' 

DEFIJJITION A2— Ua. Let " f he a function 'defined on an interval 1 
- V — — : [ — 

\ and let = f(x^) , .^yg = f (x^) <<or x^ , x^ in I * If, for 

each pair of numbers x^ and x^^'lk X , vith x^' < x^ , the 
corresponding values, of y satisfy the inequality 



(1) y^."^ ^2 ' "^^^^ ^ an increasing function ; . 

(2) y^ > yg ^ then" f is a decreasing function ; ' 

(3) < 72 > then f is a , veal£ly increasing function ; 
(k) yn > yo > then f is a veakly decreasing function* -^ 



Briefly, thi*5 definition states that a function vhich preserves order 
relations Is Increasing; a function vhlch reverses order relations is' 
decreasing. Note particularly that an increasing function Is a special case 
of a wealcly increasing functio^n; similarly, a decreasing function is a" special 
case of a weakly decreaslhg function. 

, - • V; ^ . • ■ v . 

^ ISEFXHXTXQN'A2-i;b.- A fiiaction vjfeLch is either weafely ^-increasing 
or weakly decreasing is called monotone . A function, vhlch is 
either increasing or decreasing is called strongly monotone . 

For example, the fxinction h^ of Example A^-ha. is .monotone oafer^ its 
entire domain and^rpngly monotone on the closed- interval O < x < 1- as -well 
as-^on the "intearval x_ > 2 . 

^ The graph of a strongly monotone function suggests that the function . 
must be one-to-one, hence must have an inverse. 

. r 



' *Xn some texts ^he term "nondecresasi'ng" is used instead of "veakly 
increasilig" ; "nonincreaslng" is -used instead of "veakly decreasing." 
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THEOREM A2-4.. Xt a iTimctlon is strongly monotone, then it an inverse 

' • - ' ■ *f ^■ 

vhich i9' strongly monotone in the same -sense. '■' - ' 

Proof , We treat -tlie case for f increasing; the proof for f 
decreasing is entirely similar. ■ ^ 

By Definitions A2-i;a and A2-4b,' fC^c^) =*f(x2) if -and only if = 
Hence, by Definition A2-3a, f * is one-to-one, and by DedTiniti'on A2-3b, f 
has an inverse i 

6^: f(x) : ' - i 

defined for all values f (x) ' in the range of f . ^ 

Finally, g is an increasing function, hence strongly nonoton^, by 
Definitions A2-4a and A2-Ub.' 

Example A2-Ub , The function ^ ^r.^*"-' 

f : X ^ x^\, 

n.' a natural, number-, is strongly monotone (increasing) for all real x >0 

CSee Exercise 3-7^; number ^3.'} Hence, f has the inverse .function a- 

^ ^ ' g : X — X , . X > O J 

<- 

vhich is also an increasing function- For, an arbi4:rary cGLement y in tite 
. domain of 6 ^ ve denote gCy) ^y thus '(l)/ may be rewritten 

- . ^ ' ' ■•■ 

^ (2) ^ <r g : y — ^ ^i/y , . . - y > 0 * 

Comparing -(l) and (2), we see tl^6: ^ ^Vy is the unigue positive solution .oc 
of the' e^quation x^ = y ; we call- ^Vy -the n-th root of ' y "for all*' real 
y.> O . - ■ 

If^ the natural number n is' odd^ then the fimction ' f : x ^x^ is 

strongly monotone 'for all real x , as i-s- "its .inverse ftmction,.^ This means 
that every real number h^ a unique n-1^^0ot for n odd. For example'. 



for n odd and a real, v-a = 

If n is even, f : x — ^ x is decreasing for all 'k-eal jx < 0 , and 
increasing for all real ^ x > O . If f^" is the restriction of f to the 
domain x > O and f^ is the restriction of f W x < O , then each of 



these fimctions has an inverse, namely 



y 



and 

■ J 



Si > y 



" toT even and all real y > O . For n even, . the positive n-th root of 

a nonaegative real^mmiber is sometimes called its principal n-tb ro2>t. The 
symjjo!! ^Vy always means the J)rincipal n-tli root. 



Exercises A2-jif 



^ !• Prove that T 



,3C— ♦x^ for X > O ^is an increasing function. (Hint 
Ifit I > O ; then - >*0 . From this shour that x^^ > x^^. 



2. 'Whici of the following function^'^2?e_nondecreasing? jlonincreasing? > 



decreajaing? increiSLSing? In each case the do 
numbers unless otherwise restr^ictgd* ' 

(a) ^ 



is ttie set of real- 



^-j. ' X , c a .coEislJiant (ii) ^g_.: x 



(b) 
(c) 
(d) 
(e) 
(.^) 
(g) 



X 
X • 



: X. 



-^3 



■sgn X 
2 ' 



-X ^ X < O 

-vSE , x« > o 




(J) 



3- 



For each fxmct ion .in Problem 2 which is not/ monotone, divide its domain 
^Into parts snch that the restriction of-, f / tb any of* these parts gives 
a monotone or strongly monotone function- 
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We are given "tha-t the ftinc-bion 



/ 



Is weakly increasing^ 
is increasing^ * | 



Si 



is weakly djecreetsing. 



gg is decreasing, 

in a' common domain, "What is "the monotone charac"ber, ±t any, of the 
fo3Jloving rvinctionsr . ^ ' - 



(a) 


^1 * ^2 • 

*, 


(i) 


V2 • 




*2 • - • 


(J) 


Vi • 


(c) 




(k) 


^2^1 • 


(d) 


«2 * ^1 • 


Ci); 


Sl^2 • 


(e) 




(m) 


61S2 • 


(n 


2. . 


(n) 








(o) 




(h) 


e^2 • ^1 - 


(p) 


^lS2 - 



•I 
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- < ^ • . 

A2-5 • The ^Circailar «\mctions • - » * ^ ' \ 

> i • * 

,We shali trea-b the circular (or -trigonometrt^c)^ runctiops (sin, cos, ,etc,) 
not "so nrach as ^ the geometrical "functions to vhich you are accustomed, hiit' as 
purely numerical fun^*i.ons apart from the ideas of geometry. Sie advantage ^ of 

^ appro aXihip^ the circiAar functions analytically through the number concept 
rather J^han through geome'tric^ concepts is that we can then develop systematic 

'^computational ^techniques for^heir use and greatly eS^^d their range of 
applicatioti. ^ For exan^jle, the property of the circul a,if functions essential 
for higher analysi.s is their periodicity, a property to vhich the considera- 
tions of ^ elementary geometry , and trigonometry scarcely point. The role of 
periodicity in our understanding of i^jtural phenomena is profound (see Section 

The circular functions correspond directly to thte sinqplest periodic 
motions, the turning of a wheel or the motion of a particle transcrihing a ^. " 
circle at \mifarm speed. .Yet combinations of these s'ame elementary circ^Llar. 
functions can he used to represent the most intricate peariodic phemonena. 
(Thi^ is the province of Fourier analysis; the elements of this suhject will 
he within reach when you have con5>leted the calcxilus.) 

The concept of circular function is based upon ideas (like the idea of 
ZLimit) which are not usually stated precisely hefore the calculus. Nonetheless, 
the circular functions are too important to neglect. We shall use them freely, 
assximing all the properties which ar^ familiar to you 'from your earlier courses 
without concern for a logical derivation of these properties. In fact., as the 
situation warra^s, we shall also argue^eometrically and intuitively to obtain 
other* :^lMDperties we may need'. EventuallV (Section 8-5) we shal^ be able Ho 
define the circular functidns purely analytically and derive all the properties 
used earlier. It is' tempjfcing to try to be systematic and to develop t^e -th^eory 
of circular functions from the beginniiig by means of a precise definition, but- 
it is doubtful that such an approach could be made meaningful without the prior 
intxiltively .based exploration. ^ * , 

The followirig fundamental properties of the circular functions listed 
below are then to be tetken initially as as su.rnpt lions xintil we^ can do better and 
prove them from a- precise definition. It* assiimed in the following that the 
domain of sin x and cos x is the set of all real numbers. 



. *In this text we use radian measiure on2^, as in Properties (l) and ('2) 
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* at 


(1) 




sin X Is periodic ^^Kl-tli period^ 2jz 


(2) 




.■ SiB 1 = .1 


(3) 


X 


2 P 
*sin X + cos X = Is, 


Chy 

(5) 




sin(x + y) = sin x cos y + cos x sin y 
S3jn-x; = -sin x 



This brief list is suTficient for the definition and the derivation of all 
the other conmon identities • 'We list some of the more usefiil ones^J^elov. 

(6) cos X = sin(x + ^) 



I 



2' ^ 



(T) COs(-x) = COS X • ' 

(®) sin(x ± y)'= sin x cos y ± cos x sin y 

(9) / ^ cos(x ± y) = cos X cos y +. sin x sin y 

(10) sin 2x = 2 sin ^x cos x 

(^) * cos 2x ^ cos^x - sin^x = 2 cos^x -1 = 1-2 sjrn^^x 

(12) ' sin § = t J^ZIS2EI 

\ ■ - 2 T 2 * 

(13) ^ . ' . . cos ^ = +*/iZ^£El ' -1. ' ^ ^ • 
'd-M ' ' • Sin X - syi y = 2 cos sin " ^ 

^ "! i' . . ' ' * 

(15) . ^ COS X - COS y = -2 sin ^ ^ sin ^ " ^ 

(1^) ' . \an X = = ^ 

y • cos ,X V CO"t X - . 

- • * -^^^ v ■ 

(It) ■ 

(18) 



sec X = 



CSC X = 



COS jX 

1. 

sin X 



^ - ■ - 

(^) . # 1 + -tan^x = sec^x 

(20) r - _ ' . CO A + 1 = csc^:>6> 

(21) . " tan(x ± :^ = -ean X ± tan y 

-1 ^ "tan X tan y 

(22) tan'iS = ^ - x ^ sin^ 

< .2 sin X 1 + cos x 
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A2-5 

There is one addi-tional 'fact which may be found useful: a linear comhina- 
-tion ' " 



Ct cos X H- p sin X 

can be vrit;1:en in -the f onn 



1^ 



^here 



and 



A sin(x + a) 



sin a = -J cos a = , 



Exercises A2-$ 

In t;he following problems, you may assume properties 1-5 ^ given on page 3<^« 
Also, after^ ai^ particxzlar identity has been proved it ma^ be used as a true 
statement in any problem -^Aiich follows. 



i^rove: 








(a) sin 0 


= O . 


• (d) 


sin = 0 . 


(b) cos 0 


= 1 


(e) 


cos It = -1 . 


(c) cos ^ 
Prove: 


= 0 • 




cos(- |) = 0 . 


(a^ sin(x 




cos X . 




(b) sin(x 


* n).= 


- sin X, . 




(e) cos(x 




- sin x' . ' 




(d) icos(x 


= 


- cos X • 




(e) cos X 


=i cos(- 


►x) y or equivalently^ cos(x -i^) = 



A2-5 
3. 



Prove : / 

(a) sin(x - y) = sin ,x cos y - cos x sin y 

(b) cos(;?c ± y) = cos x ,cos y + sin x 'sin y 

(c) i sin 2t = 2 sin t cos t • 

(d) f cos 2t = 2 cos^t -1 = 1- 2 sin^t . 

(e) | sin .3t ^ 3 sin t - I4- sin^t • 
C^)' cos 3t = 4 cos^t - 3 cos t . 

(gh tanCx ± y) = ^an x ± tan y 
I ^ ^an X tan y * 

I 

(ii) sin p - sin q = -2 cos — 




-a sin ^ T ^ 



(i) cos p - cos q = -2 sip 



(J) .t*an| = ^ - ^ 
2 3,in t 



2 

sin t 
1 + cos t 



2. Sin £ - q 



/I - 


cos 


X 


2 


/I + 


COS 


X 



(a) sin I = ± 

(b) cos I = t , 2 

(c) -- Explain the significance ol" the'^ sign in (a) and (t>). 



5.- 



Det.ermine -the nianerical values of "the folloving; 

' (f) tanf 

13jr 



(a) ' sin ^ 



(b) cos 



(c) tan ^ 

(d) sin(, J) 

(e) Sin II 



-^-^g) COS ^ 

(h) sin ^ 

(i) i cos3^ 

(J) tan§ 

5 



6. Sketch the^. graph of eacl^ of the followii^ fxanctions. - For- those functions, 

which are periodic^ indp^cate their pe?riods. Indicate those functions 

vhich are even or odd. 

♦ sin X cos X * 

^ 2irc ' ■ 

sin X + cos JTX 

-> • - "■ 

— sin X + cos X-/2 ^ 

sin 2x . - 



(a) 


f t 


X 


(b) 


f : 


X 


(c) 


f : 


X 


(d> 


f : 


X 
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(e) f : X -|sin3itx| ^ 

(f) f : X —cos jrx 

(s) f : X —2 sin x 

T. (a) What is the period of sin ax , a / O ? 

(h) What is the period of sin(ax + b) , aji^O? 

(c) For what va^u^^s of a and b is the fiinction odd? even? 

For^^each pair of functions f and g find the composite functions fg * 
and gr and specify the domain and range (if possible/ of each. Also^ 
sketch the feraph of each, and give the period (fundainental) of those 
vhich are periodic. 

(a) f : X ^sin ttx ; g : x ►sgn x . 

(b) r : X ^sin arrx , a > 0; -si, g : x^ -sgn x . 

(c) r : X ^3|sin x] ; - .g : x- *-[x] • 

(d) r : x "" -max(sin jtx ,x - L^l } ; g : x— ^minCx,x } . 
Solve for 'all x in the integral O < x < 2r : 

sm x -fr- cos X = 1 , Cm an xnteger > 2}. 



A 10. If (3) on page is replaced by coS'*x = sin(x +'-^) j then u-sing (1) 

"to (5), show that cos rx + sin rx = 1 , where r is rational. 
A 11. Show , how to solve the cubic equation ' ' 

4x3 - 3x = 3. y " . ' ( |aP< 1) 

,trigonometricaJLly. . ^ ' ' *r-^, 



A2~6 

polar Coordinates . t " 

A fundaanen-taJ. link "between the ailgebra* or niisbers .and the" geometry of • 
Points vas Torged by Rene ^Descartes (1596 - I65O) when he introduced the 
notion of representing a point in the plane "by me^s of an ordered pair ^ 
n-iimbers- Beautiful in its simplicity, this concept paved the way for the 
development of coordinate geometry and calculus. 3y ^introducing a pair of 
- Perpendicul^ number lines (coordinate axes)^ Descarte^^s was able to assign to 
^ach point in the plane a unique pair of real "numbers . We call the^se numbers 
the (rectangular) cartesian coordinates of the point; you have used them ever 
Since you first began to represent equations by their graphs. 

Other coordinate systems have been invented since.:,riescartes* time because 
"they are better adapted to treat some problems which are awkward to handle in 
Cartesian coordinates. We consider here the polar coordinate system and. a few 
^X€ui5>les of i"ts use. 

We suppose that ve already have a rectangular (cartesian) coordinate 

s;y;steia-in the plane. We locate ^a point P in the plane by polar coordinate s , 

^ ordered jrfair of real numbers (r^0) where ]r\ is the length of the 
— * ' ' » J. 

QP tsometiines called the radius vector) and G is the direction 
OP with the positive x-axis (polar axis) (Figure A2-6a).- 






A- f ■ 


b 


■ . ■ I 1 f 

(Polar Axis) 

^ 

figure A2-6a 





r is sometimes called the radial coordinate and B the polar' angle or 
azimuth. , ^ . . ^ 
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There are infinitely many such angles for each point P ; if 9 is one angle^ 
■then e t 2njr (n=l,2^3,-..) are the others. Thus, a point tiay be 
identified by infinitely many pairs of polar coordinates. For exair5)le 
(Pigiire A2-6a), point P vith polar coordinartes (^y^) , also has coordinates 

(2j. , 1^) ^ (h , ^ ^) , and, in genei^al, > ^ 2nj:) -for any integer. . n . • 

The pole (origin) is a special case; to it we assign as polar coordinates any 
pair (0,0) y .6 any real number. ' • 

When ve assign polar coordinates to locate a pointy it is customary to 
allow r also to be negative. For r > 0 , ' the point (-r,e) located 
symme^lrically to the point (r^e) with respect to the origin (Figure A2-6b); 
'it has coordinates (r ^ 9 -i- it) also. 



(r,0) 




0 = 0 



(r,0 + ff) - . : . ■ ' . 

- . Figure A2-6"b 

In a cartesian coordinate system every point in the plane ^has a lonique 
pair of ^ coord i naj^ ^ (x,y) . In a polar« coordinate system, by contrast, 'this 
is not true; a giveia point in the plane does not have a unique representation. 
(r,0) in polar coordinates (see point P in Figure A2-6a).- In both coordi- 
nate systems, -however, a given pair of coordinates specifies a unique point in 
the plane. 

A relaxion between x and y may. be represented by. a graph in a 
cartesian coordinate plane., A relation in r and 6 may be represented 
by a graph in a polar coordinate system; a point lies on the graph if and only 
if it has at least one coordinate pair which satisfies the given relavion- 
We discuss" the graphs of a few functions defined by equations in polar 
coordinates- ' « ' 



The graph of the equation 

J 

T*= C 



contains all points (c^e) , e any real number; it- is a circle of r^us " |c| 
having its center at the pole. The eguatior4kr = describes the same 



circle. 

The points for -v^iich 



&■= c 

9 



•lie on the line passing throrogfl the pole Vtiich forms an angle of . c radians 
with the polar axis; each point of the line has coc»«U.nates (r,c) for some • 
real r . For r -positive, ti^ points form the ray in directioil 6 , for r 
negati^e^ the ray has direction \ 0 + Jt . The line has infinitely 'many equ^ 
tions 9=c + n3C,n an integer^ 

The circular functions ot G kre especially conveniently represented in 
polar coordinates because the entire graph, is traced out in one period. We 
shall illustrate a procedure for sketching a graph ot such a f^mction using 
polar\.coof^dinate graph paper. Ifote that the function specifies the graph; a 
i\mction; however, cannot be recovered from its grj^h in polar coordinates. ^ 
V. # - ' ■ 

- Example , A2->6a . Sketch a graph, of the function defined by 

. - ■ . ^ T ^ k cos e * X - 

Since r is a function of 0 , ve consider values of 6 aad, calciilate 
the corresponding values of r . We know that the cosine increases from the 
value O- at. a = - ^ to 1 at 6^= andt^then decreases to 0 at 0 = ^ . 
Es^G, in this interval, r increases- from' 0 to and then decreases to/ 

O . Since^ cosCe + jr) = -cos 0 , the point (h cos<e + jc), o) is the same as 
cos ^ ; e) , and the curve for - | <'e <| is the entire graph. 

To, sketch the graph of 'the function, we calculate r for a few convenient 
values of Q etc.), locate the corresponding points 'on polar 

coordinate paper/ and sketch the graph (Figure A2-6c); it appears to be a 
circle and we shall presently verify that Ut is. j 
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Figure A2-6<^ 

Since ^^.ch point' P in the plane has bpth rectangular and pol_ 



nates (Figure A2-6d) ^ for r > 0 ^ ve 
have from the trigonometric functions 
of angles • 



(l) X = r cos 0 



r sin 6 



We leave it to you to verify that 
equations (l) hold fo?r r < 0 Thus 
the rectangular and polar coordinates 
of each point in the plane ari 3;elated 
^^y (l). It follows that 



(2) 



2 2 
y = r 



P(x,y) 




Figure A2-6d ' 



How we re-examine the runction deflnej^ by x = h cos g,. (acample A2^k&) 

tend prove that' its graph is a circle. We ^ifeli do so by traasforming the 

given equation into an equation involving rectangii3.ar coordinates x and y . 

Now th^ given equation^ r - 4 cos Q has the same graph as the equation 

... 

' (3) ' r = 4r cos e y 

rdr ir ' r ^ O , we may divide both members of* the equation by r to obtain the 
given equation; r = 0 corresponds to the Tact that the pole is on both ' 
graphs. This may not' be immediately " obvious since only certain pairs or 
coordinates ^representing the pole will satisfy the equation r = 4 cos 0 . 
For example, both (0,O) and (0/-|) represent the .pole, yet only .the latter 
or these pairs satisfies r <=:-4 cos 0 " - 

^ We use (1) and (2) to obtain from (3) that 

2 2 - ' - 
X + y - irx 

or * * " 

(x ^ 2)^ + y^ = 4 . " • 

an equivalent equation in rectangular coordinates. We recognize this as an ' 
equation of the circle with center at (2,0) and radius 2 , verifying th^ 
graph in Figure A2-6c . ' • 

. Example A2^Gh ^ Find an equation in polar coordinates of the curve whose 

' p P P P p p 
• equation in cartesian coordinates is (x + y ) = a (x - y ) , 

; . Applying .Equations (l) and (2) , we have ^. 

. h 2 2, 2^ . 2A 
r = a r .(cos 9 - am 0) , i 

"22 

. = a r cos 20 • . 

This is equivalent to 

2 2" 2 

r = 0 (the pol-e) and r = a cos, 20 • ^ . ' 

2 2 

Since- r = a cos 20 is satisfied by (O,^) ^et of polar coordinates 

* . ■ ' * 2 

for the 'pole, we ^e,e that r . = 0 contributes no points not in the graph of ' 

2*2* , ' ^ ■ 

r = a. cos 20 • Hence, the latter is an equation in polar form which is the 

equivalent of the given one. The graph of this equation is cdj^led the 

. ; ■ ' ^' ..... 1 ■ ' ^ - 
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./ieninisca'te or Bernoiilli and is displayed in 



re A5a, 



In Section 12-4 ve. use an equatio^^f an ellipse in polar Torm; here we 
. develop, an equation vhich, Tor suitable choice of a parameter, will represent 
either a pairabola, an ^ellipse, or a hyperbola^ For this purpose we'^need the 
definilTion or these <?\arves .(conic sections) in terms of focus, directri5c^^^.;and 
eccentricity. Every eonic section (other than the circle) may he defined to 
be the set (locus) of all points P such that the ratio of the- distance ^ 
between F. and a ^ixed^oint F (the focus)^ to'^he distance between P and 
a fixed line £ (the directrix) is a positive constant je , called the. 
eccentricity of the conic section. If e = 1 .the conic^ection is a parabola, 
if O < e < 1 it is an ellipse, and if e > 1 'it is a Tiyperbola* 



In ord>2r to qLerive an equation in polar coordinates of a conic section. 



it> is convenient to place focus 
F at the pole (origin) and the 
directrix £ perpendicular to' the 
extension of the polar axis at dis- 
tance p > O from the pole, as shown 
in Figure A2-6e, (Other orientations 
are possible; s'eie Exercises A2-6, 
Kos, 8-1Cl) Point P is any point 
of the conic section, ^ 

We let (r,a) be any pair of 

-ft 

polar coordinates of P for* which. 



P(r,e) 




0= O 



Figure A2-6e 



r > 0 ; then FF^^= r .and 3]p .= ^p + r cos 6 (^Figure .A2-6e) , The' .definition 



of ^the conic sections requires that — = e or . 
for r we obtain 

(h) . . r = 



p + r COS e 



Solvinfe 



ep 



e cos 6 



which we take to be the standard form of the polar equation of conic sections 
having focus and directrix 'orienj^.ed as in Figure A2-6e, From Equation (4), 
if e < 1 (ellipse or parabola), then r > 0 ; ..if e 1 (hyperbola), r njay 
be negative and these values give us the br.anch of the hyperbola .lying to the 
left of the" directrix, ' - ^ ^ 



This curve is defined as the set (locus) of points P such that 'the 
product of the distances of P from .two -fixed points is the .square 'of half 
the distance between the two fixed pointy 
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Example A2-6c . ^Describe and sketch the graph of the equation 

16 . 



5-3 cos 0 



We may put this equation, in the standard rorni 



1 - ^ cos 8 



3 
5 



1 - ^ COS 0 

5 



l6 

Trom vhdch e = and p = ^— . Since e < 1 , the graph is an ellipse vith 
focus at the pole. ancSigiaoor axis on the polar ax^s. Ejy giving 8 the 

values^^ 0 and , we ^ find the ends of the major axis to "be^ (8;,0) and 
(2,3r) - Thus- the length of the major axis is^ 10' , the center of the ellipse 
is the point (3^0) y and the other focus is £he point ^^^^O) - Since 
p .= (the distanc^ "between a focus and corresponding directrix of the 

ellipse)^ the equation of the directrix corresponding to the focus at the 

pole is r cos 8 - (see Exiercises A2-6^ No, v6a-), and the' equation of* 

the directrix i_ corresponding to Fp(6^0)' is r cos 8 = ^ * When 8 = ^ ^ 



16 
5 



then r = , and ve have the point {— > ^) at one end of'^^the f ocaJL chord 



(latus rectum) throxagh . The other endpoint has polar coordinates 

(^ y ^) ; these points help, us to sketch the ellipse as sh(3fwn in Figure A2-6f - 
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Exercises /A2-6 

* ^ / • 

1.. Find all. polar coordinates or each /or the Tolloving points: 

. . C-^) (6, J) . . . (/) (6^^ . 

(t) (-6,5) . ' '/d) {.6;. f) . 

j2. Find rectangular coordinates of the pcJints in Exercise 1* 

3., Find polar coordinates of each the following points given in rectangu- 
- . lar coordinates: 



(a) ih, -hY , 

.(W -(^,|). 

(d) (O, -10) . 



(e) (-3,0) . 

(-3 ,.^).'. 

(g) (-^, 1) 

(h) (72, .V^) 



^4-. Given the cartesian coordiilates (x^y) of a point, formulate linique 
•polar coordinates, (r^ef /for 0 < 9 < ir • . (Hint: -use arccos — •) 

5 i)ete?in3iine the polar coordinates of the three vertices of an equilateral 
triangle if a side of thfe triangle has I^ength L , the centroid of the 
triangle Coincides with/ the pole, and one angular coordinate of a vertex 



is 6^ .radians. 



X = c 



a constant. 



• 6. Find equations in polfetr coordinates of the following ciirves: 



c , c a constant. 



/ 

/ A' 



'ax -i- "by =' c^ ; 



Cd) + (y - kr / k^^: 



(e) y =r^if£LX . - 



r 



7. Find equations in reotangrular coordinates of the following curves: 



(a) 
(b) 

Cd) 
(e) 



r^ a . - 

r sin'e = -5 \ 

T = 2a. sin . 

r = - -'^ - . 

. 1 - cos 0, 

r = 2 tan 0 • • 



A- 
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. 8. Derive an equation in polar coordlna'tes Tor conic sections with -a focus 
at the pole and directrix perpendicular to the polar axis and p units 
to the right of the p61e . 

9» Repeat Number 8 if the directrix is parallel to t^e polar axis an4k p 
* units ahove the focus at the pole. - ' ^ " - I 

10. Repeat Numher 8 if .the directrix is parallel to the polar axis and p 

units "below the focus at the pole. 
• • * 

, 11» Discuss and sketch eeich of "the following cxirves in polar coordinates. s' 

(See Exanrple A2-6c and Kumbers 8, 9, 10.) 

(a) r = 

(b) r = 

(c) r = 





8 




1 - 


cos e 






12 




1 - 


3 cos 


9 




36 




5 - 


^4- Sin 


9 




16 




5 + 


3 sin 


9 



(d) r = 

(e) r sin 9 = 1 - r ^ 

12. Certain types of symmetry of curves in polar coordinates are readily ^ 

detected. For exaniple, a curve is synmetric al>out the pole if the equa^ 
tion is unchanged when r is replaced by -r What kind 'of symmetry 
occTirs if an equation is \mchanged when ' ^ j 

(a), e Is replaced'by -0 ? ^* 

(h) G/^±s replaced 'by jr - 0 ? ' 

.(c) r - arid. ^/ are replaced by -r ' aid ~9 r ^ respectively?. 

■ I \ - ■ ' : ■ - V ' ^ • - 

(d) e * is ^replaced by* iK^ G ? 




13 ► Without actuaJLly sketching the graphs^ des^cribe the ^rmmetries of the 
graphs of the following equations': ■ ^ 

(a) T = k- sin 29 • - 

CS>) r(l - cos e) ^ 10 . 

, (c) r = cos 26 . 
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Ik-y Sketch the :tol 

(a) r = ae . 

' (b). r = a(r - oos^e) 

(c) f . =? a sin 26 • 

15^ In each ar the Toll^wing, find! 
pairs of equations. ^(RecaSi-,A 
not unique- ) 

(a) r = 2 - 2 sin 0 , r 



n polar coordinates: 



t-^ (d:)' r = a sin^a cx^s e 
. (e) re = a • 




points of intersection of the given 
the polar representation of a point is 



2-2 cos e 



(t)) r = -2 sin 29 , 



r = 2 cos vS 
(cX -r = h{l + cos e) , . r(l - cos 0^ =^ 3 
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^ Appendix 3- ' ' 

MATHEMATICAL TNTUCTION 

A3-1, The Principle pf Ma'bhenia'tical Induction . , 

The abilit^y 1:0 Torni genei-al hypo-theses in "the light of a limi'ted niimher 
of facts is one of the most ing^ortant signs of creativeness in a mathematician. 
Eqia^LLly important is the aMlity to prove these gxiesses. The best way to shov 
hov to guess at a general i>rinciple from limited ohservations is to give 
exan^les. 



Exiemiple A3-la. Consider the sums of c6a^<^cutive odd integers^} 

1 = 1' 

1 + 3 = 4 
1 + 3 +. 5 = 9 . - 

"^^ 1 -h, 5 + 5 + 7 = 16 V 

. l"^ 3 .t 5 + » + 9 = 25 - 



Notice- that in each case the sum is the square of the number of terms. 

• - - * * 2 

' Conjecture:, * The- sum of the first n odd positive integers is n 

(This is true. Can you shov it?) 

Example A3- lb . Consider -the follovlng ine qualities: ^ 

/ .. ~ ,' 

" 1 < 100 , 2 < lOO , 3 < 100 , 4 < 100 , 5 < 100 etc. 

Conjecture: All positive integers are less than 100 . ^False, of 
course , ) 

ExniTTple A3-lc. Consider the number of complex zeros, including the 
'rq>etl>tions, for polynomials of ' various degrees^ 
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- Zero, degree: , no zeros (a^ ^ O) . 



First degree: a x + , one zero at x = - 

-10 ^ a^. 

second degree: a^x + a^x + a.^ tvo zeros at 



-a^ t /a^ - 4aoag 



<L 2a2 • 

Conjecture: Every polynomial of degree n has exactly n conplex 
z^ros vhen repetitions are counted. fTrue • ) 

■ / ' 

Exaagile A3^d , . Observe the operations necessary to conipute th^ .rdots 
from the^ coefficients in Exangple A3-lc. l 

Conjecture: The zeros, of a polynomial of degree n can he given in 
therms .of the coefficients hy a formula which involves only addition, suktrac- 
tJLon, multiplication, division, and the extraction of roots, (False.) 

X 

Exazqple A^^le . Take any even number exoept 2 and try to express it as 
the sum of few primes as possible: 

4 = 2 , 6 = 3 + 3 /'S = 3 + 5:, 10 = 5. + 5 , 
^ . ' •' 12 = 5 + 7 ,-l4.= 7 + 5^ , etc. 



/ . . - Conjecturer Every even number but 2 can be expressed as the. sum of 
two primes. (As yet, no one has-been ablA to prove or disprove this conjec- 
, ture*. ) 

Common to ,all these examples is the fact that we are trying to assert 
something about all the members of a sequence of thfhgs: the sequence of odd 
integers, the sequence of positive integers, the sequence of degrees of poly- 
nomials, the sequence of even numbers greater than 2 . 'The sequential char- 
acter of the problems naturally leads to the idea of sequential proof. If we 
know something is true for the first few members "of the sequence, can we use 
that result to Tf>lrove its truth for the next^ member of the sequence? Having 
done that, c«^we now carry the proof on to one more member? Can we repeat^ 
the process, indefinitely? 

Let us try the idea o^^ ^equentia i pro&f on Sxaii5>le A3-la. Suppose we -know 
that for the first k oc 





1 3 + 5 + r 



can ve prove that uppn adding the next higher* odd niimber -(2k + l) we ohtain 
the next higher square? Ptom (l) we have at once hy adding on hoth 

sides^ 

[1 + 3 + 5 + .•• + (2k - 1)] + (2k + 1) = Ic^ + C2k + l) = (k + 



It is clear that if the conjecture of .-Example A3 -la is true at any stage then i 
is true at the next -stage. Since it is true for the first stage ^ it must he 
true for the second stage, therefore true for the third stage, hence the 
fourth, the fifth, and so on forever. 

Example A3^1f In many good toy shops there is a puzzle -wdiich consists of 
three pegs and a se^ of graduated discs as depicted in Figure A3- la. The prol51em 
posed is to transfer the pile of discs from one peg to another imder the 
fol-low±ng rules: . ■ ^ 

1. Only one disc at a time may be transferred from one peg to another. 

2. No disc may ever be placed o^r a smaller disc. 



n 



Figrare A3- la 

Two questions ^xise natxirstlly: Is it possible to execute -the task under 
the staj^d restrictions? If it is possible, how jnany moves does it take to 
complete the transfer of the discs? If it vere Aot for the idea of .sequential 
proof, one might ^ve difficxilty in attackij^ these questions. 

As it is,, ve observe that there is no problem in transferring c^^.di'SC* 

If ve have to transfer tvo discs, ve transfer one, leaving a peg free for 
the second, disc; ve then transfer the second disc and cover vith the first. 
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If we have to transfer three discs, ve 'transfer -the top two, as above. 
THIS leaves a peg for the third disc to' which it is then moved, and the first 
• two discs are then transferred to cover the third disc. \ 

•fke pattern ^as now emerged. If we know how to transfer k discs A,we ' 
can transfer k + 1^ in the following . way. First, ve transfer k discF 
leaving the (k + l).-th, disc free to move^ a new" peg; we move the (k + l)-th 
disc 'and then transfer the k discs a^a^T^to cover it. We see then that it 
is possible-'to move any number' of graduated discs from one peg to another .-wl th- 
orn- violating the.^rules (l) and (2), since knowing how to move one disc, we 
have a rule which tells us hpw to. transfer' two, send then how to tr^sfer three, 
and so o'ri. 

... - ■ * • ' 

To determine the smallest number of moves it takes to transfer a pile of 
discs, we observe thatno disc can be moved unleg^-all the discs above it have 
been transferred, leaving a free peg to which to move it. Let us designate hy 

the minimum number ^of moves needed to transfer k discs. . To move the 
(k + l)-th disy, we first need m^ moves to transfer- the" discs above.it to 
another peg. After that we can transfer the (k + l)_th disc to the free peg. 
To move' the (k + 2)-th disc (or to conclude the game if the (k + l)-th disc 
is last) we' must now cover, the .(k +. l)-th disc with t^preceding k ' dieses? 
this transfer of the ->k discs cannot be accongjli shed W less th^ mives.- 
We see then that the minimuni numb e^ of moves for k + 1 discs is 



■ ^ ^4.1 = 2m^ 1 • 

This is a recursive' expression for the minimum number of moves, that is, 
if the minimum is known for a certain number of discs, we can calculate the. 
minimum for one more disc. In this way, we have defined the minlmui numbe^'of 
sequential moves: by adding- one disc we i^nci'ease the necessary number of'^ves 
to- one more than twice the preceding number. Itjtakes one move to move one 
disc, ther<ifore it takes three 'moves, to move two discs, and. so on. 

Let. us >make a little table (Table l) . 
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k 

- ik— 


1 


2 ' 


3 




5 


■6 






1 , 


-3 - 


'7 


15 


31 


63 


127 



k = momber or discs 
m^-- mlninroin moinber or^ moves 



Upon adding a disc we roiighly double the irurrvber of' moves . This leads us 



"to compare the number of moves with 'the powers or .two: 

k 

_ ; and we guess that no. = 2 - 1 . 



32 , 64 , 126 



1 , 2 , 4 ^ 8 , 16 , 
If this is -true Tor 



some vaJL^iJ k , we can easily see -that it must he true -for the next, for ve 
have ' ' , 



+ 1 



= 2(2^^ - 1) + 1 
= 2^*^ - 2 * 1 
= 2^*^ - 1 . ■ 



and this is the value of 



1 , for 



n = k + 1 



We know that^ the ronmiJLa 

s ^ 



Tor i^ valid when k = , but^noy w;p can prove in sequence that it 

true for ' 2 > 3 > ^ , and. so ./on. ■ . » • 

According to persisrtent, rumor , there is a^puzsle of this kind in a most 
holy monastery hidden deep in the Himalayas- * The pu^^^zle ''consists of 6h 
discs of pure beatejj^^g^d and the -pegs are diamond needles. The, story relates 
that the game of ^ansf erring the discs has been played nigh't and day by the 
monks since the qeginning-^^p^'^the' world, and has yet to be conclud^ed.^ - It also 
has been said thaf when .^e 64' dist::^ are con^let^ely transferred^ the world 

en«i. The physicj ^ _ _ _ 

did, .give or take a billion or two.- Assuming that the monks move one disc 
every second*, and play in the minimum, number of . moves, is there any cause for 
panic? (Cf. Ball, W. W. , Mathematical Eecreations . New .York: Macmillan Co,^ 
1947; p. 30^ tt.) ' 

The principle of sequential proofs, s-tated explicitly, is this (First 

Princdple of Mathematical Induction ) : Let A^ , A^ , A^ , be a sequence 

or assertions, and let be the hypothesis that all of these are true. The' 

Bypothesis H will be accepted as proved' if , 

!• There is- a general proof to show that if any assertion^ A^ is true, 
then the next assertion ^^-|_ * true; 



> 
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^* • j'PS?^ is a special proof to show that is true. 

- : ■ ' ^ ' 

Xf tji^ire *are only a finite number of assertions in the sequence, say ten, 
then we need only" carry out the ched.n of ten proofs explicitly to have a com-", 
plete proof • If ^ the assertions continue in sequence endlessly, as in Exanrple ' 
.1, then we .cannot possitly verify directly every link in the chain of proof. 
It is Just for this reasonjr^in effect that we can handle an infinite chain of 
. proof without specifically exstmi^ing every link — that the concept of sequential 
^proof "becomes so valuable. It is, in fact, at the heart of the logical devel- 
opment of mathematics. r . 

.Through an unfortunate association of- concepts this method of sequential 
proof has-been named "mathematical induction."^ Induction, in its common 
English sense, is the guessing of general propositions -from a number of 
observed facts.-^ This is the way one arrives at assertions to prove. "Ifethe- 
matical induction" is actually a method of deduction or proof and not a proce- 
dure of guessing, although to use it we ordinarily must.hSve some guess to 
test-. This usage has been in the language for a long time, and we woxald gain 
nothing by changing it now. Let us keep it then, and remember that mathemati- 
cal usage is special and often does not resemble in- any respect the usage of 
common English. 

In Example A3-la, above, the assertion A is 

n 

1 + 3 + 5 + • . . + (2n - 1) = n^ . 

Ve proved first, that if A is true (that is, jif the sum of the first k 
odd niimbers is ^ ) then ^^^.-j. -^^ true, so that the sum of the- first k + 1 
o^d numbers is (k -h l)^. Second, we observed that is true; 1 ~ 1^ .-■ 

These two steps coniplete the proof.- ' 

Mathematical induction is a method of proving a hypothesis aboi^t a list 
or sequence of assertions. Itofortunately it doesn't. tell us how to make the - 
hypothesis in the first plaee. In the example just considered. It was easy to 
guess-frbm a few spe'cific instances that the sum oZ^the first n odd numbers 
is' n , .but the^^hext problem (Example A3-lg) may not be so obvious. ^ ^ 

Exajgple A3-lg . Consider the sxam of the squares of the first n positive, 
integers, 

1 + 2^ + 3"^ + . . . + n'^^ . 



We .^"ind that when n = 1 , the sum is 1 ; when n = 2 the sum is^".^*'"'; when 



xi"= 3 > stun is llf ; and so on, 

values (Ta'ble II) • * 
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let us make a -table- pf the .rirst few 



Tatle n 







2 ■ 


3 


2^ 


5 . 


6 


7 




sum 




'5; 




30 


55 


91 


124-0 


20lf 



dough some mathematicians might he .immediately ahle to see a rormula 
that will give us the sum, must of us would have to admit that the situation 
is obscrure. - -We must look around Tor some trick to help us discover the pat- 
tern which i^ surely there; lAiat we do will therefore be a personal, individ- 
\ialjnatter. It is a mistake to think that only one approach is possible. 

Sometimes experience is a useful g^lide. ' Do we know the solutions to any 

similar problems? Well, we have here the^ sum^of a sequence, ' and Example A3a 

also deal^ with the .-sum of a sequence: the sum of the first n ^oddT numbers 
2 ' 

is. n Consider the sum of the first n integers themselves (not their 
squares) --what is , ^ . . 

. 1 + 2 + 3 + . . . + n ? 

This seems to be a related problem^ and we can^spOjj^re it with ease. The terms 
form an arithmetic progression in .which the-^irst 'term is 1 and the common 
difference is also 1 j the sum, by the usual formula, is therefore 



^2 



So we have 



■ 1 + 3 + 5 + ... + (-2n 1) = n^ 

. : - 1 + 2 + 3 + ... + n - g^n^ + I n • 

Is there any pattern here which might help with our jjresent problem? 

These two formulas have one common feature: both are quadratic poly- 
nomials in - n . Might not the formula we want here also be a polynomial? • It 
seems unlikely that a quadratic polynomial co;ild do the Job in this more 
c6n5)licated ^.roblem^ but how about one of higher degree? Let**s try* a cubic 
ass^mle that there is a formula, • ' 



2/2 
1*^ + 2 + 



+ n 



cn + d , 
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vhere a , Ts , c , and d are niunbers yet to be determined. Substituting 
= 1 ^ 2 3 6jid 4 successively in this fonnula, we get 

1^ + 2^ = Sa + W+ 2c + .d. 
1^ + 2^ + 3^ = 27a + 9b + 3c + d . 
• ' . 1^ + 2^ + 3^ .+ ^ = 64a + l6b + Ij-c + d V" 

Solving, we find' 



1 1 1 

a = - , b = , c ■= d = O . 



We thererore conjectiire that ' .- 

. ■ ^ ■ - • * - . 

. 1 + 2*^ + • . . + n'^ = -= n^ + i n*^ + ^ n 

■• • . ■ • 3 2 6 

^ V . ■ = ^ n(n + l)(2n,+ 1) -. 

This then is ova- assertion A ; now let • us' prove it. \ 
- We have A^' : , ■ 

.■ ^ ' ' ■ . 1^ •+ 2^..+ . .. + =^ k(k +-i)(2k-+'l)V. ■ V 




Add (k + l) to both sides, factor, and simplify: 



1^ + 2^ + . . . + + (k + 1)^ = J k(k + l)(2k +'l) + (k.+ l)^ 



= (k + 1)[^ k(2k + 1) + (-k + 1>] 
= I (k + l)(k + 2)(2k V3) , 

and this last' equation is Just -^^j. > "'^^'^^ therefore true if A^ is true. 
Msreover, A^ , which states 

4- - — i^'.=i.(i)(2)C3) , . • • ;• 

is true; and is thererore true for each positive integer n • 

There is another formal at ion of the principle of mathematical induction 
which is extremely useful. This form involves the assumption in the sequen- 
tial, step that eve^ry assertion up to a certain point is true, 'rather than Just' 
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"the one asseartion inmediately .precediiag. Specif iqadiy, ve have the following 
( Second Principle of Mathematical Induction ) : Agftin let ^ ^2. ^ ^ 

be a sequence of assertions^ aad let H he the hypothesis that all of these 
. are true» ^ The hypothesis H vlll he accepted as proved if - X " 

1. There is a general proof to show that if every preceding assertion 
Aj^. ^ Ag • . . J Aj^ ■ is true, then the next assertion -^^^ true. 

2. There is a special proof to show that A^ is true, - 

Ififi not hard to show that either one of the two principles of mathe>* 
.matical in"auction can be derived from the other. The demonstration of thi^ is 
left as an. exercise. 

The value of this second principle of mathematical induction is that it 
pemrits^ the treatment of many prt?blems which would be qxiite difficxilt to 
handle directly on the basis of the first principle. Such problems. usually 
present a more coii5>licated appearance than the kind;.^which yield -directly to . 
an attack by the first principle. / . . - ' 1 ' J ' . 

^/ : Exang>le . A3^1h , Every nonenrpty set S of natural mimbers (Aether ■ finite 

^ ■ . ■ ^ ■ ■ ■ '. ■ ' . ' - " . . . • ; 

or infinite) contains a least, element. . - - - ' : .* ^ 

^. - . ■■■ . ^ ■; ■ . ■■ , / , ■ • 

" - Proof i, . The induction is based on the '^act that. S contaiijs some natural 

nrimber . . The assertion - A^ is that if k is in S j then S * contain^ a 

least element. ''^ 

■ ' ■ . 

Initial Step : The assertion A.^^ is that if S contains 1 j then it ^ 
contains a .least number. This is certainly true^ since 1 is the smallest 
natural frumber and so i^ smaller than any other member "of . S . ■ ; 

Sequential Step : We stssume A^ vis ^ true for all natural numbers up to 
-and including k . Now let iS be a set containing k + i . - There are two 
possibilities: " ' 

1. S contains a natural number p less tiian k + 1 . ;In that case p is. 
less than or equal to k . It follows that S contains-^ least elemenit. 

2. S contains no natural nuniber less than k + 1 . In that case k + 1 is 
least. . _ • . 

This example is valuable because it is a third principle of mathematical 
induction equivedent to the other two^ although not an obvious one to-be sure.. 
An amusing- exan^e of a "proof" by this principle is given> by Beckenbach in 
the American Mathematical Monthly, Vol. 52^19^5. ^ • 
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THEOKEM * . Every na"tur^ number is interesting. - . " 

• ■ ' Arg^ment ^- Consider the set S of all uninteresting natural numbers| 
This set contains a least element. Wiat an interesting number, the smal^st 
in the*set^of uninteresting nunibersl^ . So S contains 'an interesting number 
alter all. ( Contradiction • ) 

The trouble with this "proof" of course^ is that we have no definition of 
";interesting"; one flian's interest is another man* s boredom* 

One of the most in^K^rt^^t uses of mathematical induction is . in definition 
by recursion , that is, in defining a sequence of things as follows: a defini- 
tion is given for the initial object of the sequence, and a rule is supplied 
so that if. any term is known the rule^ provides a definition for the succeediiag 



one. 



For exaii5>le, we could have defined a^ (a ^ O) recurs;Lvely in the 
following way: - - 

Initial "Step : a^. ^ 1 . ^' 

Sequential - Step : oa - = ^ . • , a (k = 0 , 1 , 2 , 3 , . . . ) . - ^ 

Here is' another useful definition by recursion: /let nT , denote ttie 
product of the first n positive integers. We can define ni recursively 
as follows: ' - 

Initial Step : ' 11 = 1 . 

- >». * * ■■ • " • . . 

. Sequential Step : (k + l) I = (k + l) (ki ) <k - 1 / 2 , 3 , . . . ) 1 

Such definitions are -convenient in proof s by mathematical induction. 
Here is an exaample 'sriiich involves the two definitions we have Just given.' 

Exag^le A3-li . For all positive integral values n , 2^*2^ < nl The 
proof by mathematical induction is direct. We have tiie following steps. • 




Initial Step: 2° =1 < 11 = 1 



Sequential Step : Assuining that the assertion is true at the k-th step 
we seek to prove it for the ' (k + l)-th^step. " By definition, we have 



' ' (k + 1)1 = (k + l)(kl) . 

Prom the h^ypothesis, kl > 2^""^ and consequently, ^^^^^ . > 

* . " * . 

(k + 1)1 = (k + l)(k:) >.(lc + 1)2^-^ > 2 • 2^"i-'= 2^ . . ' 
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sinc^ k>l (li isa positive in-teger)^. We conclazde -tha"b (k + l) I > 2^ . 
prcx>f is conrple;te, " . 

Before we conclude "fchese remarks on ma'thema'ticeLl induc-tion^ a word of 
cau"bion* For a coinple-be psroof by matliema-bical induction i"b is inoportant; to . 
sliow the truth of both the initial , step and the sequential step of ^the"^ indue- 
tion principle being used. There are many examples of mathematical induction 
gone haywire because one of these steps fails. Here are two examples. 

"^ftmple A3-l^. . •• 

'Assertion : All natural nxunbers are even. 

Argument I For the proof ve utilize the second principle^ of mathematical 
induction and take for A^ the assertion that all natural numbers less than 
or equal to k are even. Now co^tsider the nattiral number k + 1 . liet i 
be any natural nximber with i < k The number j :.sucl5 that i + j = k + 1 
^can easily be shown to be a natursLl number with i < ^^'^ i < k and 

j < k , both i and j are even; and hence k + 1 = i -h J , the sum of two , 
even numbers, and mist itself be eveni' . 

Find the hole in thfey argument , - 

Exacple A3> Ik . 

Assertion ; All girls are the- same. /' ' . 

Argument : Given girls designated by a* and b ^, let a = b mean that 
a and b are the same. Consixier any set containing. Just one girl. 

Clearly, if a and. b denote^ girls in S-. , then a = b . How sxxpposG it is 
true for any set of k— girls that they sure all the same. Let ^ ^ 

containing k -h 1 girls g^ ^ >' • i • ^ Sj^ ^ ^+1 • ^y- hypothesis the k \ . 
girls, g^ ^ gg y * " * y y are * all the same, but^by the ^same axigumeAt so are 
the . k girls g^ > g^ ^ ... y ^ E^^j. • ^"t ^^ollows that : g^ = g^ '= . , . ^ 
= gj^ - ^^+1 • conclude that all girls of a set containing any"^ positive 

integrail number of them are the same. Since there is only a positive integral 
•number of girlifs- in the .whole world, the assertion is proved. 

Find the holef in this argximent* . - . ' . 



We are not trying to express an overly blase attitude about girls* The 
original of this example (attributed to the famous logician Tar ski) had it 
that all positive integers are the same; however, isn't it more interesting 
to write abc5ut girls? ; ■ . - ■ 

o ^ 329 334 ^ . 
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Exercises A3-1 

!• ProviB -by mathematicaa induction that 1+2+3+., .-*-n = n(n + l) 

2, i^y mathematical induction prove the familiar result, giving the sum of 
an arithmetic progression to- n tenns: 

. a + (a + d) + (a + 2d) + ... + Ca +' (n - l)d) - | [2a + (n - l.)d] . 

3. mathematical induction prove the familiar result, giving the sum of a 
• , geometric progression to - n terms: 

1 • 

Prove the folloving foxir sta-tements by mathematical induction. 
^- 1^ + 3^ + 5^ + ... 4- (2n , 1)2 = i (4n3 - n) . ' ' " 



5. 2n < 2^ 



6. If p > -1 , then, for every positive integer n , (1 + p)^ > 1 + np . 
.7. 1 + afe-^ + 3 • 2^ + ... + n . 2^-^ = 1 + (n - l.)2^ . - ° ' 

Prove the folloving by the second principle bf '"mathematical induction, 

8. ^'or.^l natural numbers n , -the nxamber . n + .1. either is a prime or can • 
be factored into .primes. 

9* For each natural number n 'greater than one, let U^' be a real niimber 

vith the property that for at least one pair of natiiral numbers p ^ q • 

vith *p+q = n. U = U + U . * 
' . . . n p q .... 

When ri.= JL. ,. we define- IL^ =\ where a is some given real number. 

Prove that' U = na for all n , ' ' ' 

n 

10. Attempt to pxove 8 and 9 from the first printiple to see what difficulties 
arise. • - 

In the next three problems, first discover a formula for the sum, and then 
prove by mathematical induction that you are correct. 

2"T3 ^ 3^13: n(nt .1) * • ^ ' 



- V 
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^ A3- 

1^ + 2^ + 3^ + ... + . (Hln-t; Coii5>are -the sums you get here wl'th 
E x am p les -A3- la and A3-lg in -the text, or, alternatively, as-sume that the 
arequired result is a polynomial of degree . ^ . ) 

13. , 1 • 2 2 • 3 + 3 • ^ + + n(n + 1) . (Hint: Compare this with 

Example A3-l^ in the text<ri 

/ ■ ■ . // - . ' 

Prove Tor all posi-tiv^ in-tegers n , , ' ' 



(1 +|)(1 -H -H I) ... (1 -H ^^) = (n 1)2 



O k T ' 2° + 1 

15. Prove that (l + x)Cl + x'^)(l + x^) ... (l + x'^ ) = £ ]^ ^ . 

16. ^rove i^hat' n(n +5) is divisible^ by 6 ,for all in-te^al n . 

17. -Any inTinl'te s'traigti't 11jie separates -the plane into "two parts; tvo - 
intersecting straight lines separate the plane into.roiir parts; and 
three non- concurrent lines, of which no two are parallel, separate the 
plane into seven parts. Determine the mamber of parts into vhich the 
plane is separated by n straight lines of which no three meet in a 
single connnon point and no two are parallel; then prove yoxir result. 
Can -you obtain *a more general result when parallelism is pennitted? 

Jf concurrence is 'permitted? If both are pe^^rmitted? 

^8 . Consider the sequence of , fractions . " 

where each fraction is obtained from the preceding ,;;^5y^ the. inle 

^/ ■ ^n = ^^n-i;^ 2q^-l' ' / 

, ^ = ^n.l^ Vl • 

- ^n ' 

Show that for ^ n sufficiently lar^e, the difference between — and 



' V2 can be mnr^p as small as desired. Show also that the approximation 

to is improved at each successive stage of the sequence and that 

the error altenaates in sign. Prove also that and q^ are rela^' 

' . ^1 p ' , 

.tivelyj^ prime, that is, the fraction — is in lowest terms* 
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A3-1 / - 

19. I«t p be any polynomial of deejree m . Let q(n) denote the ffum 

(1) g(a) = p(l) + p(2) + p(3) + ... + p(n) . 

Pirove that there is a polyaomial q • of degiree m + 1 satisfying (l) 

20. let tlie function f (n) he. defined recursively as follows: ' 
Initial Step : f(l) = 3 , . . ^ 

Sequential Step ; f(n + l) = 3^^^^. . ' 

" " ' 3 - " *■ 

In particnlai:, we have f(3) =32= 3^? ^ 

' Similarly, g(n) is defined hy • ^ . 

Initial Step ; g(a) = 9 . 

Sequential Step; g(n + l) = 9^^^^ . 

Find the m l n l rm i m value m for each n such that f (m) > g(n) 

21. Prove for all natural numbers n , that d + t^)^ - (X - Vs)^ 

is an. integer. (Hint: Try to express - y^' in terms of 

n-1 n~l n-2 n-2 v " 

3c -y ,x ^-y^^, etc.) 
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A3-2. Sums <tnd Sum Hbtaticto . " " 

[ij Sum 2fo-batlon .' . . ' i - v ' 

In Section LI, -in the preceding -section, and many^-ether places ve make 
frequent use of extended sums in ifeich the terms exhibit a repetitive structure, 
For example, in Section 1-1 the area of a standard region involves the sum 

^ ^ .1 • 1 + 2 . 3 + 3 . 5 + ... 4- n(2n - l) . ' 

We adopt a concise' notation whibh indicates the repetition instead of spelling 
it out. In this notation the sum (l) is -written 

. n . ... 

• .. H i(2k - 1) - , 

k=l . . . 

This symbol means, "the sum of all t^rms of the form k(2k - >l) -tAere 'k 
takes on the integer values from 1. to n inclusive." The Greek capital ' 
"2^ ( Sigma) corresponds to the Roman J"S" and is intended to suggest the word 



•sum." 



The notation can be used more generally to express the sum of any quanti- 
ties ^ where k takes on consecutive integral values; we may begin with 
any integer m and end with any integer n vhere n>m . ' Thus 



lc=iii 

• (Note the trivial special case, n = m , a "sum" of .one term: J" 6 = <6 ) 
• - y . J^k J^m 

'^^'^^^ A3- 2a. If each of the legions \' in (l) is a .rectangle with 
height hj^ and width , the svm of the areas may wet written 

■^i^l .-^ -2^2 * V3.'* ' ^ ^n^n = v^^h^^ . 



k=:l 



Here are other typical examples: ^ 
3 



_ 0 . 1 2 3 

2"" 1 + .0 1 + 1 1 + ij. 



k=0 ^ ^ ^ 



_ 6 
" 5 ' 
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5 

. ^ (J + 3) = 5 + 6 + 7 + 8 = '26 . 
A linear contblna'tlon of n func-tions: 



J=l - • 

" A polynomial of_ degree no greater than m : 
, * . ■ m - ■ .• . • ' 

1=0 

Exaniple A3-2b. A singple Imt inportant sum is x ^ c ^ where c Is a 

cons-tan-t, that is, a quantity independent of the index J of suinmation, - The 

n ' _ , 

quantity ^ 1 c is the sum of n terms each of vhich is c ; 'it ^her^fore 
has the value nc • 

In any sumnation the values df'the terms aiid the tOw^ are not affected 

by the choice of the index letter; thus 

n n ♦ /-v^ 



k=m J=m 



We are free to choose the index letter and its initial value to suit our ovn 
convenience* 

X Example A3-2c > 

2 . ' 3 2 



.3^.0 p=l n^O 



f 

i=0 J=o • 



Suinnfictioa, is a linear process; the proof is leJPt as the firsx excercise 
below- - • 



O v> ^ 



A3-2 J 



r 



Exercises A3- 2a 

1- Prove ■ ^' ' 

n . n * " n 

2. Write each of the f ollovl ng stiins in expanded form and ' evaluate : • 
■ " 5 . ' - / 5 '* ■ ' «^ 

(a> ]2 2k . (d) ^^ m(m- l)Cm- 2) . ' 

lE^l ► nt=2 ' ^ • 

10 10 
.(b) ^ ^ I^s^ • 

(<=) . -S rid.*! r){ • 

rc-1 .V . ■ r=0 

3. 'Which "oif the following statements are true- and vhich are false? Justify 
your conclusions . ' - 

10 i\ ^ 

(a) ^ 1^ = 7 . = 28 

J=3 ■■ . , ^ ■ . ■ / , 

, (b) ^^lt. =>((n - m) + 1} 

10 9^ 

k=l " 1&=1 ■• " \ ■ 

1000 100 0 ■ '. 

(d) ^ 1^^ = 5 

k=l - ' " k=3 

n n 

(e) ^k3 = -H ^(J - 1)3 - " 

k=a ^2 " - 

10 ^10 

if) 

ttt=i ^ itt=i 

10 . / ID 



- 10 z 10 V . 

ttt=i ^ itt=i ' 

10 . y 10 . £ 



St 
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Q n-1 • , 

Z^ ifi -'l-)(n - i) =,^ .iei-- l)'(n,,-.l-.) ■ . 
■ 1=0 ■ i=2 - - 



m m 



^0 k^O / 



n ' n 




k=0^ k=0 IfcO 

/ ni * ni , m . 

1^0 - ^j^O ^ k=0 



- n 

Evaluate ^ f ff^) ^ ,,2 ^ ^ ^ 



, = 1 J and 




' (a) n = 2 . ■ . . 

(b-) n = 4 . . ■■ " - • - ; , ' ■ • : . ' 

" (c) ' n = 8 . ■ . . . . ' 

5. Subdivide the interva], [0,1] into" n .equal parts.- In' each sub- 
Interval olD-tain upper and lower boiLads Tor x , Using sigma notai^ion 
us<? ibese upper and lower bounds to. obtain ^^expressions Tor upper and. / 
lower estimates of the are^ under , the cuirve^ g = on [0^1] . .If 

, ■ you'Cj^ evaluate these -sums without reading; elsewhere > do so. ^ 

6. : (a) Write out the sum of; the first ^ '7 -fcerms, or an arithmetic progres^six>n. 

with first teira a and common dirrerehce d * Express the same sum 
- in Sigma notation. ' ^jjj^ 

(h) In Sigma notation, write the expression Tor the sum of the first n " 
terms of a geometric progression with first term >a SLnd common 
ratio r . 

^ \ 

7. (a) Consider a fimction f defined, by 




■ n ■ ' . ; . * 

f(n) = ^ |(r - l)(r - 2)(r - 3)(r ^ 2^)(r - 5) + r 
r=l 

Find f(n) for n = 1 , 2 , ... , 5 • 
(b) Giyeian example of a function g .( similar to' that^ in (a)) such that 
• g(n) = 1 n = 1 V 2 , . . . 10^ , 

g(lO^.+ 1) = 0 . . . V . 
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8* Wrlt^ eajcb the Tollowlng sums In-^ expanded rorm and evaltm'be. 



Ifc=l c T=l. . 



11=1 rssX 

m n__ ' 

9. The double sum ^ ^ ^^ F(l,j) is a shorthand. not ation t02r 
. m ' - 



2^^F(r,0) + F(i^l) + ... + F(l,u)|" 



1=0- . ^. ^ . ■ , " ■ • •■ . ■ 

or ■ .. . ■ . . . . 

F(0,0) + F(0,1) ^+ + F(O^n) ■ ^ 

- ■ ^ + F(1,0) + F(l,l) + + F(l,n) . * ^ 



+ FCm,0.) + F(m,l) F(m,n) . ' ■/ 

In particular" " V^X^ =^ • J ^ 1 - 1+1 - '2+1 . 3 2 . ,1 + -2 • 2 



^'^ i=l J=l , . . 
2 - 3 =. 1^ . Evaluate: 

> m n ' Eg ; n 

1=1 j=i ■ i=r i=i ^ . 

m 'n m* ^^i,/ 

i=l J=l ■ i=l J=l " 

10.. . (a) Show that ^j^^ = - k ^ 0 1 . ^ 

1000 

SVal-aate k(k'- l) ' . ; . 




2 ■ 



11. If ' S(n)' = ^ ^ ^(1) , determine r(m) in terms of the sum fimction S . 



1=1 



*^ "i <, 
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12. .Dete^nnlne TCm) la the" following stmnnatibn formulae: 

(a) 1 = y\t(l)\ (e) cosnx=2^f(i) . 



1=1 
n 



1=1 



<b) n =2^f(i) ; - - (f) sin (an + = f (1) 



i=7l 

' n 



1=1 



(c) n^=^ f(i) .' (g) nr = f (1) 



1=1 



1=1 



(d) an^ + bn + c = ^ ^ f (i) 



1=1 

o 




13. Binomial Theorem: We define (°) = vhere^ , n are Integers 

. ^^^^ "t^^* O < ^ < n . Also OJ = 1 and (°) = 0 if r > n . Sho^ that 



ca) (J) = (^) = 1 . . (h) c^) =. - ;^) . 

C 



1 n - 1 t,.^-^:c^ 1 ^r + 1^ • ' 



(c) Establish the BinomlaO. Theorem 

Ji . ■ 

r-r- J. -u.^° X y-n-i n-r r n n-1 
i.x + y; = ^ ^ ^r* y = X + nx 

'-i . ° O J 1 J 2 , . . . , "by mathematical iii&uction. \ ; 

14. Using the Binomi^ Theorem^ give the expqgpl^)ns for the, f ollovfng: 

-(a) (x + y)3 . , ^ (c) (2x - 3y)^ 

. C^J "C^-- y)^ ^. (d) (x- 2y)5'. • . . 



15. Evalua-fce -the following s^uns. 



^_ (a) (g) .f 



(b) ^ (J) - (1) + 




1 
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p n n 

16. Slim r(^) by rirst showing '^J r(^) (n - r)(^) and 

- - r=0 ' ' r=0 ^ r=0 
using' 15(a) • 

17; IT P (x) . denotes a polyrioTnl at or degree n such that P (x) =""-2^ 

^ n J ' . n ^ 

ifor X = O , 1 , 2 , n fiflid -^n^^ + l) • . 



(ii) Siammation . ' ^ . ^ 

Exercises A3-l^ Ko. 10 illustrates a jyi.rticulaarly useful sdmmation tech- 
nique, i.e., representation as a telescoping sum. It was' possible to write 
1000 - " 

* kCk - IJ 2 • 1 ^ 3 • 2 4 * 3 ^ • • • ^ 1000 • 999 
k=2 ' ■ . • , • . - / - 

in the rorm . ' . -\ . 

2^ ^> - _ " " '^"^ " " 3^*"^ * ^955 ' 9^9^ ^999 * 1000^ • 

Each quantity s-.j^tracted in one parenthesis is added "back ±n the next, so that 
the first two ter-ms telescope from a sum of foiir numbers to a sum of two num- 
bers ^ the f±TS± ^h^ee; terms telescope' from a' sxim. of ' six' numbers to .a stun of 
twp numbers, etc. Finally, the entire sumrr^ion -telescope's (or collapses)- 
into a s\xm of t-^ro numb,e^rs--the. first ^ffiamber in the. f iM±. term and" the seconii 
number in the last term. ' Sym'Boilic^pLy, a teleiscopin^sum has the form 

' * ' . n ' ^ ^ ' :^ 

(1) ^^{"^^^^ - (k - 1)| = f(n) - f(m^. 1) . . 

In the above example, we have m = 2^ , n = 1000 , and fCk) = - ^ so .that the 



sum 



n ■ 999 



telescopes, to f(lOOO) « f(l) - TTvSn ^ = 



1000 " 1000 * ^ - 

We now use (l) to establish a short dictionary of summat i on ^ formula^ ^by 
considering different functions f(k) • Also, we let m = 1 without .;Losb of 



generality. Let- f (k) = k ^j;- then. 

- . ^ 



n , ' n 
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Tbis resxilt is no-thiaag nev. Kov let f^) =: ^ then 
or, equivalent ly, V. 



n 



(3) . ; ' = I n(n + 1) . ' . 

By lineaxiy. combining (2> and (3), ve obtain the sum of a general ai-ithmetic 

progression - • — ^ 

" ■ n " ' . . 



^. To obtain the sW k^^ , ve leibv>f(k) = k^ . Then, 

k=l . . • ' 

■ . .\ ^ . - ■ 

' - , .[^ . ; • ■ - <^ -. :^)^ } = (3k^ - 3k . 1) .= n3-., . 

••' '■ ■ k=l ■ ■ .:■ : k=l ■ - -. 

% : ■ ■ r ' 

' ' ' ■ ^ • n ■■ • n n ^ . ■■ ' " '-^ 

,/ ■ ,:" - ■• k=l . k=l k^i . ■ . . 

Using (2) aiii (3),: ve- obtain V \ J ' • . • - ' 

■ , . n ■ ^ ; ■ . ■ ' • ■ ■ " /[P 

* • ^ k^ = i|h3 . 3n(n^+ 1) _ ^1 ^ n(n + lK2n + l) . 

k=l . ' '« 

Ve now can' establish a sequential method of obtaining sxuns of the form' 
n - • 

^ r TAose terms are values P(k) of a polynomial function. Because a,s*p^ 

k^l , , . ^ 

polynomial is a linear combinatiron of powers, and summation is ^ linear process 

" ■ n ■ 

it is sufficient to give a sequential method Tor k^ , ^ a nonnegative 

integer^ . 

.- ChboslJci^ i'(k) = k in 'snmma'tion^ f'onnula (l) gives us " " 

k=:l ■ • ^ 



Using the Binomial Theorem^ we obtain 

W k^*^ - (k^- l)^-"^ = (r + i>lc^'+ P(k) 



vfaere PCk) is a polynomial or 'degree r - 1 . Thus, the sum ^ ^ can 

- ' ^ ■ - ' k=l 

be expressed in terzns^or sums, of lower degree. Since ve alreauSy have "the sum 

for r = 0", 1 , aS^S , we can repeat the method sequentially to obtain the 

sum for any r (compare with Sbcercises A3-l^ No. 19). 

We can enJLargeS our sunmiation table by choosing other functional forms 
f(k) , e.g., sinCak + b) . By (l), 
n 

(5) ^ ^ |sin(ak + b) - sin(a(k - l)tb^|= sin(an + b) - sin b . 

3t=l 

Using the identity 



A - B 'A + B 

sin A - sin B = 2 sin — — cos — , 

2 2 



in Equation (5)^ we obtain 



n. - ' ' ' - ■ an 

m ^ . sxn -TT- 

(6) 2^ cos(ak + b - |) = cos(b + . ■ ,f 
- k=l sin I 

If ^ =^ "i ' reduces to 

' P an 

(7) ]^ cos 'ak =-cos/(a + l) | j 1- . 



If ^ ^ ^ ^ ' reduces to 



— n .an 

(8) 2^ sin ak = sin(b -h -|^) 1- . 

k=l • ^ . 

By choosing other functions f(k) ^ we cati enlarge oxir list of summation 
formulae J We leave this for exercises* 



A3-2 



Exercises A3- 2b ■ 

1. 'Wri-te ^h^rollowing sums in telescoping form/ i.e. ^ in tlSe 'form 
n 

^u(K) - u(k - i)| > and. evaluate . " * . 



2. 



(a) y^ka% 1) 



^- n. 



(e) 



J 



k=l 
n 



Ct) 2^ k(2k - 1)-. 
n 

(c) 2^ 2k(Zh: + l) ^ 
k=.l 

n . 

(d) y ] K(k + l)(k -H 2) 
k=l 



k(k + l)Ck + 2) 



k=l 
n 



k. • kl 



k^l 



n 

. . k=l 




Using y ] |u(k) - u(k - l)| = uCn) - u(0) , establish a shoi-t ^ctionary 

Of sun3niation formulae ay considering the following functions u 

(a) (a + kd)^a + (k + l)d^ . . + (k + p)d^ . . 

(b) The reciprocal of (a). - 

(c) . \ ^ ' ; 

(d) kr^ . - ; . 

(e) A'^ . 

^ (g) (kO^ . 
(hi) ^ arctan k • 
(i) k sin k . - 
3- Simplify: 





r 
\ 



si-n x + sin 33c + + sin/(2ri - l)x) 

os_x cos 3x + ... . + cos {(2n - Ijxj- 
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h. Another method for summing 2 P(k) (p , a polynomial) can be obtained by 
using a special case of problem 2a, i.e., 

+ l)(k)(k - 1) ... ^ r + 1).- (k)(k - l)(k - 2) (k - r)} 

k=l • ■ ■ . . ■ ■ . , 

= (n + l)(n)(n - l) . . - (n - r + l) , 



or ^-k(k - 1) ... Ck - r + 1) = Cn + l)(n)(n -^l) ^. / (n - r + l) 



k=l 

First, we show how to represent* any polynomial P(k) of r degree in 
the fonn 

a^k(k - 1) a^k(k - l) ... (k - r + l) 

"2r 



(i) P(k) = + a^k + ^ ^. + ... + ^ 



if 



If- k = O , then a^ = P(0) ; if k = 1 , then a^ = P(l) - P(0) ; 
^k = 2 , than a^ = P(2) - 2P(l) + P(0) . In general, it can be showii that 

(ii) a^ = P(m) -^ (^)P(m - l) + C|)P(ni 2) - ... + C-l)°P(0) , 

Since, bo-th sides of (i) are polynomials of degree r and (i) is satisfied 
Tor ni=0^1,.,.^r,i"t raus-t "be an identity, 
n 

Now 

5, ^ Using Prob* .find the folloving svims: 



sum ^ ^ P(lc) • 



k2 



fc=l 



n n 



(b) ^k3 



k=l k=l 
n 



k=l . : , 

6. ^ (a) « Establish Equation (ii) of IJumber k. 
-(b) Show that' a is zero for m > r * • 



. - Appendix k 

FUNCTIONS CONTINUOUS ON AN INTEEVAL 



Ai*.-1. The Extreme Value Theorem. 



The-trange of a function niay include arbitrarily large n^lmbers. ■ For 

1 . 

0 < X < 1) 



exatigple, the function defined by f(x) = ^ on the domain* (x 



has the property that for any positive number z. > 1 theo^ is at least one 

z + 1 , which is greater th^tw*, 



value of f , e.g., f (- 



-) 



occur for a continuouis function -whose domain is a closed interval. 



This- cannot 



THEOREM Ai<-1 . If f is continuous on the closed interval [a,b] then 
f is boiinded above on tfie interval; that is, there exists a 
number N . f or irtiich f (x) < N for all x in [a,b] . 



^oof. Suppose that the theorem is false. Then f(x) has no upper 



bound on [a,b] . It follows that f. cannot be bounded above on both of ■ 
the "half-Intervals" [a,«^l and . Let . [ , b^]' be a 

The same , argument applied 



2 ' — ^ 2 
lacks an upper bound 



hetlf- interval where f-^^) 
^again..yields> half - interval . [a^ , b^] of .[a^.,^b^] where f has no 
• upper ^OUtt^ Applying the argument recm-sively, lie obtain ar^sted set of ^ 
intery^s ha^,b^]} for which U^^^ , b^^^] ■ is a half-interval .of . - 
^*n'^nV anci such the : f has no upper botmd on any, internal in 'the set.' 
. From the Nested -Interval Principle (Section AI.5 )' there exists at least one 



point £ common to all -ohe intervals 

.^Npw g is appoint of [a,b] 
Consequently, foi; any positive 



n ' .n 

and therefore f is continuous at >|- . 
there is a S-ne;Lghb<Jrhood of g wherein 



■- ' - ■ • •■ V ■ ; • "■ ■ , ■■ . . • 

for those X in the domain of f . In the 5-neighborhood 'of 5 ■., then, 
• f(x) is bounded above: . . . 
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f (x) < f (s ) + e . 
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bound on [W,b] is Talse, , " . 

Corollary . . ir r is continticJXis on the closed interval [a,b] ^ then 
r is bounded belov on the Interval; that is, there is a number N such 

that Tor all x in [a,b] , r(x) > N . 

. ? . " / 

When f is bounded both above and belov on [a,b] then there is a 
number . H such that^ for all x in [a,b] , jr(x) | < N ; and ve shsull simply 
say that t is bounded,. 

Most orten it is essential tend adequate to knov -whether a runction is 



bounded. If we push our analysis a, little f\irther, hovever, some interesting 



problems arise* ^The best upper (lower) boimd Tor a ftinction is, of* coxirse, 
the least upper* bound, M (greatest lover b'ound, m ) of the range or the 



runction. Considering the^ Tact that there are function values arbitrarily 
"close to ■ we mifeht hope and expect tha.t M is actually a function value. 
That this' need not^happen can be seen in the . fol^^ing problem. ' 

Is there a function ajnp.ng the 'functions .definedP^s^the closed interval 
[0,b] wl^h value a at O , linear from O. to p witnSreLlue 0 at p ^ 
and " 0 from p to b (see diagram), such that r L(p) = b - p + 



(0,a) 



(0,0) 




(p',0) (p,0) 



(b,0) 



Figure k—la. ^ 

the sum. of ' the length of the line segments that comprise the graph, is as 
large as -possible? If • p' < p then th^e sum of the lengths of the segments 
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Joining (0,a) -to (p' ,0) an4 • (p^O) tp (p^O) is greater than the; length 
or the segment Joining (0^a>l to (p^O) . Henxre the L(p') > L(pJ ir ^ 
p' < p .V Since p cannot equaoT^ Cve vould not have *the graph or a 'func- 
tion.) , -the function L : p; ^L(^ ,^ though bounded by a + b ^ does not have 

a Tnaxinrum value • 

The next theorem gives coni^^ion^.-'^tlM which this difficulty cannot 
occur. i 

^^^^^^^ 3-Tb . ( Extreme Value Theorem , ) If the function f is continuous 
on the closed interval [a^b] , then there are numbers x__ and 
in". [a,b] such that 



m 



. * r(x^p < 4*^^x) < f (xj^) ' " — — 

, for all x in [a^b] . ^ " 

Proof 1 . Let M be the leasi^ upper bound of the set of values f(x) 
for X in [a^b] ; then for suiy number L smaller- than M there is a value ' 
of f greater than L In particxilax^ for every -positive integer k ^ there 
is a point in [a,b] for which :f*(x^) > M - i . Next consider the half- 

interv^s [a , ^ ^ and ^ ^ , b] At least one of the inte'rval^must 



contain values x^ for . infinitely many integers k . (If boti/ only cSfeained 
x^ for a finite set of integers k , then the whole interval^ could only con- 
tain x^ for a 'finite set of - k's.) Let {a^ , b^] be such an interval. 
Now iterate the process and take for [ a^ , b^] a half^ interval of [a^ , b^J 
which contains the values x^ for infinitely many integers ^ k . 

We define [a^ ^ b^] recursively by taking for ^ ^n-hl/ '^n+l'' ^'half- 
interval of-[a^;, b^] which contains values x.^ for infinitely many integers 



k 



Observe that {[a^ ^ nested set of closed intej-vals; that 

consequently^ there is a poiirfc % common to all of them; and^, as in the/proof 

' of Theorem A4-1^ that any neighborhood of . 1 contains [ a , b ] provided n 

' ^ n n J^- 

is s%ifficiently large. We now, show that f(^) = M . Since f is^continuous, 

for ^each e > O there exists a 5 > 0 such that |f(x) - f(S)| < € for all - 
• points X of the domain of f within the 5- neighborhood of ^ . The 
5- neighborhood contains some interval ^^^y^^ of the nested set and there- 
fore contains the values x^ for infinitely many integers k . In particular^ 
the 6- neighborhood must contain some value x^ for which ^ \ y (otherwise 



EKLC 



3^ 



the 6-neigh'borhood coiild contain only the vaJLues for the finite set of 

Integers satisfying |k < -ij ). Since 



and 




f (x^) >M«i>M. € 



^ M - 2e < f (e) < M 

Since this inequality holds for any positive *€ ve conclude that f(&) - M ; 
thus the range of the function contains a maxirnum value. 

Proof 2. Since M is the least upper bound of the range of f , for 
every number M' smaller than M there is a value of f greater than M' . 

^Ihus, for every positive integer ^ there is a point in [a^b] such 

1 

that - f (x ) >.M - — . Suppose that M is not in the range of f . Then the 

"J J ' . ^ * 

function 0 : x— ^ M ?(x) continuous in [a,h]>' (Theorem 3-6c) , hence . 

by the Boundedness Theorem JZ$ is bounded.' But jZ5(x.) = — k > J ^ hence 

^ ' J M i vx . J 

p is not boxmded* "Contradiction; 



1 



Exercises A4-1 



1. Is the continuity of f essential to the hypothesis of the ^boundedness 
"theorem? 

2* Can a discontinuous function whose domain is a closed in"&erval be 
bounded? 

3. Do Numbers 1 and 2 amount to the same question? 

,Can a nonconstant function* whose domain is the set of real n-umbers be 

» •* ■» • 

bounded? 

5'^ Cjlve an exaTTiple of a monotone function on [O^l] with exactly n points 
of discontinuity. 
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\ 

A^- Can a monotone fimctibn on,To^l] have infinitely many points or 
discontinuity?^Ju^tify yoxxr answer. 

7. (a) Give an.example or a t>oainded function^ f defined on [,0,l] such 
that -f has no extreme values «^ 

(h) Repeat (a) with the extra condition that f have an inverse. 

8* Give an example of ^ a function f ' defined in the interval [O^l] such - 
that' jl * 

- ^ . ^. > ^ ' 

(a) ., f has neither an upper or lower hound., ■ 

(b) f has^a lower hound but no uppei^ bound . 

(c) f' achieves the upper and lower bounds an infinite number of timea. 
(For this case give a ftmction that> is not constant' in any inte^vhl.) 

9- Show thaC any function f satisfying Na^l:^r 9(c) cannot be continuous ^ 
^ ' in. th^ -entire iriterval. 

.10. . . Glve„an-_^example of a^fiinction . f defined on [0,l] such- that f takes 

on evei^. vklue between 0 and 1 once and only once but is discontinuous^ 
- ' for ali X . - 



H.*" Show that a function which is increasing at every point of an interval 
(a,b) is an increasing function in (a,b) . ■ 

A 12. A function ^ is said to be weakly increasing "on the right" at a point 
a if fcfr all x in a nel^borhood' [a,a + 6] , 0(x) > 0(a) . 

(a) Show that if 0 is continuous and weakly increasing on the right 
of all points in (b;c> then 0 is weakly increasing in' (b,c) .; 

(b) Show by 'a counter-example that (a) doesn-^ necessarily hold if ^ 
is discontinuous.' 

Al3- function has the property that- for each point of an interval where It* 
- is "defined, there is ^ neighborhood in whiiih the function is. bounded. 
Show that the func€i,on is boxinded over the whole interval. (This is an' 
example where a local -property implies a globail on^. It is clear that 
the global property here implies the local/ one.) 

A^^* Give an example of a function defined everywhere in a closed interval 
but unbounded in the neighborhood of e^ery point of the - interval . 
(Suggestion: See Exercises 3-5, No, 
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The Tnt e jrmedl ate Value Theorem , 

The idea of continuity as expressed in the first two paragraphs of 
Section 3-5 is siinple and intuitive, Ho^^ever, in order to attain a precise 
and workable definition, we ' abstracted what we thought was the essential 
property of continuity to ^ give Definition 3-5* How do "we know that our defi- 
nition is appropriate? Is oxy: definition in agreement with our . intuitive idea 
of continuity? Do the functions which satisfy OTir precise definition have the 
properties that we want continuous functions to h^ve? "Whenever we engage in 
the ^process of giving a precise definition of an intuitive idea, we gain evi- 
dence .for the appropriateness of -cur definition by '^provihg the obvious"-- 
obvious In that the property is perceived directly from the intiiltive idea, 
and/prov>en in the sen§^ that it is inmiied by our precise definition. In 
Section 3-7 ve saw that the Intermediate Value Theorem- was obvious. Now we 
shall prove' it. "X^ ; ' " ^ 

THE0K5>I 3-7a , ( Intermediate Value Theorem ). Let f be continuous on the 
closed interval [sLyh] . Let v be any number between f(a) and 
f(b) . Then there is a number u in- [a,b]^^such that f(u) = v . 




Proof . Suppose f(a) < v < f(b) . Let S^^^^t : x c [a,b]- and f(x) < v) 
The set S is not empty since a « S and it has the upper bcund b ; con- 
sequently S has a least x.j^per bound u in [a,b] . We proceed to show that 
jf(u) = V . First, u cannc ve an endpoint of [a^b] since, by the continuity 
of f ^ f(x) < V in a nel vr.bcrhood of a and f(x) >v in a neighborhood of 
b . next, every neigh Dorb'r^od of u contains points such that f (x)' < v 
*( since u is the least upper bound of the set of such points) and points 
such that ;'fCx) > v (all' points to the right of u ). It follows that 
f(u) = V , for if f(u) were greater than v then by continuity all points 
X of some neighborhood of u woiild satisfy f(x) >v and, similarly, if 
f (u) < V there would' be a neightxDrhood of u irfiere f (oc) < v , (cf . Lemma ' 

.3'^)^ ■ ■ .. ■ \ 
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9^- ^550' 



• ' Exercises AUj>2 

Can a discontinuous function have the intermediate value property? 

Give examples . . . 

/• . - ' 

Let the function f be the derivative of a function g . Prove that 

f has the intermediate value , property • 

I 2 ' ^ 

Given the half-cirole y = vl - x ^ it can be 'shovn that chords parallel. 

to the X-axis of length ^ exist where n is any positive integer » 

This resiilt can be generalized to any continuous function taking on the ■ 

value O at O and 1 . Chords which intersect the curve^ or lie 

entirely outside the'cuxve, or coincide with the curve are permitted. 

Prove this. . . „ 




•X 



M-3 

# ■ 

AU..2' A Nowhere . Dlf ferentlable Continuous Function . 

Here ye exhi-bit a Welerstraas Function , that is, an everywhere continuous 
but nondlfferentiable f\mction. "The Idea Is to take a smooth curve and 
"roughen" It in successive stages of appi^bximation.- to a cujrve whlch-ts. still 
continuous "but everywhere rough. . . - 

' . i 

We shall u^e polygonal approximations. We roughen the line segment Join- 
ing two consecutive vertices (a^ , b^) and ' (a^ , b^) , where a^ < a^ , by the 

a. ^ a 

following construction. We set h = — £ and k = O.sCb^ - b^) , and ' 
replace the original segment by the zigzag line consecutively Joining the 
vertices: . . . . 

- . " ■ ■ . - ( . ■ ■ ■ 

■r - I 

(a^,b ).^, (a^ -H>,.b k) ; "(a - h-,bji k) ; (a_ /b^) . ^- ^ 
(See Figiire- AJfc-3a. ) / / 
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Thus^'-the absolu-te " dif ference in .height be-bveen consecu-^ive vertices is no 
grea-ter "than CTCb^ - b-j^) . In going Trom one s't^ of, approximation .to the 
•hext^then^ we reduce the absolute difference in 'fieiglii between two^ consecu- 
tive vertices by a factor no greater than 0,'? • . This is the property which 
will yield continuity in the limits ' . ;V 

The three consecutive segments of the zigzag, line have as their respec- 
tive slopes, in -order, 

.J. . - • ™ -. ^ 

2,lin , -1,2m , 2,1m " ^ . * 

' . b- - b ^ ■ -- ■ ~" '; ■ 

2 1 " ' f-' ^ 

lAiere m = — = is the slo-oe of the original segment. We Sjee^ therefore 

— ■ , "2 - "1 . _ ' ■ ' ■ • * 

that the steepness or absolute valii^^f ;the slopes has ^een multiplied by a 
'factor no^les's tljpta 1,2 • Hie increase in steepness of the segments is-'the 
projjerty which will yield nondifferentia15ility in the limit. ^ 

Note that as we pass from the segment to the zigzag line, the endpoints 
and midpoint of the original segment remain fixed» > 

■ ■ ■ ' ' \ 

For the construction of the Weieirstrass flinction f we begin-n.with^he 
segment jDf the line y = . x on the intervaiL ^ < x < 1 . The next step is to 
apply the construction/^bove to replace this segment by a zigzag '(solid curve 
in Figure -Ai*-- 3b) . At the- next step we' replace the segment over e^ch third of 
^the interval by a further ' application of the construction; all succeeding- 
steps are simply iterations of this procedure. The first five ite;rations are 
shown in Figures Ai4.-3b f V '\ 

First we ohserve that' at the n-th step all vertices of the^ polygonal ^ 
, curve, ,i, e. , the points wiiih abscissas ' • 



. ■ . 4 -f-' = 0,1,2,..., 3°)_, ^ . . - 

remain vertices at the next step* It folloys that these points^ lie onfall 
the approximatjj,ng polygons from the n-th step on, and hence are points; ;of ' 
the prospective' IqLmit curve. Therefore, if we let f denote the Weierstrass' 
function, we observe that this "cons-fcruction defines f unambiguously for. all 
the' teraary fractions, i.e., for all values x = , for n = 1 , . -2 , 

arid 'J = 0^, 1 , 2 , 3 • We shall use this result to 'define f : 

unambiguously, for all .real values as the "continuouif' -completion of the function 
defined only- for ternary values, " 

. . -^^ ... ■ ■ ■ ^ \ ■ 
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From our discussion of -the"^ zigzag cons^Jruction ve o'bserve for Itwo succes- 
sive^vertiices and ^c^^^.^^ of , ^be " polygon obtained at the n-th iteration " 

that ^ 



n 



where, x . = • This, is the hasis for the proof of continuity for the limit 
fxmction* Moreover, for "*the slope of the chord joining- ^x^ ^i^tx^,)^ ■::.o 



(2) 



> (1.2) 



It is clear from (2) that in every .subintervsLL^ no matter how small ^ ve can 
find chords as steep as we please. We shall see that (2) implies that, no 
derivative exists at any point. 's 

^ Although we have fixed ,the values of the Weierstrass function ad 




^ ' ■ ' '\' ' a, < X ■< h " ' .' .. . ..^ '■■ ^ "- 

• . — n . ^ . - 

- • . ■ ' ■■ ' ■ ■ ^ /■ • ^- ^ ' ^ ^■* 

where a - =' — ♦ Observe that a . > a- and b . . . <r b . and. that f(a. ^ )■ ■ 
■ ^ n ^n n+1 — n . n+l — n ^ / ^ m-l' 

and- ^(t^j^^^) both lie "between f(a^)^ and .f(b^) . Thus the set -of closed, 

■intervals , {Ij^3 ; where has ^f(a^) and ^ ^^^n^ as^endpoints is nested , 

in the sense of Section Al-5 • onQ real number common to all the 

intervals is taken as- f(x) . From this way of defining* f(x) it is easy 

to prove continui^Ey^ for € > 0 we ".choose n so large that 2(0.7)^ < ^ 

and take 6 = 4"^ . If - x|. < 5 and & < x , then by (l) 

Similarly, if || - .< 5 and | _> x , ' 

|f(OP^(x)i <- lf(|) - i"(b^)l,+ If(b^) - f(r)l.<. e . 



Sow we prove tbat the runction f cann i have a derivative any^ere, 

■ ■ * . • y . 
in partictLlar, we can find a temar^- point in 



For a ternary point a = 



any neighhorhood of a such the* the chord Joining ^ > f"(Q:)^" ' to 

;jef ^;ake ^^a /f(a)^ as a vertex 



has arbitrarily large slope. -For this purpo^i 
' on^the n-th iterated polygon (n > .q) : 



a - 



P3 



n-q 



and .take." 



P3^-^ ± 1 



Thus ve have 



sad., By (2) 



p - a = — 

3° 



!f(p) - f(a)- 



p - a 



n 



Clearly-j by taking n large enough we can obtain a chord witia slope as large 
* as we please in any neighborhood ' a , For any value 'r in the intervcd 
0 < X < 1' . which is not a ternary point we can^ find two successive ternary- 
numbers Xj J ^j+i. "^^^ subdivision at the n-th step such that 



From (2) we know thai; ^(^j+i^ ^ ^^^j^ ^ ^^^i+l? ^ ^^^p ^"^^^ 

argument 

for '^^(xj) ^ fCxj^j^) is siniilar). There are three possibilities (Figure Ai^3g): 




ERIC 



Figure Ai<.-3g 



(1) Hae point." (r,f(r)) lies on the chord Joining' (x. ,f(,x.» 



'Xj^3_ , fCXj^^)) then 




to 



^ > (1. 2)'' 



♦ V 



(2). The: point lies above the. chord; then 



f Cx, ) - f (r) f (x£^^ Y - f Gx j 



^ > (1.2)'^ 



<3) Ttxe point lies helow the chord;- then 



f(^,- , ) - f(r) f(x,^,) - 



j+l< 
^J+1 - 



■J+1' 



^. .> (1.2)'' 



■ Again in any neighh'orhood of r -w§ can find points, for" vhich the slope of the 
corresponding chords can' he made as large as we please. 



Exercise Ak-2 



1. Show that the Weierstrass function is not iaonotone in any interval, 




3S 
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Appendix 5 

■ . IMPIilCiTLy DEPEJED IVSCTXONS ACm THEIH DERTVATT^ * ^ l^r- /" - 

In Section 4-8 ve gave vi'thou't proof a tneiiJiod for dilTeren'tia'ting 
■.ilEplicitly' defined funcftions-*- Several ^poin1:s remain lio -tTe clarified: if a : ■ 
.grelat^ion TselTween -two V does nc^ express one yariaible explicitly in 

'terms' of - an6"t±ier^ xinder viiat ci^cumstences toay. it describe a fimction ^ ■ * 
implicxtly? ■ is-'the iii55licitly defined function. diffefentia'ble? if it is ' 
differentially ^ how- may the derivative he fo^md? We consider an example vhich 
exhibits most of the diff iciilties^ the equation ' , . 

- ■ . - • - F(x,y) = (x2 + ;2)2 _ ^^(^2 :^y2) 

whose graph'^ is the lerani^cate of Bei-iioulli (see Figure A5a) . 



V 

i 






■* i/^ — ' — 

C-c,0) I \ 




Is 









■ > Figure A5a 

.Fo#^ each point (a^b) on the graph other than (O^O) , (c^O) , and 
(-c,0) there is a neighborhood of * (a^b) herein no vertical line meets 



The idea of neighborhood 
of the idea pf -neighborhoo'dvof 
.•of. (a,b) . is the square. 



'of a point*, of ^the plane, ig^- a- natural extension 
a point- on th.evnumber '^lin^- ^ The B'-neighborhood 



-,, a| <.^ ana- 



|y - tl .< 5} 



In -this appendix, a S-neighbbrhodd of a point is to "be ■understood as a 
linear neighborhood of "the points iT it is described by one coordii^ate ^.point 
on the number line);, as a_planar neighborhood of . the point if it is described, 
by two' coordinates (point of the plane) . . . / 
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■the graph more "than once .(Figure A5a) . • -Within such a neighborhood, then, the, 
graph , can be . represented by a function f .-: 'a^ ^ y, vhere * 

We cannot do the same thing at, |o_,D) .or at the points Xt c,0), -at none of 
, these points can -the entire grapBi in .a neighborhood be represented'by a func- 
-Aion-- • . " ■ • • 

■ ■ - ■ ■ ■ ■ ■ • ■ . ."■ i ; . ■ 

is ea^^-to' see" analytically why the relation ■ F*(x,y) =: O must", descrlhe 
, a/function in -bfae neighborhood, or ^jsou^, points of. its graph.;. For" example, "let 
■US" irestriet to the open inter\ral (O^ c) and y ' to he nonnegative. Along ' 

a vertical*. line x = a ve .introduce the ftmction i given by ^ 

2v2 : 2r -2 • 2^ 



0^Cy) = F(a,y) .= (a^ y2)2 . <^i^ ^. y^) 



Nov've observe that can have both positive and. negative values; namely, 

^5^(a) = F(a,a) = i4.a^ > O ^ - 

and, ' since a < c , . -ca - , \ 

\ 

^^(0) = F(a,0) = a^ , c^a^ = a^(a^ - c^) < O . y : ^ 

Since is a polynomial function, hence continuous, we nowtoaow by the /. 

Intermediate Value !Etaeoreni that there is at least one zero of ^ in (o/&) 

' a ' f ' . 

in other, terms, the vertical line x = a , for 0 < a < c must meet the^ ■ 
graph F(x,y) = O in at least one point above the x- axis. In order that the - , 
postion of the ^graph F{x,y) ^= O in the given region describe a fvmctlon, 
each line x = a must meet that part of the graph in no more than one point. 
This will he the case if has no more than one zero, and, for that, it is' 

s'ufficient that 0^ he strongly monotone. Since, for y > O and O < a < c , 

0:.(y) = 2y[2(a^ + y^) + c^-] > 0 • - 

a 

we see thiat 0^ is increasing. Consequently, there is exactly one- value . 
y = b for which 0 (b) .=:^F(a,b) = O ^ 

In this -way we have proved that to^ each number x = a in (-0, c) . there - 
corresponds a oinique value b > O such that. F(a,b^J = 0 . In other terms," 
the equation F(x,y) O , sub ject* to the conditions x « (0,c) and y">'0 > 
defines a imique function f such -that F(x, fCx)) = O . This same approach 
to the defini-tion of an i mplicit function will now be generalized.. 



THEOREK A5a . (Izirplicit .Puna-tion Theorem). -Let; F : (x,y) — ^ P(x,3r) be 

faxaction derined on a k-nei^lxij'hood of [a,b] sa-tisfyiug -the conditions 

(i) FCa/b) = 0 ; ■ ' . ■ ' 

(ii) For Biiy fixed x ^ say x = 6 . in the k-nei^borhood^ of a ^ the .' 
fxmction ' Y ^(.1,7) is increasing and ctaartl^ , - 

(iii) For any fixed y , say y. = ; in the k-neighborhood of b , the" 
' . . function ^.^ : x ^F(x^t]) is contimiotis. 

Under these- conditions there exists a unique function -f : .x,—^'^y 



defined on' an' h-neighborhood (b < k) .^of a . for >rtiich tiie range or f 
is contained in the k- neighborhood of b . and ^ r 

(1) ■ ■ ■ .' ■/ ■ f(a) ; 



f 1 is continuoiis " . 



^ooT.. Since 0 is s-fcrongiy Increasing and FCa,b) =. O , i-t follovs 
- < a *^ • 



-that 



and, since ^ (b) = F(a,b^ ^ 0 , -that 



JZi fb - |) < 0 <0 (b + I) , 



or in jberms of F(x,y)^ , 



. '-F(a ,b - |) < 0 < F(a>b + |j 



7 



We set ^ u = b - — and v = b + — and vrite this inJeWality in terms of the 

functiofis "vlr and aIt : 

u . / 

- ■ . ^ ilr - (a) < 0 < Tir (sl) • ' . 

■jlif^ ar'e continuoTas . functions 6f: -";X ve conclude ftom T^Tnmj» 3L4 
that there;^s an h- neighborhood -of; - a -'.irtJpre both . . 




Since ijf / 



^ If in 'condition (ii) of the hypothesis, 0^ is a decreasing function.'- ^ 
-fo3& .each i ? then. the theorem applies i^'en ' ,F(x',y) • is rep-laced by -F(x,y) • 
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■ ^hSL-t Is 

■ . , F(x , b - |) < 0 < F(x ;b + |) , ' for |x - a| < h ; 
*• so -that " V ; • / ^ ^ 

^- ■ ■ . ' • ' ■ Jj^^^;-rl^ - -.ror ' .|x -,i!.<.h . 

. \: Bec^se.: jj^:^ is. a continuous fxmcLtion of y iir follows from the Intermediate . . 
; Value. Theorem.^^t , for each x - satisfying |x - a} < h there, is at least one 
•y, vith, |y - "bj. <- fpr yhic]^ .0^(y)'= O ; -since /is. strongly 

monotpne the number . y is uniquei - The function, f : x-— Vhere 0.(y)' = O 

.J ■ - is the unique: function satisfying conditions (l), stnd (a) .(Figure ASb). 




" ' 'We^have stiH 'to shov that <rf is continuous. For an>cjooint (a^g^' in 
^ the k- neighborhood of , (a^h) sizch that FCor^p) =Jo there exists a 
k » -neighborhood. of <a; p.) - -vithin the k-nei^ (a;b) ; hence ^ in the 

k'-neigi^rhood all the conditions' of the theorem and all the conclusions 
dr^vn dTroni them above are applicable. In parti culaar-^ no matter' how small k^ 
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theregyl st.'s an h' Tor which |r(x) - f (a) | <^ lAenever |x - a\ <*h?" , 
hui^^his is precisely the condition Tor continuity, - 

Prom Section ^4.-8 ve expect that .under suitable condlt^xons the in5)licitly 
defined runct^i on r is not only continuous hiit that f has a derivative vhich 
is* easily computed. Tt> prove this, ve shall look at the derivative in .'a way 
' which iis usef^ol in many contexts (Section 5-7, also. Taylor * s Theorem, Chapter 
13) . We try to approxim&te a f^mction g locally (near a ) -by a polynomial. 
We . could, of course, ^/approximate g near * a by the constant function 

■ \ ' / -. . - ^ ........ ^ 

3c ^—m^ gCa.; • ' The next interesting possibility is a lineair i^inction and we 
express g(x) ^as^the sum of a linear term plus ah error term; thus - " 

\ U) ■ ' : g(x) = 3(xy a)] +\^(x); ._ ; ' . ^ • 

- -IT' the^rinear- part,; a*'+ 3(x - a) , -is to be cpmpletely^signiricant, then the - 

• error term,' e^(x) , ^hould be* small in coiEparison with the linear term -when 

|x ^'a| is small! That is, if we write ezOxi) = e(x) (x - a) we want 

lim e(x; =^0 . This is equivalent to the requirement • that g be differen- 
X— a ' ^ 

tiable at a , and thefts. g(a) = a and g'(a) = p . Thusj^tlie f\mction g is 
dif rerentiable at a if fimd only IT for some number 3 , 

(2) *g(x) = g(a) + 3(x - a) + e(x)(x - a) 

and 

" lim e(x) = O _^ ^ ' ' 

. ■ x^a ' ' • ' . . ' • • 

- for all X in the .domain of * g and in some neighborhood of a • This formu- 
lation suggests how we m^ extend many of the properties of linear f^inctions 
to differentiable functions. Let gj^(x) = c^(x - a) + d-^^ , 

g2(x) = c^(y: - a) + dg , then' g^(a) = c^ and Q^iei) = c^ • For these linear 
functions. . . . . " ' ' ^ ■ . 

. . ; &2^M - id^+ d^) ^ (c^ + c^Kx * a) , ^ 

= ^"1(^2^- ."^^^ ^2 7^ "^ ^1 = ^1 ''1^2 ' ^1^ ."^^1^2^"' ' 

and we find the appropriate derivatives as the coefficients of ^ (x - a). 
Moreover, if we think of .these linear functions as. approximations to other 
fimctl^s, we see that' these/ formulas give the correct, coefficjLents in' the ' . . 
geneijal^iba^ Our new perspective provides., a method for discaveariiig theorems 

. ^-^^^ . 367 ■ ' ■■■■ ' - ' 




"as veil as -the means of provii^g • lihem. , >^ 

Thus ror a function F -or tvo varifetbles, the reguirement of differen- ' 
N^iability at the pbint ..(a^h) is put irf the following form: there exist 
numbers a- -and p , functions e^" and e^ , such that for ^11 x in some 
neighT>orhood of a all y in some neighborhood of b , F -has the represen- 
tation, ' ? * ' . ' - 

(2) F(x,y) = F.(a,b) .+\a(x -a) + p(y .b) + e^(x,y) (x J^a) . + e2(x,y)Cy -b) , ' 

.-^ [ ' • ■> ' ' ' . ' 

vhere for each e , . |e^(x,y)[ and le^(x,y)| can be kept less than € by 
restricting '(x,y) to a suitable 6^ neighborhood of (a,b),' 

I X - a| < 5 and j y b [ < 5 . 

Given 'this 'concept of differentiability of ^ , may expect" that the function 
f from * X. ' to y . defined iinplicitly by /theZ-equation F(x-,y) = 0 , will h$.ve 
the. same derivative' at x = a ^as the function f^. 'fronf x to^ y defined 
i*ttplfcitly -by the equatioir' 
- /. ■ ^' ' ^ . 

' .V - ' > • / a(x - a) .+ p(y -^J^) ^ 0 . 

-ih- ■ ' ' ■ ^ 

For the function f^ if p ^ 0 , we have\ 

-a(^ - a)-+'^3b 



y - f^Cx) = 



so that -^^^^) = - ^ • . Thus, we expect that f is. dif f erentiable at a , and 



that f!(a) = .^This is/ irK^act, the case siric< 



ERIC 



O = .Ctiyi a) (x) - , f ix)) (x - a) + e (x , f(x)) (-lJ^x>— b) 

.:. ■. 1- " '-' . ■ 

■we have K. . . • :■: - '\* . . ' ' /. . *" - " • . . • » 

• ' y ■' \ - x -. a- r. . "■ p " ■ p " . - -jp-v ■. • ' " X - -a ■■ . / 

whence - " . * " : ' - " ' 's.' ' 

■ ' : f(x) -- f(a) :_ 7 a. - ^i(^.^<^f\x : - p • : , . - 

"V ' 'Since -we aireaay /kiiQw that' . is. contixtuous- e. and e . .' are - small Tor '"x ' ' •-' 
■; ■ in "a-neigiiborho.od oC. - a; oiius,, f'(a)'=-i.i 'Hence -we have' b'roved the' 
folio-wing theorem! " . . - ■ ■ 

"•■ . .. : ■■ ' ■ ■ : ' ■ - v ■•■ - ■ . . ■ 



THEOREM ^. ^Xf Fix^y)'- satisfies the conditions of ^Theor em A5 a" and > is 
. dlf^erentiable- at Ca,b) TrLth' e / 0-, then the . function '"f . defined 
iiplicitl^ -by FCx,y) = 0_ in a neighborhood of. (a,b) is differentiable 



at a;, and f'(a),= - | . 



Remark. The numbers a , ^ are (in the notation of the preceding section) ' 
\?^(a) and ^^(b) respectively. " ' ' . : ■ 



Exercises A$ . ' ^ (/ 

1. Find conditions Tor which the equations / . • 

^ . a^t ^ b^x -h d^ = p / ^ * . 

determine x and y as functions or t . • . 

-Consider linear approximations to ^ F and G ; then use Number 1 jto 
generalize Theorem A5b to the situation ^/ 

> - . ' ; F(t,x,y) = 0 =GCt,x,y) . ~ ^ 

Propose an expression Tor D x\ 

Pre /e that .the following equations have unique solutions tfor. near 

the points indicated: ; - - " ' ^ ■ - : ' - . ^ . 

-> - , * . ' . ' ■ ' 

-Ca) + xy + 3y^ = 7 , (/|^o) . " ' ■ v • ■ 

- ■ "-/-^ ■ ' . ■" ■ " • . ' - . 

(b) 3xy^>r3^ ^ ^ 



i*.. Find the fir'st ^d. second derivatiTJ-es of the solutions U) \ C^) , and.' 
(c) - of .Ntimber 3. ■' - ^ . l. , ^ 



5. Show -that there is no iinique solution. for ,..y in Number 3 (b)* near the 
point (22/^2^/3) . . ■ ... ;. . 

. .6. . For- possible Ijiv^j?^ f x' — , . show ■ thaft 
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€urcelera-tion^ h09 
'an-tideriva-tive, 427 

arccos^ Ihh 

BTciength, 385 

arcsin, 143 

arctan, Ihh 

area Tunctlan 

addl-bive property, 367 
order properly, 367 

asyipp-tO"te, 23O 

horizon-baa, 232, S^h ^ 
otlique ( slant), 233, 23?^ 
. vertical, 232, 23^ 

attenuation equation, .^02 



B1pom1 n1 Theorem, 338 \ ' 
hounded growth, 51? 
hounded set of points, 26I 
^ greatest lover hound, 266 - 
aeast upper hound, 265 
hounded variation^ 6^9 
hriaking coefficient, 513 
Buniakovsky- Schwar z ine quality, 403 



catenary, ^9 ■ 
'^Cauchjr's jjaequality, ^3, ^3 * 
chrpnaxie t , 509 

composition of functions, 285f , 102 
conic . section, 3^3 • ' 

. directirix, 3I3 
eccentricity, 313 ^ 

focus, 313 ^ : 

constrained extreme value prohlems,- 213 
continuity 

of con5)Osite function » 
{,Th. 3-6e), 103' 
/ of^ diff erentiahle function*" t 
(TH'. 3-6d), 101^ ' ■ / ^ \ 
on the interval^ IO8 . 
. inttiltive , idea,^ 62 
. of inverse function (Th^ S'-^f), 10*4- 
. piecewise, 589 
of product of continuous functions 
(Th/ 3.6h)., 99 
. of quotient of continuous functions 
(Th* 3-6c), 100 
of' sum of continuous fiinctions ^ 
f (Th. 3-6a), 99 

convex set, 207 ^ 
^coEvexJ.jby, 206 

.. 'fiexeii downward, .207,-23^^ 
flexed upward^ 207, 208, 23if 



cosine integral, £35 
cover of an interval, 645 



decay coefficient, l|-99 

deconqposltion into partial f±*action, 563 
decreasing function,' 299, 23J* 

' wealdy, 299, 196 . 
derivative 

of a^ , h§6 , 
of arccos x, IUt 
of arcsin x, 2^7 
of arctan x, ihj 
of compositions (Chain Eule) 
(Th. 4-6), 1^9 
' . of cos X, 139 

of co-t X, 139 ' ' . . 
Djc , 117 

of eX , 465 . ' 

of f :x -^c, 118 
of f :x-»x, 118 
■ ,of f:x-r ag, 118 ■ 
of^f :x— Vx, 118 

of^ f:x-^i, -118 . ■ - 

Lf f :x-» |xj, uS * " ' - 

of f» , 117, 

of a furtetion -at a point, 49' 
of inverse of 'difJfferentiahle function 

(Th. 4-3), 132 r 
of linear comhl nation (!Qi« 4-2&!), 120 
of log. X, 465 ' . ■ * 

of polynomial (Th. 4-2c, Cor. 2), 125 
of polynoTtrt a1 of differentiahle 

function (051. 4- 2c, Cor. 3), 1^ 
power rule for positive integers 

(Th. 4-2c), 125 
of a product (Th. h^Sb^j^ 122. 
of quotS.ent of differentiahle 

function (Th. 4- 2d, Cor* 1), 128 
of rational function (Th. 4- 2d, * 

Cor. 2), 129 
of reciprocal of dlfferentiahL- 

function (Th. 4.2d) , 128 
of 3*ight-hand and left- hand, \121 



of sin X, 139 



successive higher, I59 
o£ tan X, I39 
differehtial' equations, 429 
e3c (TJ^, 8-^)^ 471 
sin X, cos X (Th. 8-5h), 472 
direction angle, 30 " 
displacement, toted., 408 
domain of a function, 269 



e , 461^ ij^O 

• properties of, k77 
- ellipse, 313 ^ 

focal chord, 31k / 
* : la-bus recttim, 3l4 
energy . density^ 5O3 
epsilonics, 67ti 
exponent 

• definition 'of zero exponent, 
general laws for negative 

integers, hh^6' 
. ' '^general lays for positive 
, ' integers^ hh^ • , 
rational exponents, 447' 
exponential function, 4^7. 
- derivative of, kh8 
inverse function, k-k& 
exponentially dangped sinusoid, 607 
Extreme Value Theorem (Th* 3- 7b), I09 

proof, 347 
extremum, 173 ' • 

-isolated, 1^9 

local, 176, 181,-200 ' ^ ^ 

on open interval (Lemma 5-2), I78 
-^^ative, 176 



field, ,245 ' 

function ' 
absolute vetlue, 95, 274 
cbng>osite, 286 
even and ^odd,, .276 

iB^^^^^ part, 57', 275 

Me- to-one, 290 • - - 
' periociLc, 27T / ■ ^ ' ' - 

*signum.(sgn>, -276, 6I, 62 
function definitfon, 269 

circular', 3O3, .I37 ^ 

constant, 274 

explicitly (^fined, ^162- 

identity, ' 
f ,iinpliQitly"^efined, 16I 

inverse circular, l43f . • 
Fu n damental Theorem of calculus,^ 425 



inverse, 488 
slzxh X, 485 - ^ , 
tanh 485- 
hyperbolic sector; 487 



implicit differentiation, I62 
Impiicit Function 'Theorem, 36I 
increasing function, 299, 110, 234 

veakly> 299, 196 
indefinite integral, 427 '° 
ini.tial value, 497 . v " 

initial value problem, 430 
integral 

continuous function, 648 

definition, 377 . 

estimates of, 437 * ' - 

existence , 638. 

Existence Theorem (iTh, 6-3a) , 378 
geometric properties', 388 . 
limit of Tiemann sum, 383, 643 



of monotone function (Th.. 6-3b) , 379 



integral operator, 617 
integrals / ■ 
conv'ergent, 582 - 
definite, 570 ^ 
definition, 58I . 
divergent, 582 
^(S^ improper, 578' " - ' • * 

symmetric, 571 
integration, 535 . * - ' 

of constant times integrable 
' ^ function, 394 . 
of "linear combination, of integrable 



- global properties of f , 169 
graph: sketctiing, 229^ 233 
Greenes function, 6l6^ 

^ grpvth coefficient, 497, 513 



'h^lf- life, 499 

Heihe-Boxel Principle, 645 

hyperbola, 3I3 

liyperbolic functions, 485 
cosh X,. 485 , 
deriva-fives of, 485 



functions^ 393 
by parts, .554 . , \ 
of a polynomial, 633 ^ 
of ^rational functions, 563 
spec'ial reductions; 573 '^'^ 
substitution of circular 

functions, 546 
Substitution Rule .(^^. 10-2), 540 
of sum of integrable • fimc:tions , 395 
Intermediate Value Theorem (Th. 3-7a), -109 

. proof ^^O 
interval, ^59 

^closed, 259, 1^' ? 
interior point of, 259 
length of,* 259 . ^; . 

, midpoint, of, 259 * 
open,. 239, 109 / 
inve^'se functioii, I3I, 291f . 



Lagrange rule of ^ variation of 

parameters , 615 
latent' period, 509 
Lav of the >fean> I86, £90 
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lemnisca-be.of B^rnotai, 313 359 
Unit ■ 
ofl" at a, 5.Qf' 
- right-hand and left-hand," SO, 578.'. 

. , 138 , ^ ^ - ; 

liini-t -theorems \ 

cons-bant function (Th. S-i+a), 79 
' . cons-bant -Tnultiple of a runction 
' (Th. 3-^1^), 79 ^ 
linear combination of functions 

(Th. >lfc. Cor. ), 81 
no n- negative -func^^ion ^Ijem. 3-^ ^ 
Cor 2), 84 ' , ' 

roduct of functions -(Th.' 3--^) y 82 
tional function (Th. '3-^9 ^ " 

2), 86 . - 

al"of function . 

(nil. 3-^^, 85 ■ 
Sandwich Theorem (Th. 3-^f ^ 

• Cor. 1>, 86 
Squeeze Theorem (Th. 3-4f , 
- Cor. 2), 87 ' 
sram of functions (Th. 3-4<^)^ 
linear approximation to f , 223 
linear differenatal equation of fiaijst. 
order, 590 

forcing term^ 591 ^ 
fundamental solution, 59^4- 
general solution, 59^ 
initial TO^e' problem/ 592 
nonhombgeheous equation, 595 
reduced equation, 591-. 
lear differential equation of 
second o^pder, 603 
homogc 
supe 
local propel 
logarithms; 

base e, ^1 
base 10 (common);^ 
derivative, 449 
' function, 448 - 
^© an in-b^^al, '452 
logistiQs equation, 5^3 
Ipwer stia pver t?5^ 376 



80 



s< 




mappiJH^ 2^,.' 
tpathem^icai- induction5^19' 
^" f ia^t . principle ^323.*- 
" -"^second p^incip^e^^"* 327 
"maximum, local^, '177>' I81, ^198, 205, 234 
minimum, -local, 177, I81, 2«8,--^q5, 234*r 
mean life-time^ 499 . ^ ' 

Mean Value Theorem of. integral ^ 
'calcuius, 402 »^ . • • 

lod of equated coefficients, 566./^ 



model ^■ 
' for grovth, 497 
" for decay, 499 « 

r-^r :. e function, 299,. 196, 4l5, 

r. . rse of strongly monotone 
f-.j2Ction (Th. A2-4), '3OO • 
' .^(Ifear combinations of, 415 
' piecewise, 4l5 
sectionally, 4l5 . . . 
strongly, 299, 178 - 



neighborhood, 26O, 58 
\ deleted, 260, 58 

of 00, 58r . 
. radius <)f , 26o ^ - 

ne.sted , internal principle , 265 
nonhomogeneous equation, 595 
'norni of 'the partition," 379 
normal at ' a point, 226 
no-bation 

"^A (difference), I56 
A (increment), 149 - - ' 

f » , 117. 

Leibriizian, 156 



orthogonal traJectories>- 622 

\ ■ " ■ 

parabpla, 313 '* 

parameter, 44 _ 

partition pf .[a.,b]*, 376 ^ ; 

^ piecewisej continuous, 5^9 
piecewise monotone, 4l5 
point of inflection;^ 23O, 234 
polar axis, -308 / 
polar coordinates, 308 
primitive isf f-> 427 ^ 



radioactive decay, 5OO ' 

radius vector, 308 
• range ^ of a fijnction, 269 \ 

real numbers . * ^ 

algebraic -psropertfe^ c5f 245 

O ' ordei* relations of; ^49 

rectifiable, 65I • * . 
-recurrence'' relations, 558^ - 

rheobase, 508 
/Riemann'sum, 381 . 
limit of, 383 ' ■ 

Rollers Theorem (Lemma 5-3), .l87' 




scattering coefficient, 503 
second derivative, 2p5 
separable differential equation, 621 
Separation Axiom, ^263 
slope, 30 
, standard ^ ^region 

lower, bound, 370 
, upper bound, 370 
Stirling's formula, h32 
sum nQtation,'333,^371. . * 
summation,. 339 

.superposition principle, 60k 
supreimim, 26^ 

symbol *• - ' 

; :max {r^, r^, r^), 255 

\min i^j^, .... r^3, 72, Ih, 

• 83,' 255 " 
symmetry, 570 \ - 

tangent to tiie curve, 223 
tolerance e (error), 32,63 
triangle inequality, .255 



upper sum over a, 377 

velocity 

average, h2 ' * * 

. ' instantaneous, ■ 
volume -of solid of revolution, if05 

Wallis»s Product for ^ , 575 
Weier strass f xmction 352, - 111 
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